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Abstract

This paper develops nonparametric identification and estimation results for a single-spell

hazard model, where the unobserved heterogeneity is specified as a Lévy subordinator. The

identification approach solves a nonlinear Volterra integral equation of the first kind with an

unknown kernel function defined on a non-compact support. Both the kernel of the integral

operator, which models the distribution of the unobserved heterogeneity, and the functions that

enter it nonlinearly are identified given regularity conditions and minimal variation in the ob-

served covariates. The paper proposes a shape-constrained nonparametric two-step sieve mini-

mum distance estimator. The second step estimates the kernel of the integral operator, exploiting

a monotonicity property. Rates of convergence are derived and Monte Carlo experiments show

the finite sample performance of the estimator.
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1 Introduction

Duration analysis is used to model transitions across states as well as the duration of a spell in a

given state.1 Standard duration models incorporate both observed and unobserved heterogeneity.

Up to now, identification of these models has been shown only for the case where the unobserved

heterogeneity is fixed over time. In this paper, I consider a single-spell duration model that features

time-varying unobserved heterogeneity. In particular, the model allows for unobserved persistent

individual shocks that accumulate during the spell, in a data context where at most one transition is

observed for each individual. I first show the nonparametric identification of the model by establishing

suffi cient conditions for the unique solvability of a nonlinear Volterra integral equation of the first

kind with unknown kernel function. I then propose a shape-constrained nonparametric two-step sieve

minimum distance estimator, derive its rate of convergence, and show its finite sample properties.

The model considered belongs the class of models proposed in biostatistics by Gjessing, Aalen,

and Hjort (2003). This class expands the field of duration modeling to contexts where unobserved

heterogeneity ought to be time-varying, and, in particular, where it ought to accumulate during

the spell. Examples in economics include: job-specific skills that accumulate during the spell of

employment affecting the probability of being promoted; signals on an employee’s productivity that

accumulate during the employment spell affecting the probability of being laid-off; the private value of

an innovation that accumulates during the development phase affecting the probability of patenting;

occupational injuries and stress that accumulate during the duration of a job affecting the probability

of early retirement. In all of these cases, time-invariant unobserved heterogeneity - the standard

approach - is overly restrictive, and imposition of this restriction on duration modeling could lead the

researcher to false conclusions.

The model considered is as follows. All random variables and stochastic processes appearing in this

paper are defined on a filtered probability space,
(
Ω,F , {Ft}t≥0 , P

)
, satisfying the usual conditions.

Let T be a non-negative random variable modeling the length of time of an individual spell, let X

denote exogenous observed random variables, and let {Z (t)}t≥0 ≡ {Z (t, ω) : t ≥ 0, ω ∈ Ω} be an
1In economics, duration models have been applied to study the length of wars, strikes, unemployment, marriage, as

well as the likelihood of bankruptcy or technological breakthrough, see e.g. van den Berg (2001) for a complete list of
applications.
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exogenous unobserved stochastic process modeling individual time-varying unobserved heterogeneity.

The process {Z (t)}t≥0 is adapted to the filtration {Ft}t≥0, where

Ft = σ (Z (u) , X, 0 ≤ u ≤ t) , for any t ≥ 0, (1)

and conditional on X = x ∈ X ⊆ Rq, q ≥ 1, an individual’s spell duration is characterized by the

following hazard function:

h (t|Ft) ≡ φ (x)

∫ t

0

f (u) dZ (u) , for any t ≥ 0, (M)

where φ : X → (0,∞) is a function of observed covariates, f : [0,∞) → (0,∞) is a non-random

function, and {Z (t)}t≥0 satisfies the following assumption:

Assumption Z. The stochastic process {Z (t)}t≥0 is a Lévy subordinator.

Lévy subordinators are stochastic processes with increments that are non-negative, stationary,

independent, and of finite variation, see Appendix A for the formal definition and Figure 1 for an

arbitrary sample path of a subordinator. Since the hazard function is non-negative for any t ≥

0, Assumption Z is a suffi cient but not necessary assumption for h (t|Ft) ≥ 0 for any t.2 Under

Assumption Z, the distribution of {Z (t)}t≥0 is characterized by the distribution of Z (1), which

denotes the random variable Z (t) at t = 1, i.e.

Z (1) ≡ {Z (t = 1, ω) , ω ∈ Ω} .

Let FZ denote this distribution function.

The main contribution of this paper is establishing suffi cient conditions for the nonparametric

identification of the functions (φ, f, FZ), where the arguments of the functions have been suppressed

for convenience. The identification strategy involves solving a nonlinear Volterra integral equation of

the first kind with an unknown kernel function that is defined on a non-compact support. The kernel
2Given specification (M), the hazard function is non-negative whenever the sum of all negative increments is smaller

than the sum of all positive increments. Imposing such an assumption, though, seems much more diffi cult to justify in
applied work than Assumption Z. Hence, I do not pursue this approach here.
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of the integral operator, which models FZ , and the functions (φ, f) that enter the kernel, are identified

given regularity assumptions and minimal variation in the observed covariates. The nonparametric

identification results in this paper extend those in the integral equation literature to a class of models

not covered by existing identification results. In particular, both the nonlinearity of the Volterra

integral operator and the fact that the kernel function is unknown and non-compactly supported are

new features when compared to those in the recent econometrics literature on integral operators, see

Literature Review.

The paper then proposes a shape-constrained nonparametric two-step sieve minimum distance

estimator, where both the first-step and the second-step involve infinite-dimensional parameters. The

second step estimator estimates three functions. One of the functions, the kernel of the integral

operator, is monotone on its entire domain. The second-step estimator exploits this shape restriction

by approximating the kernel function with a Bernstein polynomial and imposing specific restrictions

on the sieve coeffi cients. The paper derives the asymptotic properties of the second-step estimators

and shows their performance in finite samples.

Interpretation of the Model. Interpreting the increments of the stochastic process as shocks to

individual unobserved heterogeneity, Assumption Z implies that the shocks are non-negative, have

random magnitude, accumulate during the spell, and happen at random times during the spell. In

addition, Assumption Z implies that there is persistence in levels but that changes in levels corre-

sponding to non-overlapping time periods are statistically independent, e.g., for 0 ≤ t1 < t2 < t3,

Z (t1) ≤ Z (t2) ≤ Z (t3) but knowing Z (t2)−Z (t1) does not help predict Z (t3)−Z (t2). The Gamma

process and the compound Poisson process are examples of stochastic processes that satisfies this as-

sumption. The latter process has been used in economics to model the evolution over the development

phase of the value of an innovation, see, e.g., Hopenhayn and Squintani (2011).

Function f changes the way that shocks to the unobserved heterogeneity affect the likelihood of

exit depending on when they happen during the spell. For example, given a sample path of {Z (t)}t≥0,

a decreasing f increases the hazard function early on in the spell, thus increasing the probability of

exiting earlier (a steeper survival function). On the other hand, an increasing f causes shocks that

occur later on in the spell to increase the likelihood of exiting later, thus increasing the probability
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The Effect of f(t) on the Hazard Function and on the Survival Function
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Figure 1: The figure plots a path of a gamma subordinator (top left panel), three different functions
f(t) (top right panel), and the effect of each f(t) on the hazard function (bottom left panel) and on the
survival function (bottom right panel). The underlying process Z(t) is the gamma process with scale
and shape parameters equal to 1. The three different functions f(t) are: constant, f(t) = 1 (continuous
line), decreasing, f(t) = exp(−t) (dotted line), and increasing, f(t) = 1 + arctan(t) (dashed line).
The bottom left panel plots the sample paths of the resulting hazards, given the sample path of Z(t)
in the top left panel and the functions f(t) in the top right panel. This panel shows that a decreasing
f(t) increases the hazard early on in the spell, while an increasing f(t) increases the hazard later on in
the spell. The bottom right panel shows the survival functions associated to the hazard functions in
the bottom left panel. The steepest survival function corresponds to a decreasing f(t), which suggests
an increased probability of exit early on in the spell. The less steep survival function corresponds to
an increasing f(t) suggesting an increase in the probability of exit later on in the spell.

of exiting later (a less steep survival function).3 Figure (1) illustrates the effect of the shape of f on

both the hazard and the survival functions.

To summarize, the model given by the hazard function in (M) and Assumption Z implies that

there are non-negative shocks to unobserved heterogeneity that accumulate during the spell, and that

the timing of the shocks matters, i.e. depending on the shape of f , a shock that takes place earlier

on in the spell may have a different effect on the probability of exit than a shock that takes place

later on in the spell. To demonstrate the relevance of this model, consider the reduced-form example

3Mathematically, f transforms the stationary process {Z (t)}t>0 into a non-stationary process, {h (t|Ft)}t>0. The
increments of {Z (t)}t≥0 are identically distributed, but those of the process {h (t|Ft)}t>0 are not. For example,
{Z (t)}t≥0 is a homogeneous process, with a constant expected number of jumps per unit time, while {h (t|Ft)}t>0 is
a nonhomogeneous process, with a time-varying expected number of jumps per unit time.
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below.4

Example. Suppose that the job-specific skills of employed individuals evolve during the employ-

ment spell according to an exogenous Lévy subordinator, {Z (t)}t>0. Under this assumption, skills

accumulate with tenure such that the stock of skills at some time τ + 1 is at least as large as that at

time τ , but such that knowing how much skills changed between periods τ and τ + 1 does not help

predict how much skills change between periods τ + 1 and τ + 2. Additionally, having job-specific

skills accumulate for a longer time increases the likelihood of promotion —support for this assumption

can be found in, e.g., Waldman (2013). Treating the transition hazard to promotion as a primitive

and specifying it as in (M) implies that shocks to job-specific skills affect directly the risk of being

promoted. The shocks are unobserved to the econometrician.

Assumption Z is similar to that usually made in the literature modeling human capital accumu-

lation, where the process of accumulation is modeled as an AR(1) process with i.i.d. shocks, see,

e.g., Khan and Lange (2014). The main differences between modeling human capital as an AR(1)

process versus a Lévy subordinator are as follows. First, under the AR(1) specification, skills change

continuously, while under the subordinator specification, they change in jumps. If agents learn when

faced with tasks that arrive at random times, e.g., according to a Poisson distribution, then it seems

reasonable to assume that the job-specific skill evolves in jumps. Second, the subordinator assump-

tion produces considerable dispersion of skills at any time period due to the stochastic nature of the

evolution of skills; this is not the case under the AR(1) specification. Third, while employed, the sub-

ordinator assumption restricts job-specific skills to be non-negative. That is, while on the job, shocks

to job-specific skills either improve the level of the skills or leave the skills unchanged, but shocks

never “harm”or decrease the level of job-specific skills. Under the AR(1) assumption, shocks to skills

can have a negative impact and skills at time τ can be less than skills at τ−1. The AR(1) assumption

is usually made in this literature since the scope is to model lifetime human capital, which includes

negative shocks such as layoffs. The subordinator assumption would be better suited to model human

4Recent works by Singpurwalla (2006) and Liu (2016) suggest that it may be possible to apply the identification
arguments of this paper to optimal stopping time models driven by Lévy subordinators. Rigorously developing the
connection between durations generated by the reduced-form model of this paper and those generated by optimal
stopping problems is left for future work, as it requires the development of new results from the stochastic processes
literature concerned with the absolute continuity of Volterra processes driven by Lévy subordinators.
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capital while employed at a specific firm, rather than lifetime human capital.

Model (M) can then be used to analyze how the probability of promotion varies with observed

covariatesX given that skills accumulate with tenure. The shape of the function f may be informative

about the type of incentive schemes provided by the firm or industry. If f is decreasing, skills

accumulated earlier on result in a higher likelihood of promotion, so the scheme may be categorized

as “fast track,”5 while if f is increasing, it is skills accumulated later on that increase the probability

of promotion and the scheme may be categorized as “late selection.”Fast track jobs provide incentive

schemes that encourage the accumulation of human capital early on in the spell of employment. These

are jobs in industries where the production process and human capital are complementary, see, e.g.,

Clemens (2012) and Ishida et al. (2012). On the other hand, late selection jobs reward skills that

are accumulated later on in the tenure. These would be careers in “seniority oriented”firms where

“differentiation within each cohort is delayed,”see Ariga et al. (1999).

Organization. The rest of the paper is organized as follows. Section 2 reviews the relevant duration

model and integral equation literatures. Section 3 presents the identification results. After formulating

the survival function in terms of the Laplace transform of FZ in Section 3.1, the structure (φ, f, FZ) is

identified in Section 3.2. Section 4 introduces the estimators, and Section 4.1 presents their asymptotic

properties. Section 5 shows the small sample performance of the proposed estimators via a Monte

Carlo study. Section 6 concludes. The Appendix contains all proofs. Section A introduces Lévy

subordinators and their properties that are used in the main text and in the proofs.

Notation. In what follows, “≡”defines a term or introduces a notation. For any interval (a, b) ∈ R,

a . b means a < Cb, where C is a generic positive and finite constant. For any function g defined on a

set D denote ||g||∞ ≡ supχ∈D |g (χ)|. Denote by Cm (D) be the space ofm-times continuously differen-

tiable real-valued functions on D. Given a d-tuple of non-negative integers, α = (α1, ..., αd), set |α| =∑d
i=1 αi, and D

α ≡ ∂|α|

∂ξ
α1
1 ...∂ξ

αd
d

. Letm ∈ N, κ ∈ (0, 1], p ≡ m+κ, and D ⊆ Rd. A function g : D → R is

p-smooth if g ∈ Cm (D) and, for some generic finite constant b > 0, it holds that sup|α|≤m ||Dαg||∞ ≤

b, and sup|γ|=m supξ1,ξ2∈D,ξ1 6=ξ2

|Dmg(ξ1)−Dmg(ξ2)|
||ξ1−ξ2||κe

≤ b, where ||.||e is the Rd Euclidean norm. Define

5This is in line with Clemens (2012), who finds that for fast-track jobs the speed of job-specific skill accumulation
is higher and it happens earlier on in the spell of employment, which in turn translates into higher rates of promotion.
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the Hölder norm ||g||Cp ≡ sup|α|≤m ||Dαg||∞ + sup|γ|=m supξ1,ξ2∈D,ξ1 6=ξ2

|Dmg(ξ1)−Dmg(ξ2)|
||ξ1−ξ2||κe

and denote by

(Cp
b (D) , ||.||Cp) the space C

p
b (D) endowed with the norm ||g||Cp . For 1 ≤ p ≤ ∞, let Lp (D) denote

the space of measurable functions g : D → R such that ||g||Lp =
(∫
D |g (u)|p µ (u) du

)1/p
< ∞, where

µ : D → R+ is a continuous nonnegative weight function, and ||.||Lp is the Lp-norm.

2 Literature Review

The standard duration model applied in economics is the mixed proportional hazard model (MPH),

which specifies the hazard function as

h (t|x, z) = φ (x)λ (t) z

where λ (t) is a positive deterministic function of time and z is non-negative a random variable denoting

unobserved heterogeneity. The MPH has been extensively studied and applied, see, e.g., van den Berg

(2001). Early nonparametric identification results have been provided by Elbers and Ridder (1982)

and Heckman and Singer (1984). These identification results hinge on the multiplicative separability

of t and z, and as such they cannot be used to study the identification of the model considered in this

paper.

Despite its modeling flexibility, the MPH does not allow for non-proportional hazards or for time-

varying unobserved heterogeneity, which restricts its applicability. Two alternative classes of duration

models have been proposed in the (bio)statistics literature to address these issues, see, e.g., Aalen et

al. (2008). One is the class of hitting-time duration models, whose identification has been studied

by Abbring (2012), and the other is the class of duration models with hazard functions driven by

stochastic processes, which is the subject of this paper.

The model analyzed by Abbring (2012) - the mixed hitting-time (MHT) model, specifies durations

as the first time a spectrally negative Lévy process hits a threshold from above:

TMHT = inf {t > 0 : Y (t) ≤ φ (X) z} , (2)
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where {Y (t)}t>0 is the Lévy process and z is a time-invariant random variable. Since the threshold

is multiplicative in X and z, Abbring (2012) is able to use insights from the identifiability of the

MPH in order to obtain the nonparametric identification of the MHT model, i.e. of φ and of the

distributions of z and {Y (t)}t≥0.

Although Abbring (2012) does not provide this interpretation, if the process {Y (t)}t>0 in (2)

were interpreted as unobserved heterogeneity, the MHT could be seen as relaxing the time-invariance

assumption of the unobserved heterogeneity. Then the MHT and the model of this paper are implicitly

imposing different assumptions on the unobserved heterogeneity: the former assumes heterogeneity is

a spectrally negative Lévy process (a Lévy process with non-positive jumps perturbed by a diffusion),

while the latter assumes that it is a Lévy subordinator (a pure-jump non-decreasing Lévy process). As

such the two specifications apply to different phenomena. For example, the MHT framework cannot

be used if unobserved heterogeneity stands for the accumulation of skills, signals, or the effects of

aging.

In a subsequent paper, Liu (2016) proposes a hitting-time model based on Lévy subordinators,

where durations are specified as:

TL = inf {t > 0 : exp (X ′β)Y (Λ (t)) ≥ z} ,

where {Y (t)}t>0 is a Lévy subordinator, Λ is a deterministic function, β is a finite dimensional

parameter, and z ∼ exp (1). He shows the identification of (β,Λ) and of the distribution of {Y (t)}t>0,

and he proposes a sieve maximum partial likelihood estimator for β. The model in Liu (2016) and that

of this paper are non-nested, since, for example, the former always obtains proportional population

(observed) hazards, while the latter does not.

The class of duration models in which unobserved heterogeneity is specified as a subordinator has

been first proposed by Kebir (1991), while similar ideas have been discussed by Singpurwalla (1995),

Aalen and Hjort (2002), Gjessing, Aalen, and Hjort (2003), Singpurwalla (2006), and references

therein. The papers in this literature provide detailed descriptive implications of duration models

driven by Lévy subordinators, but they do not study the identification of the model parameters.
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Furthermore, the estimators proposed in this literature are fully parametric, with the distribution

of the unobserved heterogeneity parametrized up to a finite dimensional parameter. On the other

hand, this paper considers both the nonparametric identification and estimation of a class of duration

models where the unobserved heterogeneity evolves over time as a Lévy subordinator.

In deriving suffi cient conditions for the nonparametric identification of the model, the paper also

contributes to the recent econometrics literature on the solvability of integral equations. Recent work

in econometrics focuses on linear integral operators with either known or unknown kernel functions,

e.g., Hu, Schennach, and Shiu (2017) and Hu and Shiu (2017), respectively. When the integral

operator is linear, unique solvability of the linear integral equation reduces to the injectivity of the

linear operator. For example, Hu and Shiu (2017) provide suffi cient conditions for the injectivity of

a linear Fredholm operator with unknown kernel, while Hu, Schennach, and Shiu (2017) analyze the

injectivity of a linear Volterra operator with known kernel that is compactly supported. In contrast,

this paper derives suffi cient conditions for the solvability6 of a nonlinear Volterra integral equation,

where the kernel function is unknown and non-compactly supported.7 Results from the linear-operator

literature cannot be used in this paper due to the nonlinearity and nonparametric nature of the kernel

function.

3 Identification

This section derives suffi cient conditions for the nonparametric identification of (φ, f, FZ). A key

element in the identification strategy is the survival function associated to (M). I first derive the

closed-form expression for the survival function. Then I show the nonparametric identification of the

three functions φ, f , and FZ .

6The concept of injectivity is not used for nonlinear operators.
7To the best of my knowledge, Hu and Shiu (2017) is the only other paper in the econometrics literature that

considers an integral equation with unknown kernel. In their case, the equation is a linear Fredholm integral equation
and the kernel function is a conditional density function.
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3.1 The Survival Function

Let P (T ≤ t|Ft) denote the conditional probability function of T whose hazard function is given by

(M).

Assumption S1. (i) For all t ≥ 0, P (T ≤ t|Ft) = P (T ≤ t|F∞) almost surely; (ii) P (T ≤ t|Ft) is

predictable with respect to {Ft}t≥0.

Assumption S1(i) rules out the possibility that the unobserved heterogeneity at time t predicts the

future survival probability. In particular, the event {T ≤ t} and the σ−algebra, F∞, are independent

given Ft. Letting Ft− ≡ σ (Z (s) , X, 0 ≤ s < t), Assumption S1(ii) implies that P (T ≤ t|Ft) is Ft−

measurable for each t. Importantly, Assumption S1 implies that the survival function is absolutely

continuous with respect to the Lebesgue measure, see Yashin and Arjas (1988), so that the survival

function has the conventional exponential representation.8 That is, under S1, the survival function

associated to the hazard function in (M) is given by:

S(t|x) ≡ EZ

[
exp

(
−
∫ t

0

h
(
s|x, {Zs}s≥0

)
ds

)]
, for any t ≥ 0, x ∈ X ,

where the expectation is taken with respect to FZ .

Assumption S2. f : [0,∞)→ (0,∞) is continuous on [0,∞).

Given Assumption Z, {Z (t)}t≥0 is of bounded variation. Then Assumption S2 guarantees that

the stochastic integral appearing in (M) is well defined for any t ≥ 0, see, e.g., Rajput and Rosinski

(1989). In particular, Assumption S2 guarantees that f is locally integrable on [0,∞), i.e. integrable

on [0, t] for any t <∞.

Lemma 1 below expresses the survival function associated to (M) in terms of the Laplace exponent

of {Z (t)}t≥0. The Laplace exponent, Ψ : [0,∞)→ [0,∞), is defined as:

E
[
e−χZ(t)

]
= e−tΨ(χ), for all t, χ ≥ 0. (3)

8For a derivation of the survival function as an exponential function of the hazard function, see, e.g., Barlow and
Proschan (1965), Kalbfleisch and Prentice (2002).
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By the uniqueness theorem for Laplace transforms, Ψ determines FZ uniquely; for a list of properties

of the Laplace exponent see Property 1 in the Appendix.

Lemma 1 Given assumptions Z, S1, and S2, for each t ≥ 0 and x ∈ X , the conditional survival

function associated to (M) is given by

S (t|x) = exp

[
−
∫ t

0

Ψ (φ (x) f (u) (t− u)) du

]
, (4)

where Ψ is the Laplace exponent of {Z (t)}t≥0 defined in (3).

Proof. The proof of Lemma 1 is in Appendix B.1.

The expression for the survival function in Lemma 1 is similar to that of Theorem 1 in Gjessing,

Aalen, and Hjort (2003), except that there the authors do not control for covariates, and they have

a different specification of the stochastic process modeling unobserved heterogeneity.

3.2 Identification of the Model

Denoting by S0 (t|x) the population conditional survival function appearing on the left hand side of

(4), the identification of (φ, f, FZ) is based on solving the integral equation below for the triple of

functions (φ, f,Ψ) :

H (t, x) ≡ − logS0 (t|x) =

∫ t

0

Ψ (φ (x) f (u) (t− u)) du, t ≥ 0. (5)

Equation (5) is a nonlinear Volterra integral equation of the first kind, where the kernel function, Ψ,

is unknown.

For any k ∈ N and for all χ ≥ 0, define the following:

Ψ(k) (χ) ≡ dk

dχk
Ψ (χ) ,

f (k) (χ) ≡ dk

dχk
f (χ) ,

∂k

∂tk
H (0, x) ≡ ∂k

∂tk
H (t, x)

∣∣∣∣
t=0

, for any x ∈ X .
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To show the identification of (φ, f,Ψ) entering (5) consider the following assumptions.

Assumption ID0. (i) For each x ∈ X , H (., x) ∈ C∞ ((0,∞)); (ii) For all κ ∈ N, there exist

integrable functions gκ : X → R+ such that
∣∣∣ ∂k∂tkΨ (φ (x) f (u) (t− u))

∣∣∣ ≤ gκ (x) for all 0 ≤ u ≤

t <∞ and almost every x ∈ X , (iii) f ∈ C∞ ((0,∞)).

As the proof of identification is based on differentiating (5) repeatedly with respect to t, Assump-

tion ID0 is a regularity assumption that allows the application of the Dominated Convergence Theorem

to each resulting derivative. Assumption ID0(ii) is a high-level assumption; strong but suffi cient as-

sumptions for ID0(ii) are, e.g., φ is integrable on X , f is bounded on (0,∞), and
∣∣Ψ(κ) (χ)

∣∣ <∞ for

all χ ≥ 0 and κ ∈ N. Assumption ID0(iii) strengthens Assumption S2 by requiring f to be infinitely

many times differentiable on (0,∞).

Assumption ID1. For all κ ∈ N, (i) ∂κ

∂tκ
H (0, x) exists for each x ∈ X ; (ii) Ψ(κ) (0) exists and

Ψ(1) (0) 6= 0; (iii) f (κ) (0) exists.

Assumption ID1 allows for the resulting derivatives of (5) with respect to t to be evaluated at t = 0.

Assumption ID1(ii) requires the existence of
{

Ψ(κ) (0)
}
κ≥1
, which implies that all moments of Z (1)

exist.9 This assumption excludes subordinators with fat tails such as the stable process. Additionally,

ID1(ii) requires that the mean of Z (1) be different from zero. Since Z (1) is a non-negative random

variable, this assumption implies that Z (1) is not a degenerate random variable at zero.

Assumption ID2. φ : X → (0,∞) is such that (i) φ (x0) = 1 for some arbitrary x0 ∈ X ; (ii)

φ (x0) 6= φ (x1) for some x0 6= x1 ∈ X .

Assumption ID2(i) imposes a normalization assumption at x0, while ID2(ii) requires φ to be non-

constant, with the variation required being minimal, see also, e.g., Elbers and Ridder (1982), Kortram

et al. (1995), and Abbring (2012).

9The sequence
{

Ψ(κ) (0)
}
κ≥1

represents the sequence of cumulants of Z (1), and there is a one-to-one relation

between cumulants and moments, e.g., Lukács (1955). For example, E (Z (1)) = Ψ(1) (0), i.e. the mean of Z (1)
equals the first cumulant of Z (1). More generally, the kth moment of Z (1) can be obtained from the cumulants by the
following formula involving the incomplete Bell polynomial, Bk,j (v1, v2, ..., vk−j−1):

E
(

(Z (1))
k
)

=

k∑
m=0

Bk,k−m

(
Ψ(1) (0) ,Ψ(2) (0) , ...,Ψ(m+1) (0)

)
.
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Assumption ID3. f : [0,∞)→ (0,∞) is such that f (0) = 1.

Assumption ID3 imposes a normalization assumption on f . Without this assumption, the identi-

fication results hold up to f (0).

For any integer k ≥ 4, let:

Dk (x) ≡ ∂k

∂tk
H (0, x)−

k−2∑
j=2

φj (x) Ψ(j) (0)

(
dk−1−j

dtk−1−j f
j (t)

∣∣∣∣
t=0

)
, x ∈ X . (6)

Theorem 1 Let assumptions Z, S1, and S2 hold such that the survival function of T given X = x

is given by (4). Additionally, let assumptions ID0 to ID3 hold. Then for some x0 6= x1 ∈ X , the

function φ : X → (0,∞) and the sequences
{
f (κ) (0)

}
κ≥1

and
{

Ψ(κ) (0)
}
κ≥1

are identified and given

by:

φ (x) =
∂2

∂t2
H (0, x)

∂2

∂t2
H (0, x0)

, x ∈ X , (7)

Ψ(1) (0) =
∂2

∂t2
H (0, x0) , (8)

f (1) (0) =
φ2 (x1) ∂3

∂t3
H (0, x0)− ∂3

∂t3
H (0, x1)

φ (x1) [φ (x1)− 1] Ψ(1) (0)
, (9)

f (κ) (0) =
φκ+1 (x1)Dκ+2 (x0)−Dκ+2 (x1)

φ (x1) [φκ (x1)− 1] Ψ(1) (0)
, κ ≥ 2, (10)

Ψ(2) (0) =
∂3

∂t3
H (0, x1)− φ (x1) ∂3

∂t3
H (0, x0)

φ (x1) [φ (x1)− 1]
, (11)

Ψ(κ) (0) =
Dκ+1 (x1)− φ (x1)Dκ+1 (x0)

φ (x1)
[
φκ−1 (x1)− 1

] , κ ≥ 3. (12)

Proof. The proof of Theorem 1 is in Appendix B.2.

Theorem 1 identifies
{

Ψ(κ) (0)
}
κ≥1
, which is the sequence of cumulants of Z (1). To identifyΨ itself

the following properties for functions on R are used: (1) Ψ is a Laplace exponent, so it is a Bernstein

function; (2) the first derivative of a Bernstein function is completely monotone; (3) completely

monotone functions are real analytic; and (4) real analytic functions are uniquely determined by their

values on a non-empty open set, see, e.g., Abbring and van den Berg (2003). To be able to use

this sequence of arguments on functions defined on [0,∞) (rather than R), the assumption below is
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imposed.

Assumption ID4. (i) Ψ(1) (χ) is right-continuous at χ = 0; (ii) The moment generating function of

Z (1) exists.

Since Ψ (χ) is a Laplace exponent, it is a Bernstein function on [0,∞). Hence, its first derivative

Ψ(1) (χ) is completely monotone on (0,∞), e.g., Widder (2011). Requiring ID4(i) guarantees that

Ψ(1) (χ) is completely monotone on [0,∞) instead. Assumptions ID4 and ID1 guarantee that Ψ(1) (χ)

is real analytic at χ = 0,10 see Theorem 15 in Koumandos (2014).11

Remark 1 Within the context of identification of duration models, Assumption ID4(ii) may seem

strong as it requires existence of all moments rather than just the mean (Elbers and Ridder (1982),

Kortram et al. (1995)), or a tail condition on the density of the unobserved heterogeneity (Heckman

and Singer (1984)), or regular variation of the distribution of unobserved heterogeneity (Abbring and

Ridder (2015), Abbring (2012)).12 However, this should not be surprising given that the model of this

paper is much more flexible in regards to how the unobserved heterogeneity is allowed to change over

time. As opposed to standard duration models, where the unobserved heterogeneity stays constant and

equal to its realization at t = 0 for the entire duration of the spell, in this model, individual unobserved

heterogeneity is allowed to change during the spell of interest.

Nonetheless, the assumptions above can be somewhat weakened at the expense of identifying the

distribution of the unobserved heterogeneity. For example, assuming existence of κ = 1 moments

and f (0) = 1, identifies the function φ and the mean of Z (1). Further assuming existence of κ =

1, 2, ...,M moments, minimal variation in X, and f ∈ Cκ−1 ([0,∞)), identifies all M moments of

Z (1). Finally, assuming existence of all moments, i.e. κ = 1, 2, ..., minimal variation in X, and

f ∈ C∞ ([0,∞)), identifies all moments of Z (1).

10Related assumptions on real analycity of the moment generating function are made in the literature on random
coeffi cients, see e.g. Fox et al. (2012).
11Note that the assumptions in Koumandos (2014) are expressed in terms of moments of Z (1), e.g. letting mk be

the kth moment of Z (1), the assumption is stated as lim supk→∞

[
1
k (mk)

1/k
]
<∞. By Corollary 2 of Lin (2017), this

assumption is equivalent to requiring that the moment generating function of Z (1) exists.
12The identification strategy in these papers takes advantage of the special functional form of the survival function

as the Laplace transform of the unobserved heterogeneity, which allows one to use different properties related to real
analyticity of the Laplace transform.
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Corollary 1 Under the assumptions of Theorem 1 and Assumption ID4, the Laplace exponent Ψ is

identified and given by:

Ψ (χ) =

∞∑
j=1

χj

j!
Ψ(j) (0) , χ ≥ 0. (13)

Proof. Since Ψ : [0,∞) → [0,∞) is a Bernstein function, and given ID4(i), Ψ(1) (χ) is a completely

monotone function on [0,∞). Assumptions ID1(ii) and ID4(ii) verify the conditions in Theorem 15

of Koumandos (2014), so that Ψ(1) (χ) is real analytic at χ = 0. Hence:

Ψ(1) (χ) =
∞∑
j=0

χj

j!
Ψ(j+1) (0) ,

where
{

Ψ(j) (0)
}
j≥1

are given in the statement of Theorem 1. Therefore, Ψ is identified and given by:

Ψ (χ) =

∫
Ψ(1) (v) dv =

∞∑
j=0

χj+1

(j + 1)!
Ψ(j+1) (0) =

∞∑
j=1

χj

j!
Ψ(j) (0) ,

where Ψ (0) = 0 was used.

Since Theorem 1 identifies the sequence of derivatives
{
f (κ) (0)

}
κ≥1
, imposing the (suffi cient)

assumption below obtains identification of f .

Assumption ID5. f (t) is real analytic at t = 0.

The class of real analytic functions includes, e.g., polynomials, exponential functions, power func-

tions, logit-type functions, and trigonometric functions.

Corollary 2 Let the assumptions for Theorem 1 and Corollary 1 hold, and let Assumption ID5 hold.

Then f is identified and given by

f (t) = 1 +
∞∑
j=1

tj

j!
f (j) (0) , t ≥ 0, (14)

where
{
f (j) (0)

}
j≥1

are defined in (9) and (10).

Proof. Theorem 1 identifies the derivatives of all orders of f evaluated at zero. Then Assumption

ID5 obtains (14).

16



Remark 2 Assumption ID5 can be relaxed at the expense of further restrictions on (φ, f,Ψ), such as

boundedness of
(
φ, f, ∂

2

∂t2
H (t, x)

)
and a uniform Lipschitz condition on Ψ(1) (.). To see this, notice

that once (φ,Ψ) have been identified, differentiating (5) twice with respect to t, obtains the following

equation:

f (t) =
1

φ (x) Ψ(1) (0)

[
∂2

∂t2
H (t, x)− φ2 (x)

∫ t

0

f 2 (u) Ψ(1) (φ (x) f (u) (t− u)) du

]
. (15)

This equation is a Volterra integral equation of the second kind for f where the kernel function Ψ(1)

is known by Corollary 1. Existence and uniqueness of f can be shown via a Fixed Point argument.

For example, since T takes values in an unbounded interval, it is possible to show that the operator

associated with (15) is a contraction in a weighted Banach space by verifying the conditions of Theorem

2.4 or Theorem 3.3 in Rejto and Taboada (1992). On the other hand, assuming that T takes values

in a compact set, it is possible to show identification of f by verifying the conditions of Theorem 2.1

in Hu, Schennach, and Shiu (2017).

4 Estimation

Let W = (X,T )′ ∈ W = X × T , X ⊂ Rq and T ⊂ [0,∞), be a random vector whose distribution

satisfies the hazard model described in the sections above. Denote by θ0 = Ψ0 (φ0, f0) = (φ0, f0,Ψ0)

the true value of the infinite-dimensional parameters of interest.

Although the identification argument for θ0 is constructive, the estimator proposed is not the

analog estimator due to the following two issues. First, the analog estimator would involve estimation

of the kth derivative of the log conditional survival function evaluated at a boundary point, i.e.

estimation of ∂k

∂tk
H (0, x). This would lead to issues related to boundary effects (such as inconsistency).

Second, estimation of the Laplace exponent would involve estimation of a growing number of moments,{
Ψ(κ) (0)

}
k→∞, which would require some sort of trimming in order for the estimation procedure to

be feasible. Addressing these two issues would be of independent interest and is beyond the scope of

this paper.

Instead, I propose a two-step estimation procedure for θ0, starting from equation (5). That is,
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letting Θ ≡ Φ×F ×	 denote the parameter space (to be defined later), define:

θ0 = arg max
θ∈Θ

[
−E

(
− logS0 (T |X)−

∫ T

0

Ψ0 (φ0 (X) f0 (u) (T − u)) du

)2
]
,

where S0 (T |X) is the true conditional survival function.

The estimation method proceeds as follows. Let Ŝn (t|x) denote the first-step estimator of the

conditional survival function S0 (t|x). This step does not require a specific procedure, however, certain

high-level assumptions (below) should be satisfied. Given Ŝn (t|x), I then estimate θ0 via sieve-

minimum distance (MD) under a monotonicity restriction on an otherwise nonparametric estimator

of the Laplace exponent, Ψ0. This restriction is theoretically driven sinceΨ0 is the Laplace exponent of

a subordinator and so it is monotone on its domain of definition. Note that this shape restriction is not

used for identification, however, imposing it in finite samples improves considerably the performance

of the estimator, see also Horowitz and Lee (2017).

The estimator of θ0 is then defined as:

θ̂n ≡ arg max
θ∈Θn
− 1

n

n∑
i=1

[
− log Ŝn (Ti|Xi)−

∫ Ti

0

Ψ (φ (Xi) f (u) (Ti − u)) du

]2

, (16)

where Θn ≡ Φn×Fn×	n is a finite-dimensional linear space such that Θn ⊂ Θn+1 ⊂ Θ with the set

Θ∞ complete in Θ, and where each sieve space, Φn and Fn, is a linear span of finitely many polynomial

basis functions, while 	n is a linear span of finitely many Bernstein polynomial basis functions. That

is,

Φn =

φ : φ (x) = g

Jφ(n)∑
j=0

cφ,jBφ,j (x)

 , φ (0) = 1

 , (17)

Fn =

f : f (t) = g̃

Jf (n)∑
j=0

cf,jBf,j (t)

 , f (0) = 1

 , (18)

	n =

Ψ : Ψ (χ) =

JΨ(n)∑
j=1

cΨ,jBΨ,j (χ) , AJΨ(n)CJΨ(n) ≥ 0

 , (19)

where g, g̃ are known positive transformation functions, e.g., g (χ) = exp (χ) (exponential) or g (χ) =
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χ2 (quadratic); Bφ,j and Bf,j are polynomial basis functions while BΨ,j are Bernstein polynomial

basis functions; cl,j, l = φ, f,Ψ, j ∈ N are coeffi cients, and CJΨ(n) =
(
cΨ,1, ..., cΨ,JΨ(n)

)′
is a vector of

JΨ (n) coeffi cients;13 AJΨ(n) is the (JΨ (n)− 1)× JΨ (n) full row rank matrix defined below; and each

Jφ (n) , Jf (n) , JΨ (n) →∞ as n→∞.

The space 	n is a constrained Bernstein polynomial sieve space,14 where the Bernstein polynomial

basis functions are defined as:

BΨ,j (χ) =
JΨ (n)!

j! (JΨ (n)− j)!χ
j (1− χ)JΨ(n)−j , j = 1, ..., JΨ (n) ,

and the elements of AJΨ(n) are chosen such that the monotonicity restriction on Ψ holds, i.e.

AJΨ(n) =



2 −1 0 . . . 0

−1 2 −1 . . . 0

. . .

. . . 0 −1 2 −1


.

For details on different type of shape restrictions, see, e.g., Wang and Ghosh (2012).15

For the implementation of the estimation method, J (n) ≡ (Jφ (n) , Jf (n) , JΨ (n)) has to be

determined. I suggest considering different values for these three unknowns and then choosing the

combination that minimizes a V -fold cross-validation criterion function as in Wang and Ghosh (2012),

i.e.

CV (J (n)) =
1

V

V∑
v=1

∑
i∈I−v

−
[
− log Ŝn (Ti|Xi)−

∫ Ti

0

Ψ̃v

(
φ̃v (Xi) f̃v (u) (Ti − u)

)
du

]2

,

where
(

Ψ̃v, φ̃v, f̃v

)
is computed by solving (16) with the vth data set consisting of

⌊
nV−1

V

⌋
observations

and where I−v denotes the excluded group containing the remaining observations. The value of J (n)

13Notice that the restriction Ψ (0) = 0 is already imposed by setting cΨ,0 = 0.
14For advantages of using Bernstein polynomials when estimating shape restricted functions, see, e.g., Lorentz (1986),

Zhou et al. (2017).
15Notice that since Ψ (0) = 0, the matrix AJΨ(n) has only JΨ (n) rather than JΨ (n) + 1 columns, as it is usually

specified for the coeffi cient matrix associated with Bernstein polynomials.
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is selected as

Ĵ (n) = arg min
J(n)∈[2,Jmax]

CV (J (n)) ,

where 2 < Jmax <
⌊
nV−1

V
− 1
⌋
.

4.1 Asymptotic Theory

Let H0 (W ) ≡ − logS0 (T |X), and let I (θ,W ) : Θ ×W → R+ and mH,W (θ) : Θ ×H ×W → R be

defined as, respectively:

I (θ,W ) ≡
∫ T

0

Ψ (φ (X) f (u) (T − u)) du,

mθ,H (W ) ≡ − [H (W )− I (θ,W )]2 .

The population criterion function is then defined as:

M (θ,H) ≡ E [mθ,H (W )] ,

and

θ0 = arg max
Θ

M (θ,H0) .

Letting Ĥn (W ) be the first step estimator of H0 (W ), the sample criterion function is defined as

Mn

(
θ, Ĥn

)
≡ 1

n

n∑
i=1

mθ,Ĥn
(Wi)

=
1

n

n∑
i=1

−
[
Ĥn (Wi)− I (θ,Wi)

]2

,

while the estimator θ̂n is defined as

θ̂n = arg max
θ∈Θn

Mn

(
θ, Ĥn

)
.

The norm under which both consistency and the rate of convergence of θ̂n =
(
φ̂n, f̂n, Ψ̂n

)
are
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derived is defined as:

d
(
θ̂n, θ0

)
=
∥∥∥φ̂n − φ0

∥∥∥
∞

+
∣∣∣∣∣∣f̂n − f0

∣∣∣∣∣∣
∞

+
∥∥∥Ψ̂n −Ψ0

∥∥∥
	
,

where ∥∥∥Ψ̂n −Ψ0

∥∥∥
	

= sup
φ,f∈Φ×F

∥∥∥Ψ̂n (φ, f, .)−Ψ0 (φ, f, .)
∥∥∥
∞
.

The functions H0, φ, f, and Ψ are assumed to belong, respectively, to the following spaces:

H = C∞ (W) ∩ L2 (W) , (20)

Φ =

{
φ ∈

(
C
pφ
bφ

(X ) , ||.||Cpφ
)

: φ (0) = 1, pφ >
1

2

}
, (21)

F =

{
f ∈

(
C
pf
bf

(T ) , ||.||Cpf
)

: f (0) = 1, pf >
1

2

}
, (22)

	 =
{

Ψ ∈
(
CpΨ

bΨ
([0, 1]) , ||.||CpΨ

)
: pΨ > max {pφ, pf}

}
, (23)

where pΨ can be arbitrarily large.16. In the analysis that follows, I assume that bφ, bf , and bΨ are

known. This assumption can be weakened at the expense of redefining the sieve spaces, see, e.g., Shen

and Wong (1994). For sieve approximation, let φn ∈ Φn, fn ∈ Fn, and Ψn ∈ 	n be defined by (17),

(18), and (19), respectively. Further, let Πnθ0 be the projection of θ0 onto the sieve space Θn, i.e.

Πnθ0 = arg max
θ∈Θn

M
(
θ, Ĥn

)
= arg max

θ∈Θn
−E

(
Ĥn (W )− I (θ,W )

)2

.

Assumption C1

(i) The data (Xi, Ti)
n
i=1 are i.i.d. with joint distribution function satisfying (4);

(ii) T and X are compact with T = [0, 1] = X ;

(iii) The density of X is bounded and bounded away from zero on X , and the conditional density of

T given X = x is bounded away from zero for every x ∈ X .
16By the properties of Laplace exponents, Ψ ∈ C∞ (R+). However, since the rate depends on min (pφ, pf , pΨ) , for an

arbitrarily large value of pΨ such that pΨ > max {pφ, pf}, it is only min (pφ, pf ) that affects the rate of convergence.
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Assumption C1(i) is usually made in the duration literature, while Assumption C1(ii) is usually

made in nonparametric analysis, and, for most applications, it is not too restrictive.17 Assumption

C1(iii) guarantees that logS (W ) is defined on its domain.

Assumption C2

(i)
∣∣∣∣∣∣Ĥn −H0

∣∣∣∣∣∣
∞

= op (1);

(ii)
∣∣∣∣∣∣Ĥn −H0

∣∣∣∣∣∣
L2

= Op (εn), where {εn}n≥1 is a non-stochastic sequence such that rnεn ≤ 1 for each

n.

Assumption C2 imposes restrictions on the first step estimator: C2(i) requires uniform consistency

of Ĥn, while C2(ii) requires an L2-rate of convergence of rn.

Assumption C3

(i) φ ∈ Φ, f ∈ F , Ψ ∈ 	 for φ, f,Ψ in a neighborhood of φ0, f0,Ψ0 in the norm d (., .) ;

(ii) Θn and Θ are convex and closed in d (., .) , and Θn ⊂ Θn+1 ⊂ Θ;

(iii) For every θ ∈ Θ there exists a Πnθ0 ∈ Θn with d (Πnθ0, θ0) = o (1) as Jl (n)→∞, Jl(n)
n
→ 0 as

n→∞ for l = φ, f,Ψ.

Assumption C3(i) imposes smoothness restrictions on the unknown functions. The choice of Hölder

spaces is common in the literature on series estimation, see, e.g., Chen (2007). For technical reasons,

the smoothness of φ and f is restricted to be smaller than that of the Laplace exponent. Additionally,

Assumption C3(i) implies that the drift of the subordinator is finite, which excludes linear processes,

i.e. processes whose sample paths are linear functions of time. Finally, Assumption C3(i) guarantees

that the parameter space Θ is compact in d (., .), see, e.g., Theorem 1.34 in Adams and Fournier

(2003). Compactness of the parameter space under the norm d (., .) is important for the proof of

consistency, see Gallant and Nychka (1987). This assumption could be relaxed by introducing a

17The assumption can be relaxed to allow T and X to be unbounded at the expense of defining the nonparametric
components on Banach spaces with weighted norms, with the asymptotic theory derived in terms of the weighted norms.
I do not pursue this approach here.
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penalty function as in Chen and Pouzo (2012), but this approach is not pursued here. Assumption

C3(ii) requires the sieve space Θn to grow dense in Θ; this assumption is satisfied by polynomial

sieves, see, e.g., Newey (1997) and Chen (2007). Finally, Assumption C3(iii) restricts the complexity

of the sieve space; this assumption is satisfied by polynomial sieves for which the approximation rate

is of order O
(
Jl (n)−pl

)
, l = φ, f,Ψ.

Theorem 2 (Consistency) Let θ̂n be the second-stage sieve estimation defined by (16). Let assump-

tions C1 to C3 and the assumptions of Theorem 1 hold. Then d
(
θ̂n, θ0

)
→p 0.

Proof. The consistency of θ̂n is shown in Appendix C.1.

The local behavior ofM (θ,H) at the point (θ0, H0) is central to the analysis of the rate of conver-

gence of the sieve estimator θ̂n. This local behavior is described by the concept of pathwise derivative.

Given the special form of the criterion functionM (θ,H), it is suffi cient to impose pathwise differentia-

bility on I (θ,W ) only. For any θ ∈ Θ and almost allW ∈ W, I (θ,W ) is pathwise differentiable at θ in

the direction [θ∗ − θ] if {θ + τ (θ∗ − θ) : τ = 0} ⊂ Θ and limτ→0
1
τ

[I (θ + τ (θ∗ − θ) ,W )− I (θ + τ (θ∗ − θ) ,W )]

exists. The pathwise derivative at θ in the direction [θ∗ − θ] is given by:

∂

∂θ
I (θ,W ) (θ∗ − θ) ≡ ∂

∂τ
I (θ + τ (θ∗ − θ) ,W )

∣∣∣∣
τ=0

.

Assumption C4

The pathwise derivative of I (θ0, .) exists in all directions [θ − θ0].

Theorem 3 (Rate of convergence) Let θ̂n be the second-stage sieve estimator defined by (16). If

the assumptions of Theorem 2 and Assumption C4 hold, then

d
(
θ̂n, θ0

)
= Op

(
max

{
d
(
θ̂n,Πnθ0

)
, d (θ0,Πnθ0)

})
,

where rn ≤ max
{
d
(
θ̂n,Πnθ0

)
, d (θ0,Πnθ0)

}
and where

d
(
θ̂n,Πnθ0

)
= O

(√
max {Jφ (n) , Jf (n) , JΨ (n)}

n

)
,

d (θ0,Πnθ0) = O
(
max

{
Jφ (n)−pφ , Jf (n)−pf , JΨ (n)−pΨ

})
,
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with pΨ > max {pφ, pf}.

Proof. The rate of convergence of θ̂n is established in Appendix C.2.

Remark 3 When all functions in the second-step are parametrized up to finite dimensional para-

meters, consistency and asymptotic normality of the estimators of the finite-dimensional parameters

follows from standard arguments such as those in Newey and McFadden (1994). When all functions

in the second step but the Laplace exponent are parametrized up to finite dimensional parameters, the

second step in the M-estimation involves both infinite- and finite-dimensional parameters, where the

finite-dimensional parameters enter as arguments of the infinite-dimensional parameter. Establishing

rates of convergence for the finite-dimensional parameters in this case would require extending the

analysis in either Hahn, Liao, and Ridder (2018), to allow for a kernel estimator in the first step and

a bundled parameter in the second-step, or Ding and Nan (2011) to the case of two-step estimators.

These extensions are beyond the scope of this paper.

5 Monte Carlo Simulations

This section shows the finite sample properties of the estimators
(
φ̂n, f̂n, Ψ̂n

)
via Monte Carlo sim-

ulations. I investigate the finite sample performance of the estimators for different sample sizes and

different specifications of (φ0, f0,Ψ0).

The descriptions in this section are necessarily concise since there are no estimators in the literature

with which to compare the finite-sample performance of the proposed estimator. That is, in the

(bio)statistics literature that has considered similar duration models driven by Lévy subordinators,

Ψ0 is always parametrically specified and there are no functions that depend on the covariates such

as φ0, see, e.g., Aalen et al. (2008).

Data Generating Process. For the generation of the observed data, let S denote the survival

probability, and let S ∼ U (0, 1) and X ∼ Bernoulli (0.5).18 For a given simulation, using the

18A binary covariate provides the minimal variation suffi cient for identification, see assumption ID2(ii).
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generated pairs (Xi, Si)
n
i=1, I calculate the duration Ti as the solution to the equation:

Si − exp

[
−
∫ Ti

0

Ψ0 (φ0 (Xi) f0 (u) (Ti − u)) du

]
= 0,

where (φ0, f0,Ψ0) take different functional forms, see below.

The process {Z (t)}t≥0 is a Poisson process, so that the Laplace exponent Ψ0 is given by:

Ψ0 (χ) = 10
(
1− e−χ

)
, χ ≥ 0. (24)

The functional form specifications of (φ0, f0) are given in the table below, where the transformation

functions (g, g̃) are defined in (17), (18), respectively:

Design φ0 (x) f0 (t) g g̃

1 1 + x2 − 1
10
x3 1− 1

4
t2 + 2t3 exponential exponential

2S 1 + x2 − 1
10
x3 exp (γ0t) , γ0 = 1 exponential exponential

2N 1 + x2 − 1
10
x3 exp (t) exponential identity

3S exp (β0x) , β0 = 1 1− 1
4
t2 + 2t3 exponential exponential

3N exp (x) 1− 1
4
t2 + 2t3 identity exponential

4S (1 + β0x)2 , β0 = 1 (1 + γ0t)
2 , γ0 = 1 quadratic quadratic

(25)

Designs 1, 2N, 3N consider nonparametric estimators for (φ0, f0), as described in Section 4. Designs

2S, 3S, and 4S consider semiparametric estimators for f0, φ0, and (φ0, f0), respectively where the

functions φ0 and f0 are parametrized up to the finite dimensional parameters β0 and γ0, respectively.

Across all designs, the estimator for Ψ0 is nonparametric and restricted to be monotonic as described

in Section 4. There are 1000 simulations per design.

When the functions (φ0, f0) are not parametrized, as in designs 1, 2N, and 3N, I report the

integrated mean square error (IMSE) of the estimators averaged over the simulations, j = 1, ..., 1000.

The reported IMSE for an estimator η̂ is defined as:

IMSE (η̂) =
1

1000

1000∑
j=1

[
1

n

n∑
i=1

(
η0 (Yi)− η̂j (Yi)

)2

]
,
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where (η0, η̂) are the true function and its estimator, respectively, n is the sample size, and {Yi}ni=1

is the generated data. When the functions (φ0, f0) are parametrized up to (β0, γ0), as in designs

2S, 3S, and 4S, I report the bias, standard deviation, and the root mean square error (RMSE) of the

estimators averaged over the simulations. The observed data is (Xi, Ti)
n
i=1 for each simulation, and for

each semiparametric semiparametric simulation (2S, 3S, 4S), the sample size n ∈ {1000, 2000, 4000},

while for each nonparametric simulation (1, 2N, 3N), the sample size n ∈ {500, 2000} .

Estimators. Conditional on X = x, Ŝn (t|x) is the Kaplan-Meier estimator and Ĥn (t|x) =

− log Ŝn (t|x). The second-step sieve estimator is as explained in Section 4, with the polynomial

basis functions for (φ, f) being Chebyshev bases. The degrees of the three polynomial sieves are

chosen via 7-fold cross-validation as in Wang and Ghosh (2012).

Results. Table 1 and Figure 2 show results for Design 1. The functions (φ0, f0) are estimated

nonparametrically by Chebyshev polynomials with Jφ (n) = 1 and Jf (n) = 2, respectively. Table

1 shows a decreasing IMSE for both estimators as the sample size increases. Figure 2 shows the

estimator for Ψ0 approximated by a restricted Bernstein polynomial with JΨ (n) = 3. The sample

size is n = 500 for the top graph and n = 2000 for the bottom graph. This figure shows that

the shape of the Laplace exponent is approximated very well, with wider interquantile range for the

smaller sample size as expected.

Table 2 shows results for Design 2S and for Design 2N. For Design 2S, φ0 is estimated nonpara-

metrically by a Chebyshev polynomial of degree Jφ (n) = 1 with g as in (25), while f0 is parametrized

up to γ0 = 1. Both the average IMSE for φ̂ and the RMSE for γ̂ are decreasing in n. For Design

2N, φ0 is estimated nonparametrically by a Chebyshev polynomial of degree Jφ (n) = 1 and with g

as in (25), while f0 is estimated nonparametrically by a Chebyshev polynomial of degree Jf (n) = 3,

with the first coeffi cient normalized to unity (as per Assumption ID3(i)), and with g̃ as in (25). The

IMSE of φ̂ and that of f̂ decrease with the sample size. Figure 3 shows the estimator for the Laplace

exponent of the Poisson process for Design 2N. The Laplace exponent is approximated by a Bernstein

polynomial with JΨ (n) = 3. The figure shows results for n = 2000 only, since the graph for n = 500

is similar with the interquantile range slightly wider.
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Table 3 shows results for Design 3S and for Design 3N. For Design 3S, φ0 is parametrized up to

the finite dimensional parameter β0 = 1, while f0 is estimated nonparametrically by a Chebyshev

polynomial of degree Jf (n) = 2 with g̃ as in (25). Both the RMSE for β̂ and the IMSE for f̂ decrease

with the sample size. Design 3N estimates φ0 nonparametrically by a Chebyschev polynomial of

degree 1, with the first coeffi cient normalized to unity (as per Assumption ID2(i)) and with g as in

(25), while f0 is estimated nonparametrically by a Chebyshev polynomial of degree Jf (n) = 2 with g̃

as in (25). The IMSE of φ̂ and that of f̂ decrease with the sample size. Figure 4 shows the estimator

for the Laplace exponent for Design 3N, approximated by a Bernstein polynomial with JΨ (n) = 3.

The sample size for this graph is n = 2000.

Table 4 and its associated figure, Figure 5, show results for the case where φ0 and f0 are para-

metrized up to β0 and γ0, respectively, but the Laplace exponent is estimated nonparametrically as

described in Section 4. Table 4 considers two different specification for the distribution of the unob-

served heterogeneity. The process {Z (t)}t≥0 is a Gamma subordinator (top), with Laplace exponent

given by:

Ψ0 (χ) = 30 log (1 + χ) , χ ≥ 0, (26)

and a Poisson process (bottom) with Laplace exponent given in (24). The table shows that the

bias for the estimators of the finite dimensional parameters is negligible and decreasing with the

sample size, while the RMSE is driven by the standard deviation. Although the paper does not

provide rates of convergence for the estimators of the finite-dimensional parameters for this case, the

estimators for (β0, γ0) appear to have
√
n-rates of convergence. As mentioned in Remark 3, providing

theoretical results for this case is left for future work. The properties of the estimators for the finite-

dimensional parameters are robust to the specification of the distribution of {Z (t)}t≥0. Figure 5 shows

the estimated Laplace exponent, Ψ̂n, when the true subordinator is a Gamma process (top) and a

Poisson process (bottom). For both the Gamma and the Poisson process, the degree of the Bernstein

polynomial JΨ (n) = 3. The figure shows results for n = 4000 only; the results for n ∈ {1000, 2000}

are similar, with a slightly wider interquantile range that becomes narrower as n increases. As the

graphs suggest, the shape of the Laplace exponent is recovered extremely well.
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Table 1: Simulation Results for Design 1

Estimator for φ0 Estimator for f0

IMSE IMSE

Poisson process

n = 500 0.0918 0.0583

n = 2000 0.0097 0.0303

Note: The estimators for ψ0 and f0 are as described in Section 4 with Jφ(n) = 1 and Jf (n) = 2, respectively.

Table 2: Simulation Results for Design 2

(a) Simulation Results for Design 2S

Estimator for φ0 Estimator for γ0 = 1

IMSE Bias SD RMSE

Poisson process

n = 1000 0.0292 0.0520 0.2020 0.2084

n = 2000 0.0089 −0.0011 0.1208 0.1208

n = 4000 0.0026 −0.0082 0.0656 0.0661

Note: The estimator for φ0 is as described in Section 4 with Jφ(n) = 1. The function f0 is parametrized up to the finite dimensional

parameter γ0.

(b) Simulation Results for Design 2N

Estimator for φ0 Estimator for f0

IMSE IMSE

Poisson process

n = 500 0.0365 0.2618

n = 2000 0.0087 0.0783

Note: The estimators for ψ0 and f0 are as described in Section 4 with Jφ(n) = 1 and Jf (n) = 3, respectively.

28



Figure 2: Simulation results for the Laplace exponent of a Poisson process associated to Design 1. The
top graph corresponds to n = 500, while the bottom corresponds to n = 2000. For both, JΨ(n) = 3
computed as described in Section 4. 29



Figure 3: Simulation results for the Laplace exponent of a Poisson process associated to Design 2N.
The number of basis functions for the Bernstein polynomial is JΨ(n) = 3 computed as described in
Section 4. Sample size is n = 2000.
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Table 3: Simulation Results for Design 3

(a) Simulation Results for Design 3S

Estimator for β0 = 1 Estimator for f0

Bias SD RMSE IMSE

Poisson process

n = 1000 -0.0271 0.1303 0.1330 0.0833

n = 2000 -0.0118 0.0685 0.0695 0.0252

n = 4000 -0.0056 0.0326 0.0331 0.0076

Note: The function φ0 is parametrized up to β0, while the estimator for f0 is as described in Section 4 with Jf (n) = 2.

(b) Simulation Results for Design 3N

Estimator for φ0 Estimator for f0

IMSE IMSE

Poisson process

n = 500 0.0915 0.1138

n = 2000 0.0096 0.0599

Note: The estimators for ψ0 and f0 are as described in Section 4 with Jφ(n) = 1 and Jf (n) = 2, respectively.
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Figure 4: Simulation results for the Laplace exponent of a Poisson process assicated to Design 3N.
The number of basis functions for the Bernstein polynomial is JΨ(n) = 3 computed as described in
Section 4. Sample size is n = 2000.
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Table 4: Simulation Results for Design 4S

Estimator for β0 = 1 Estimator for γ0 = 1

Bias SD RMSE Bias SD RMSE

Gamma process

n = 1000 0.0711 0.1497 0.1656 0.0396 0.2256 0.2290

n = 2000 0.0285 0.0787 0.0834 −0.0229 0.1345 0.1363

n = 4000 0.0126 0.0346 0.0375 −0.0291 0.0735 0.0791

Poisson process

n = 1000 0.0088 0.2207 0.2207 −0.0045 0.1308 0.1307

n = 2000 0.0011 0.0583 0.0582 −0.0084 0.0707 0.0712

n = 4000 −0.0100 0.0387 0.0405 −0.0027 0.0424 0.0429

Note: The function φ0 and f0 are parametrized up to finite dimensional prameters β0 and γ0, respectively,

while Ψ0 is estimated as described in Section 4.

6 Conclusion

This paper establishes conditions for the nonparametric identification of a duration model where the

unobserved heterogeneity is specified as a Lévy subordinator. The model belongs to the class of models

proposed in biostatistics by Gjessing, Aalen, and Hjort (2003). A shape-restricted two-step sieve

minimum distance estimator is proposed and the rate of convergence of the nonparametric estimator

is derived. Numerical studies show that the estimator has very good finite-sample performance.

The model considered in this paper represents an initial step towards allowing for a more flex-

ible heterogeneity structure in duration analysis. I discuss below extensions that may significantly

expand the applicability of duration models with time-varying unobserved heterogeneity to dynamic

environments. These extensions are beyond the scope of this paper.

Censoring. When data is right censored and the censoring is non-informative, the identification
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Figure 5: Simulation results for the Laplace exponent of a Gamma process (top) and a Poisson
process (bottom) for Design 4S. For both, JΨ(n) = 3 computed as described in Section 4. Sample
size is n = 4000. 34



strategy presented in this paper remains unchanged. The estimation procedure changes in that the

first stage estimator of the survival function must account for censoring.

Duration Dependence. Assumption Z serves two purposes: (i) it renders a non-negative hazard

function, and (ii) it facilitates the derivation of a closed-form expression for the survival function.

However, the assumption is not innocuous. This assumption implies positive duration dependence at

the individual level. That is, the likelihood of exiting a state increases with the duration of the state.

There may be different ways of relaxing this assumption. One way would be to model the unobserved

heterogeneity as a spectrally positive Lévy process instead of a Lévy subordinator. This assumption

changes the functional form of the survival function, which may result in a different identification

method.

Initial Conditions. Another restriction of modeling unobserved heterogeneity as a Lévy process

is that Z (0) = 0 with probability one. This implies that at t = 0, the individual hazard is zero

with probability one. However, the process generating the unobserved heterogeneity starts as soon

as individuals enter the spell, so that at t + ε, where ε > 0 is arbitrarily small, each individual

has a different realization of the hazard function. Although there is no unobserved heterogeneity at

the beginning of the spell, unobserved heterogeneity kicks in as soon as individuals enter the spell.

One possible way of introducing heterogeneity at the beginning of the spell would be to assume

that initial heterogeneity is due to observable heterogeneity y, and specify the hazard as, e.g. yβ +

φ (x)
∫ t

0
f (u) dZ (u). As long as y is observable, β is identified from the observations with t→ 0, while

the identification of the other parameters would remain unchanged conditional on y.

Time Deformed Unobserved Heterogeneity. Modeling dynamics of unobserved heterogeneity in

this set-up is more flexible than in the MPH. For example, it is possible to express Z (t) as a function

of time varying observed covariates, i.e. {Z (g (x (t)))}t>0 where x (t) are time-varying covariates and

g (.) is an unknown function of x (t). Stochastic processes of this form are known as time-deformations

since the time scale of the process changes from calendar time, t, to g (x (t)). Stock (1988) mentions

situations when it may be more realistic to model certain phenomena as evolving in operational or

economic time rather than in calendar time. In a different paper, I discuss the interpretability and
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the identification of g when the hazard function is specified as

φ (y)

∫ t

0

dZ (g (x (u))) du,

where y are time-invariant observed covariates and x (t) are time-varying observed covariates.

Multiple Spells. An interesting extension would be to data where more than one transition is

observed for each individual. This would, for example, allow the observed covariates to be corre-

lated with past realizations of the unobserved heterogeneity, which would significantly expand the

applicability of duration models. Important considerations here would be whether the distribution of

the unobserved heterogeneity is the same across spells, as well as whether there is serial dependence

among spells.

7 Appendix

A Subordinators

This section contains definitions and properties of Lévy subordinators, which are referred to in the

main text and in the proofs. The main references for this section are Applebaum (2009) and Bertoin

(1996).

Definition 1 (Lévy process) A stochastic process {Z (t)}t≥0 is a Lévy process with respect to a

filtration Ft if for all 0 ≤ u ≤ t <∞, the following properties hold:

P(i) P (Z (t)− Z (u) ∈ A) = P (Z (t− u)− Z (0) ∈ A) for all Borel sets A.

P(ii) For 0 ≤ t1 ≤ t2 ≤ ... ≤ tn < ∞, the random variables Z (t1) − Z (0) , ..., Z (tn) − Z (tn−1)

are independent.

P(iii) P (Z (0) = 0) = 1.

P(iv) For all a > 0 and all u ≥ 0, limt→u P (|Z (t)− Z (u)| > a) = 0.

By P(i), the increments of the process are identically distributed, while by P(ii) they are inde-

pendent. By P(iii), the paths of the process start at the origin. This is a normalization that can
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be relaxed to P (Z (0) = z) = 1, where z is an element of the support of the random variable Z (0) .

Finally, by P(iv) the paths of the process are stochastically continuous.

Definition 2 (Subordinator) A subordinator, {Z (t)}t≥0 , is a one-dimensional Lévy process that

is nondecreasing with probability 1.

Definition 3 (Laplace exponent) The function Ψ : [0,∞) → [0,∞) is the Laplace exponent of a

subordinator {Z (t)}t≥0 given by:

exp (−tΨ (χ)) = E
[
e−χZ(t)

]
for all χ ∈ [0,∞) , (27)

where the expectation is taken with respect to the randomness in the subordinator. The Laplace expo-

nent is non-negative, non-decreasing, and concave.

Laplace exponents have the following property, see Gnedin and Pitman (2008):

Property 1 A function Ψ (χ) , χ ∈ [0,∞) , is the Laplace exponent of a subordinator if:

(i) Ψ (χ) is infinitely differentiable with respect to χ ∈ [0,∞);

(ii) Ψ (0) = 0;

(iii) (−1)n ∂n

∂χn
Ψ (χ) ≤ 0 for all n ∈ N and χ ∈ [0,∞).

Property 1(iii) shows that the Laplace exponent is a Bernstein function on [0,∞). By definition,

the first derivative of a Bernstein function is completely monotone on (0,∞) and, hence, real analytic

on (0,∞).

Bernstein functions have the following Lévy-Khinychine representation:

Lévy-Khinychine formula For a subordinator {Z (t)}t≥0, there exists a Lévy measure µ such that

µ (−∞, 0) = 0 and
∫ ∞

0

(z ∧ 1)µ (dz) <∞.
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For 0 ≤ d <∞ (the drift of the process), the Laplace exponent is:

Ψ (χ) = dχ+

∫ ∞
0

(
1− e−χz

)
µ (dz) .

Example 1 (Gamma Process) Let Z be a gamma random variable with shape parameter ρ > 0

and scale parameter s > 0, i.e. Z ∼ Ga (ρ, s). Then the gamma process {Z (t)}t≥0 is distributed as:

{Z (t)}t≥0 ∼ Ga (ρt, s) , t ≥ 0,

and its Laplace exponent is given by:

Ψ (χ) = log
(

1 +
χ

s

)ρ
.

Finally, for f (t) a non-random function as in (M), Dykstra and Laud (1981) showed that:

∫ t

0

f (u) dZ (u) ∼ Ga (ρt, sf (t)) ,

which implies that the increments of the resulting process (the stochastic integral) are not identically

distributed.

B Identification Proofs

B.1 Proof of Lemma 1

This section presents the derivation of the survival function in (4).

Define

F (u, t, x) ≡ φ (x)

∫ t

u

f (u) ds = φ (x) f (u) (t− u) , (28)

and let {un,j}nj=1 , n = 1, 2, ..., be a sequence of partitions of [0, t] such that 0 = un,0 < un,1 < ... <

un,n = t, limn→∞ sup1≤j≤n |un,j − un,j−1| = 0, and u∗n,j ∈ [un,j−1, un,j], 1 ≤ j ≤ n.
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Consider the survival function associated with the hazard function in (M) :

S(t|X = x) = EZ

[
exp

(
−
∫ t

0

h
(
s|x, {Zs}s≥0

)
ds

)]
(29)

= EZ

[
exp

(
−
∫ t

0

F (u, t, x) dZ (u)

)]
(30)

= EZ

[
exp

(
− lim
n→∞

n∑
j=1

F
(
u∗n,j, t, x

)
(Z (un,j)− Z (un,j−1))

)]
(31)

= EZ

[
lim
n→∞

exp

(
−

n∑
j=1

F
(
u∗n,j, t, x

)
(Z (un,j)− Z (un,j−1))

)]
(32)

= lim
n→∞

EZ

[
exp

(
−

n∑
j=1

F
(
u∗n,j, t, x

)
(Z (un,j)− Z (un,j−1))

)]
(33)

= lim
n→∞

EZ

[
n∏
j=1

exp
(
−F

(
u∗n,j, t, x

)
(Z (un,j)− Z (un,j−1))

)]
(34)

= lim
n→∞

n∏
j=1

EZ
[
exp

(
−F

(
u∗n,j, t, x

)
(Z (un,j)− Z (un,j−1))

)]
(35)

= lim
n→∞

n∏
j=1

exp
(
− (un,j − un,j−1) Ψ

(
F
(
u∗n,j, t, x

)))
(36)

= lim
n→∞

[
exp

(
−

n∑
j=1

(un,j − un,j−1) Ψ
(
F
(
u∗n,j, t, x

)))]
(37)

= exp

(
−
∫ t

0

Ψ

(∫ t

u

φ (x) f (u) ds

)
du

)
(38)

= exp

(
−
∫ t

0

Ψ (φ (x) f (u) (t− u)) du

)
(39)

where (29) follows by Assumption S1 and the expectation is taken with respect to the distribution of

the process {Z (t)}t≥0; (30) follows by a change in the order of integration and using (28), i.e.

∫ t

0

h
(
s|x, {Zs}s≥0

)
ds =

∫ t

0

(∫ s

0

φ (x) f (u) dZ (u) du

)
ds

=

∫ t

0

(∫ t

u

φ (x) f (u) ds

)
dZ (u)

=

∫ t

0

F (u, t, x) dZ (u) ;

(31) follows by Assumption Z, which implies that the process is of finite variation, and by Assumption
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S2; together, these two assumptions allow us to write the stochastic integral in (30) as a Riemann

sum; (32) holds since exp (.) is a continuous function, so that:

exp

(
− lim
n→∞

n∑
j=1

Gj

)
= lim

n→∞
exp

(
−

n∑
j=1

Gj

)
;

(33) follows by the Bounded Convergence Theorem since

∣∣∣∣∣exp

(
−

n∑
j=1

F
(
u∗n,j, t, x

)
(Z (un,j)− Z (un,j−1))

)∣∣∣∣∣ ≤ 1;

(35) follows by the independence of the increments of {Z (t)}t≥0; (36) follows by the definition of

the Laplace exponent and by Assumption Z, in particular, by the independence of the increments of

{Z (t)}t≥0 , which allows to write that:

EZ [exp (−u (Z (t)− Z (s)))] = EZ [exp (−uZ (t− s))] = exp [− (t− s) Ψ (u)] ;

and, finally, (38) follows by continuity of exp (.) and by switching back to integral notation, which

is possible given the local integrability of the Laplace exponent. This last property follows since the

Laplace exponent is continuous on its domain.

B.2 Proof of Theorem 1

Repeated differentiation of (5) at t = 0 obtains the following formula for at least two different values

of x ∈ X :

∂κ

∂tκ
H (0, x) =

(
∂κ

∂tκ

∫ t

0

Ψ (φ (x) f (u) (t− u)) du

)∣∣∣∣
t=0

=

κ−1∑
j=1

[φ (x)]j ×
[
Ψ(j) (0)

]
×
(
dκ−j−1

dtκ−j−1
[f (t)]j

)∣∣∣∣
t=0

, κ = 2, 3, ... (40)

Note that it is possible to differentiate (5) with respect to t by Assumption ID0, which allows in-

terchanging differentiation and integration on the right hand-side of (5); further, Assumption ID1
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guarantees the existence of
{
∂κ

∂tκ
H (0, x) , f (κ) (0) ,Ψ(κ) (0)

}
κ≥1

. Finally, the term Ψ (0) drops out since

Ψ (0) = 0 by the properties of the Laplace exponent.

Expression (40) will be used to show the identification of the function φ (.) and of the sequence

{
f (κ−1) (0) ,Ψ(κ−1) (0)

}
κ≥2

.

The identification strategy proceeds sequentially, with the function φ (.) and the mean, or the first

cumulant, Ψ(1) (0), being identified by setting κ = 2 in (40). Given identification of
{
φ (.) ,Ψ(1) (0)

}
,

the derivative f (1) (0) and the second cumulant, Ψ(2) (0), are identified by setting κ = 3 in (40). Given

identification of
{
φ (.) , f (1) (0) ,Ψ(1) (0) ,Ψ(2) (0)

}
, the derivative f (2) (0) and the second cumulant,

Ψ(3) (0), are identified by setting κ = 4 in (40), and so on. I show this sequential argument below.

Let κ = 2 in (40). Then, given Assumption ID3,

∂2

∂t2
H (0, x) = φ (x) Ψ(1) (0) . (41)

Letting x = x0 in (41) and using Assumption ID2(i), obtains

∂2

∂t2
H (0, x0) = Ψ(1) (0) , (42)

which is expression (8) in Theorem 1. Letting x vary in (41) and using Assumption ID2(ii), obtains

φ (x) =
∂2

∂t2
H (0, x)

∂2

∂t2
H (0, x0)

, (43)

where (42) was used. Expression (43) is expression (7) in the statement of Theorem 1.

Now, let κ = 3 in (40) . Given Assumption ID3,

∂3

∂t3
H (0, x) =

2∑
j=1

φj (x) Ψ(j) (0)

(
d2−j

dt2−j
f j (t)

)∣∣∣∣
t=0

= φ (x) Ψ(1) (0) f (1) (0) + φ2 (x) Ψ(2) (0) . (44)
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Consider now (44) evaluated at two different values x0 6= x1 ∈ X . Assumptions ID2 and ID3 obtain

the following system of equations for
(
f (1) (0) ,Ψ(2) (0)

)
:

 ∂3

∂t3
H (0, x0)

∂3

∂t3
H (0, x1)

 =

 Ψ(1) (0) 1

φ (x1) Ψ(1) (0) φ2 (x1)


 f (1) (0)

Ψ(2) (0)

 (45)

where
(
φ (x1) ,Ψ(1) (0)

)
have been identified in the κ = 2 step above. By Assumption ID2, the

determinant of the coeffi cient matrix is different from zero, i.e.

φ (x1) Ψ(1) (0) (φ (x1)− 1) 6= 0

Then the system in (45) can be solved uniquely for the parameters of interest to obtain:

Ψ(2) (0) =
−φ (x1) ∂3

∂t3
H (0, x0) + ∂3

∂t3
H (0, x1)

φ (x1) [φ (x1)− 1]
,

f (1) (0) =
φ2 (x1) ∂3

∂t3
H (0, x0)− ∂3

∂t3
H (0, x1)

φ (x1) [φ (x1)− 1] Ψ(1) (0)
,

which are expressions (11) and (9), respectively, in the statement of Theorem 1.

Letting κ = 4 in (40) and given Assumption ID3 obtains:

∂4

∂t4
H (0, x) =

3∑
j=1

φj (x) Ψ(j) (0)

(
d3−j

dt3−j
f j (t)

)∣∣∣∣
t=0

= φ (x) Ψ(1) (0) f (2) (0) + 2φ2 (x) Ψ(2) (0) f (1) (0) + φ3 (x) Ψ(3) (0) .

Evaluating the expression above for two different x0 6= x1 ∈ X , and given assumptions ID2 and ID3,

obtains the following system of equations for
(
f (2) (0) ,Ψ(3) (0)

)
:

 D4 (x0)

D4 (x1)

 =

 Ψ(1) (0) 1

φ (x1) Ψ(1) (0) φ3 (x1)


 f (2) (0)

Ψ(3) (0)

 , (46)
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where, using expression (6) with κ = 4,

D4 (x) =
∂4

∂t4
H (0, x)−

2∑
k=2

φk (xl) Ψ(k) (0)

(
d3−k

dt3−k
fk (t)

∣∣∣∣
t=0

)
=

∂4

∂t4
H (0, x)− 2φ2 (x) Ψ(2) (0) f (1) (0) .

Notice that
(
f (1) (0) ,Ψ(2) (0)

)
have been identified in the κ = 3 step, while φ (.) has been identified

in the κ = 2 step. Since the determinant of the coeffi cient matrix in (46) is different from zero by

Assumption ID2, the system in (46) can be solved uniquely for the parameters of interest:

Ψ(3) (0) =
D4 (x1)− φ (x1)D4 (x0)

φ (x1)
[
φ2 (x1)− 1

] ,

f (2) (0) =
φ3 (x1)D4 (x0)−D4 (x1)

φ (x1)
[
φ2 (x1)− 1

]
Ψ(1) (0)

.

Letting κ = M ≥ 5 in (40) obtains

∂M

∂tM
H (0, x) =

M−1∑
j=1

φj (x) Ψ(j) (0)

(
dM−1−j

dtM−1−j f
j (t)

)∣∣∣∣
t=0

= φ (x) Ψ(1) (0)

(
dM−2

dtM−2
f (t)

)∣∣∣∣
t=0

+φM−1 (x) Ψ(M−1) (0)

(
dM−(M−1)−1

dtM−(M−1)−1
fM−1 (t)

)∣∣∣∣
t=0

+
M−2∑
j=2

φj (x) Ψ(j) (0)

(
dM−1−j

dtM−1−j f
j (t)

)∣∣∣∣
t=0

= φ (x) Ψ(1) (0) f (M−2) (0) + φM−1 (x) Ψ(M−1) (0)

+

M−2∑
j=2

φj (x) Ψ(j) (0)

(
dM−1−j

dtM−1−j f
j (t)

)∣∣∣∣
t=0

, (47)

where Assumption ID3 was used in the second equality sign above, and the first and the last terms con-

taining the unknowns, f (M−2) (0) and Ψ(M−1) (0), were taken out of the summation. Evaluating (47)
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at two different x0 6= x1 ∈ X , obtains the following system of equations for
(
f (M−2) (0) ,Ψ(M−1) (0)

)
:

 DM (x0)

DM (x1)

 =

 Ψ(1) (0) 1

φ (x1) Ψ(1) (0) φM−1 (x1)


 f (M−2) (0)

Ψ(M−1) (0)

 (48)

where DM+1 (x) is as defined in (6) with
{
φ (x1) ,Ψ(j) (0) , f (j−1) (0)

}M−2

j=2
having been identified pre-

viously. By Assumption ID2 the determinant of the coeffi cient matrix in (48) is different from zero,

so the system in (48) can be solved uniquely for the parameters of interest to obtain:

Ψ(M−1) (0) =
DM (x1)− φ (x1)DM (x0)

φ (x1)
[
φM−2 (x1)− 1

] ,

f (M−2) (0) =
φM−1 (x1)DM (x0)−DM (x1)

φ (x1)
[
φM−2 (x1)− 1

]
Ψ(1) (0)

.

Since φ and
{

Ψ(j) (0) , f (j−1) (0)
}M
j=1
are identified for all positive integersM , it follows that they are

identified in the limit as M →∞. Hence, the infinite sequence
{

Ψ(j) (0) , f (j−1) (0)
}
j≥2

is identified.

C Estimation proofs

C.1 Proof of Theorem 2

To show that d
(
θ̂n, θ0

)
→p 0, I check the conditions of Theorem 1 of Kristensen (2009). These

conditions are:

Condition 1 For all ε > 0

sup
θ∈Θ:d(θ,θ0)>ε

M (θ,H0) < M (θ0, H0)

Condition 2 For all δ > 0

sup
θ∈Θ:d(H,H0)<δ

|Mn (θ,H)−M (θ,H0)| →P 0
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Condition 3 Let H,H∗ ∈ H. As H → H∗

sup
θ∈Θ
|M (θ,H)−M (θ,H∗)| → 0

Condition 1 holds since, for any θ 6= θ0,

M (θ,H0) = −E [H0 (W )− I (θ0,W ) + I (θ0,W )− I (θ,W )]2

= −E [I (θ0,W )− I (θ,W )]2

< M (θ0, H0) = 0.

Condition 2 is satisfied if the class of functions below is P-Glivenko Cantelli:

M = {mθ,H (.) : θ ∈ Θ, H ∈ H} .

Verifying this condition requires showing that the bracketing number N[] (ε,M, L1) is finite for

every ε > 0, see Theorem 2.4.1 of van der Vaart and Wellner (1996). To do so, I first show that mθ,H

is Lipschitz continuous in θ and H, and then I apply Theorem 2.7.11 in van der Vaart and Wellner

(1996).

First, note that the bounds below exist by assumptions C1(ii), (21), (22), and (23) :

bI ≡ sup
θ,W

I (θ,W ) <∞ and bH ≡ sup
W∈W

H (W ) <∞.
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Second, letting H1, H2 ∈ H and θ1, θ2 ∈ Θ, mθ,H can be shown to be Lipschitz continuous in θ

and H for every W ∈ W. To show this, consider first:

|mθ1,H1 (W )−mθ2,H2 (W )|

=
∣∣(H1 (W )− I (θ1,W ))2 − (H2 (W )− I (θ2,W ))2

∣∣
≤

∣∣H2
1 (W )−H2

2 (W )
∣∣+ 2 |H1 (W ) I (θ1,W )−H2 (W ) I (θ2,W )|+

∣∣I2 (θ1,W )− I2 (θ2,W )
∣∣

≤ |H1 (W ) +H2 (W )| |H1 (W )−H2 (W )|

+2 |H1 (W ) I (θ1,W )−H1 (W ) I (θ2,W ) +H1 (W ) I (θ2,W )−H2 (W ) I (θ2,W )|

+ |I (θ1,W ) + I (θ2,W )| |I (θ1,W )− I (θ2,W )|

≤ 2 (bH + bI)

[
||H1 −H2||∞ + sup

W
|I (θ1,W )− I (θ2,W )|

]

Further, letting

γj (X, u) ≡ φj (X) fj (u) , j = 1, 2,

it is possible to show that the function I (θ, .) is Lipschitz continuous in θ:

sup
W
|I (θ1,W )− I (θ2,W )|

= sup
W

∣∣∣∣∫ T

0

[Ψ1 (γ1 (X, u) (T − u))−Ψ2 (γ2 (X, u) (T − u))] du

∣∣∣∣
≤ sup

W

∫ T

0

|Ψ1 (γ1 (X, u) (T − u))−Ψ1 (γ2 (X, u) (T − u))| du (49)

+ sup
W

∫ T

0

|Ψ1 (γ2 (X, u) (T − u))−Ψ2 (γ2 (X, u) (T − u))| du (50)

. max (bφ, bf , 1)
[
||φ1 − φ2||∞ + ||f1 − f2||∞ + ‖Ψ1 −Ψ2‖	

]
(51)
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Expression (51) follows by the arguments below. Using the Lévy-Khintchine formula, which shows

that Ψ is Lipschitz continuous,19 the term in (49) can be bounded by:

sup
W

∫ T

0

|Ψ1 (γ1 (X, u) (T − u))−Ψ1 (γ2 (X, u) (T − u))| du

. sup
W,u

T 2 |γ1 (X, u)− γ2 (X, u)|

. sup
T
T 2 [bφ ||f1 − f2||∞ + bf ||φ1 − φ2||∞]

. max (bφ, bf ) [||f1 − f2||∞ + ||φ1 − φ2||∞]

while the term in (50) is bounded by:

sup
W

∫ T

0

|Ψ1 (γ2 (X, u) (T − u))−Ψ2 (γ2 (X, u) (T − u))| du ≤ ‖Ψ1 −Ψ2‖	

Let K ≡ 2 (bH + bI) max (1, bφ, bf ). Then by Theorem 2.7.11 in van der Vaart and Wellner (1996)

and by the inequality between the bracketing number and the covering number of a class of functions,

we get that:

N[] (ε,M, L1) ≤ N[]

( ε

4K
,H, ‖.‖∞

)
N[]

( ε

4K
,F , ‖.‖∞

)
N[]

( ε

4K
,Φ, ‖.‖∞

)
N[]

( ε

4K
,	, ‖.‖	

)

Since H is the class of monotone functions (by construction), which is continuous by Assumption

ID1 and bounded by Assumption C1, its ε−bracketing entropy is of order 1
ε
, i.e.

logN[] (ε,H, ‖.‖∞) . C

ε

19By the Lévy-Khintchine formula, it can be shown that the Laplace exponent is Lipschitz continuous in its argument:

|Ψ (χ1)−Ψ (χ2)| ≤ |d (χ1 − χ2)|+
∣∣∣∣∫ ∞

0

(
e−χ2u − e−χ1u

)
µ (du)

∣∣∣∣
≤ d |χ1 − χ2|+

∫ ∞
0

∣∣∣−ue−χ̃u∣∣∣ |χ1 − χ2|µ (du)

≤ d̃ |χ1 − χ2| ,

where χ̃ ∈ [χ1, χ2], 0 < d̃ 6= d is a generic finite constant, and
∫∞

0

∣∣−ue−χ̃u∣∣µ (du) <
∫∞

0
uµ (du) <∞ by the properties

of the Lévy measure for subordinators.
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where C is some constant that is not a function of ε. By assumptions C1, (21), (22) , and (23), the

ε−bracketing entropies of F and Φ are given by:

logN[] (ε,Φ, ‖.‖∞) .
(
bφ
ε

)1/pφ

logN[] (ε,F , ‖.‖∞) .
(
bf
ε

)1/pf

see, e.g., van der Vaart (1994). Since Ψ is Lipschitz continuous, by Theorem 2.7.11 of van der Vaart

and Wellner (1996):

logN[]

(
ε,Ψ, ‖.‖	

)
≤ logN

( ε

4C
,Φ, ‖.‖∞

)
+ logN

( ε

4C
,F , ‖.‖∞

)
.

(
bφ
ε

)1/pφ

+

(
bf
ε

)1/pf

where C is a constant that is not a function of ε.

Putting everything together and by the relation between covering and bracketing numbers:

logN[] (ε,M, ‖.‖∞) . 1

ε
+

(
bf
ε

)1/pf

+

(
bφ
ε

)1/pφ

which implies that the classM is Glivenko Cantelli.

48



Finally, letting H∗ ∈ H, Condition 3 follows by:

sup
θ∈Θ
|M (θ,H)−M (θ,H∗)|

≤ sup
θ∈Θ

E |mθ,H (W )−mθ,H∗ (W )|

= sup
θ∈Θ

E
∣∣(H (W )− I (θ,W ))2 − (H∗ (W )− I (θ,W ))2

∣∣
≤ sup

θ∈Θ
E
∣∣H2 (W )−H2

∗ (W )− 2I (θ,W ) (H (W )−H∗ (W ))
∣∣

≤ sup
θ∈Θ

E |H (W )−H∗ (W )| |H (W ) +H∗ (W )− 2I (θ,W )|

≤ ||H −H∗||∞ sup
θ∈Θ

E |H (W ) +H∗ (W )− 2I (θ,W )|

≤ ||H −H∗||∞
[
E |H (W ) +H∗ (W )|+ 2 sup

θ∈Θ
E |I (θ,W )|

]
≤ 2 ||H −H∗||∞ [bH + bI ]

→ 0 as H → H∗

C.2 Proof of Theorem 3

To establish the rate of convergence of θ̂n, I check the conditions of Lemma 2 of Chen, Lee, and Sung

(2014). These conditions are included below.

Let εn be non-stochastic positive real-sequence and let C > 0 be a constant. Define the ball:

Hn (C) ≡
{
H ∈ Hn : ||H −H0||L2

≤ Cεn
}

Condition 4 For C > 0 and n large enough

sup
H∈Hn(C)

|M (H, θ0)−M (H0, θ0)| ≤ (Cεn)2

Condition 5 There is a sequence of non-stochastic functions en : Hn (C)×Θn → R such that for all
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suffi ciently small δ > 0 and for all (H, θ) ∈ Hn (C)×Θn such that d (θ, θ0) ≤ δ it holds that:

M (H, θ)−M (H0, θ0) + en (H, θ) . −d2 (θ, θ0) + ||H −H0||2L2

sup
d(θ,θ0)≤δ, (H,θ)∈Hn×Θn

|en (H, θ)| . Cδεn

Condition 6 Define

M̃n (H, θ) ≡ [Mn (H, θ)−M (H, θ)]− [Mn (H, θ0)−M (H, θ0)]

=
1√
n
Gn (mθ,H −mθ0,H) , Gn =

√
n (Pn − P )

Then

E

[
sup

d(θ,θ0)≤δ, (H,θ)∈Hn(C)×Θn

∣∣∣M̃n (H, θ)
∣∣∣] . ϕn (δ)√

n

where ϕn (δ) is a sequence of functions on (0,∞) such that ϕn(δ)
δρ

is decreasing for some ρ < 2.

Condition 7
∣∣∣∣∣∣Ĥn −H0

∣∣∣∣∣∣2
L2

= Op (εn) and d
(
θ̂n, θ0

)
= op (1)

Condition 8 There exists a non-stochastic positive real sequence δn → 0 as n → ∞ such that, for

every n,

ϕn (δn) ≤
√
nδ2

n

I now check these conditions.

To check Condition 4 consider the difference:

sup
H∈Hn(C)

|M (H, θ0)−M (H0, θ0)| ≤ sup
H∈Hn(C)

E
∣∣[H (W )−H0 (W )]2

∣∣
≤ (Cεn)2

which holds by construction.
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To check Condition 5 consider the following argument. Since M (H0, θ0) = 0, we have that:

M (H, θ)−M (H0, θ0) = −E [H (W )− I (θ,W )]2

= −E [H (W )−H0 (W ) + I (θ0,W )− I (θ,W )]2

= −E [H (W )−H0 (W )]2 − E [I (θ0,W )− I (θ,W )]2

−2E [H (W )−H0 (W )] [I (θ0,W )− I (θ,W )]

Letting

en (θ,H) = 2E [H (W )−H0 (W )] [I (θ0,W )− I (θ,W )] ,

obtains

M (H, θ)−M (H0, θ0) + en (θ,H) = −E [H (W )−H0 (W )]2 − E [I (θ0,W )− I (θ,W )]2 .

Define now:

∆φ ≡ φ− φ0

∆f ≡ f − f0

∆Ψ ≡ Ψ−Ψ0

γ0 (W,u) ≡ φ0 (X) f0 (u) (T − u)

ξ0 (W,u) ≡ (T − u) Ψ
(1)
0 (γ0 (W,u))

Notice that given Assumption C1, |ξ0 (W,u)| ≤ bξ <∞. This is used below.
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Consider the expansion:

E (I (θ,W )− I (θ0,W ))2

= E

(
∂

∂θ
I (θ0,W ) (θ − θ0)

)2

= E

(
∂

∂τ
I (θ0 + τ (θ − θ0) ,W )

∣∣∣∣
τ=0

)2

= E

(
∂

∂τ

∫ T

0

[Ψ0 ((φ0 + τ∆φ) (f0 + τ∆f ) (T − u)) + τ∆Ψ] du

∣∣∣∣
τ=0

)2

= E

(∫ T

0

f0 (u) ξ0 (W,u) ∆φ (X) du+

∫ T

0

φ0 (X) ξ0 (W,u) ∆f (u) du+

∫ T

0

∆ψ (γ0 (W,u)) du

)2

≤ E

(∫ T

0

f0 (u) ξ0 (W,u) ∆φ (X) du

)2

+ E

(∫ T

0

φ0 (X) ξ0 (W,u) ∆f (u) du

)2

+E

(∫ T

0

∆Ψ (γ0 (W,u)) du

)2

≤ sup
u,W

(f0 (u) ξ0 (W,u))2E

(∫ T

0

∆φ (X) du

)2

+ sup
u,W

(φ0 (X) ξ0 (W,u))2E

(∫ T

0

∆f (u) du

)2

+E

∣∣∣∣∫ T

0

∆Ψ (γ0 (W,u)) du

∣∣∣∣2
≤ K

[
||φ− φ0||

2
∞ + ||f − f0||2∞ + ||Ψ−Ψ0||2	

]
where

K = T 2 max
(
b2
fb

2
ξ , b

2
φb

2
ξ , 1
)

The inequalities above were derived using:

E

(∫ T

0

∆φ (X) du

)2

≤ E

(∫ T

0

|φ (X)− φ0 (X)| du
)2

≤ ||φ− φ0||
2
∞E

(
T 2
)

E

(∫ T

0

∆f (u) du

)2

≤ E

(∫ T

0

|f (u)− f0 (u)| du
)2

≤ ||f − f0||2∞E
(
T 2
)

E

(∫ T

0

∆Ψ (γ0 (W,u)) du

)2

≤ E

(∫ T

0

|Ψ (γ0 (W,u))−Ψ0 (γ0 (W,u))| du
)2

≤ ||Ψ−Ψ0||2	E
(
T 2
)
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Then

sup
||H−H0||L2

≤Cεn,||θ−θ0||∞≤δ
|en (H, θ)| ≤ E |H (W )−H0 (W )| |I (θ0,W )− I (θ,W )|

≤ sup
W
|I (θ0,W )− I (θ,W )|

(
E |H (W )−H0 (W )|2

)1/2

- ||H −H0||L2

([
||φ− φ0||∞ + ||f − f0||∞ + ||Ψ−Ψ0||	

])
- Cδεn

The condition is now verified.

Condition 6 is a stochastic equicontinuity condition. To verify this condition, I derive an upper

bound for the bracketing entropy number of the following class of functions:

Mn,δ,ε =
{
mθ,H −mθ0,H : H ∈ Hn (C) , θ ∈ Θn, ||H −H0||L2

≤ εn, ||θ − θ0||∞ ≤ δ
}

After which I apply Corollary 19.35 in van der Vaart (2000).

First, given that I (θ, .) is Lipschitz continuous in θ, it is possible to show that the envelope

function ofMn,δ,ε is bounded in δ:

sup
(H,θ)∈Hn(C)×Θn

||mθ,H −mθ0,H ||∞ = sup
(H,θ)∈Hn(C)×Θn

sup
W

E
∣∣(H (W )− I (θ0,W ))2 − (H (W )− I (θ,W ))2

∣∣
. sup

(H,θ)∈Hn(C)×Θn

sup
W

E |H (W )| |I (θ,W )− I (θ0,W )|

+ sup
(H,θ)∈Hn(C)×Θn

sup
W

E |I (θ,W )− I (θ0,W )| |I (θ,W ) + I (θ0,W )|

. δ (52)

Second, the bracketing entropy ofMn,δ,ε can be bounded by

logN[] (ε,Mn,δ,ε, ||.||∞) . log

(
1 +

C

ε

)
max {Jφ (n) , Jf (n) , JΨ (n)} (53)

where C is a constant that depends on bφ, bf , and bΨ (but not on ε). This is shown as follows. Each

of the sieve spaces, Φn,Fn,and 	n, is a linear combination of finite basis functions that are bounded
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from above by bφ, bf , and bΨ, respectively. Then by Corollary 2.6 in van de Geer (2000):

logN (ε,Φn, ‖.‖∞) . Jφ (n) log

(
1 +

4bφ
ε

)
logN (ε,Fn, ‖.‖∞) . Jf (n) log

(
1 +

4bf
ε

)
logN

(
ε,	n, ‖.‖	

)
. JΨ (n) log

(
1 +

4bΨ

ε

)

SinceMn,δ,ε is a space of functions satisfying

||mθ,H −mθ0,H ||∞ . ‖φ− φ0‖∞ + ||f − f0||∞ + ‖Ψ−Ψ0‖	

Theorem 2.7.11 in van der Vaart and Wellner (1996) obtains that:

logN[] (ε,Mn,δ,ε, ||.||∞) ≤ logN
( ε

3
,Fn, ‖.‖∞

)
+ logN

( ε
3
,Φn, ‖.‖∞

)
+ logN

( ε
3
,	n, ‖.‖	

)

Combining the results on entropy bounds above obtains the result in (53) .

Let Mδ be the envelope function of Mn,δ,ε where it was shown in (52) that Mδ ≤ δ. Let the

bracketing integral entropy be defined as:

J[] (Mδ,Mn,δ,ε, ||.||∞) =

∫ Mδ

0

√
logN[] (ε,Mn,δ,ε, ||.||∞)dε

Letting J (n) ≡ max {Jφ (n) , Jf (n) , JΨ (n)}, the bracketing entropy integral ofMn,δ,ε is bounded

by

J[] (Mδ,Mn,δ,ε, ||.||∞) ≤
√
J (n)

∫ δ

0

√
log

(
1 +

C

ε

)
dε

. δ
√
J (n)

Then by Corollary 19.35 in van der Vaart (2000), we can take

ϕn (δ) = δ
√
J (n)
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Condition 7 holds by Assumption C2 and Theorem 2.

To check Condition 8 notice that since ϕn (δ) = δ
√
J (n), the rate of convergence δn is found by

solving

δn
√
J (n) ≤

√
nδ2

n

which obtains that δn = O

(√
J(n)
n

)
.
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