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We classify the topology of bands defined by the energy states of quantum
systems with scale separation between slow and fast degrees of freedom,
invariant under fermionic time reversal. Classical phase space transforms
differently from momentum space under time reversal, and as a consequence
the topology of adiabatic bands is different from that of Bloch bands. We
show that bands defined over a two-dimensional phase space are classified
by the Chern number, whose parity must be equal to the parity of the band
rank. Even-rank bands are equivalently classified by the Kane-Mele index,
an integer equal to one half the Chern number.

1 Introduction
Spectral bands arise in stationary quantum systems in two principal ways. When a
system has a non-compact symmetry group, states are labelled by continuous representation indices. A prominent example is a particle in a periodic potential, whose states
are labelled by the lattice momentum. The other possibility is that there is a separation
of time scales, where the slow degrees of freedom control adiabatically the dynamics of
the fast degrees of freedom. The dynamics of molecules in which the nuclei are several
of orders of magnitude heavier than the electrons is an example of this type. The limit
where the scale separation tends to infinity can be obtained formally by letting the effective Planck constant tend to zero for the slow subsystem, and energy bands (or energy
surfaces in the Born-Oppenheimer terminology) are parametrised by the slow positions
and momenta, belonging to a classical phase space.
∗
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In both cases the spectral problem reduces to the diagonalisation of a band Hamiltonian H depending parametrically on either the lattice momenta or the slow phase
space coordinates, so that H-invariant subspaces of each set of bands separated by a
gap from the rest of spectrum define a vector bundle over the space of parameters.
Physical observables depending only on the topological properties of these band vector
bundles are robust, in the sense that they do not change under continuous changes of
the Hamiltonian as long as the gaps do not close.
The Chern number, which classifies vector bundles over two-dimensional manifolds
[1], has the physical significance of quantum Hall conductance in periodic potential
systems [2] and anomalous band multiplicity in systems with slow degrees of freedom
[3, 4]. In periodic potential systems the Chern number is mapped to its negative under
time reversal (TR), and therefore Bloch bands in time-reversal invariant (TRI) systems
have zero Chern number. Nevertheless, Kane and Mele have shown [5] that when TR
is fermionic, so that the TR operator squares to −1, there are TRI bands that can be
trivialised only by relaxing TRI. Such bands are characterised by a nonzero value of
the Z2 -valued KM index, observable experimentally through the presence of conducting
edge states. This idea has been generalised to systems with more than two dimensions,
other discrete symmetries, and systems with disorder and interactions, giving rise to the
field of topological insulators [6, 7].
In contrast, an analogous theory has not been developed for adiabatic systems. Iwai
and Zhilinskii [8, 9, 10] studied Chern numbers and multiplicity of bands in systems with
discrete unitary symmetries, but the role of TR in systems with slow-fast structure is
still not well understood. In this paper we address the following fundamental questions
regarding fermionic TRI in adiabatic systems:
1. What are the topological classes of TRI vector bundles defined over a classical
phase space?
2. Is there a topological Z2 index associated with these bundles?
We answer these questions for vector bundles of arbitrary rank over a compact twodimensional phase space, showing that the classification of TRI adiabatic bands is completely different than that of periodic systems bands. The first hint for this difference
arises from the simple observation that, since configuration-space coordinates are invariant under TR while momenta change sign, TR is orientation-reversing on a twodimensional phase space, while it is orientation preserving on two-dimensional momentum space. This implies that the Berry curvature is equal at time-reversed points of
adiabatic bands, rather than being of opposite signs, so that the Chern number does
not necessarily vanish. Another difference is that whereas the TRI points in momentum
space are isolated, there are either no TRI points or else a line of TRI points in phase
space; when there are no TRI points, the bundle rank does not have to be even.
Our first example is the two-sphere phase space of a rigid rotor, where time-reversal
is the antipodal map. We show the following:
1. TRI bundles are classified by the Chern number, which has to be even for bundles
of even rank, and odd for bundles of odd rank (section 2). It follows that TRI

2

bundles that are equivalent in the generic sense are also equivalent in the TRI
sense.
2. It is possible to define an analog of the KM index for even-rank bundles, but here
it is an integer index, equal to half the Chern number (section 3).
The second example is the two-torus phase space of a particle in a periodic onedimensional lattice, on which TR acts by mirror reflection (section 4). The results for
the TRI torus are very similar to those for the TRI sphere, except that only even-rank
bundles are allowed because of the presence of TRI phase space points, namely those
with zero or maximal momentum.

2 Bands on the phase-space of a rigid rotor
When the slow dynamics consists of rigid body rotations, it is natural to label the band
Hamiltonian by points on the two-sphere S 2 , since the classical state is specified by the
three components of the angular momentum, and in the absence of external torques the
total angular is conserved; the natural area form is then the symplectic form of the S 2
phase space [11]. Since angular momentum is odd under time reversal, time reversal
sends a point p on S 2 to its antipode −p.
We assume that the Hilbert space of the fast degrees of freedom is of finite dimension
NA , where NA is even. The eigenvalues of the fermionic TRI band Hamiltonian define
NA continuous functions on S 2 —the energy bands. The set of H-invariant subspaces
of the band Hamiltonian H associated with NB energy bands separated from the rest
of the spectrum everywhere on the sphere form a rank-NB TRI vector bundle E(p) on
S 2 , i.e. a rank-NB subbundle of S 2 × CNA such that T E(p) = E(−p), where T is an
anti-unitary operator on CNA with T 2 = −1. Two TRI bundles E0 (p) and E1 (p) are
TRI-equivalent if there exists a continuous E(p, s) such that E(p, 0) = E0 , E(p, 1) = E1 ,
and E(p, s) is a TRI bundle for each fixed s.
The main results of this section are:
1. The parity of the Chern number of a TRI bundle is equal to the parity of its rank.
2. Two bundles are TRI-equivalent if and only if their Chern numbers is equal.
To show this, let the two-sphere be embedded in the usual way in R3 , and name the subset
of the two-sphere with nonnegative 3rd coordinate (say) as the northern hemisphere
N . N is contractible so we can choose a smooth orthonormal frame un (p) ∈ E(p),
n = 1, . . . , NB , for p in N ; T un (−p) is then an orthonormal frame in the southern
hemisphere S = −N . On the equator N ∩ S the two frames are related by
X
T un ( π2 , φ + π) =
(1)
Unn′ (φ)un′ ( π2 , φ)
n′

for some unitary transition matrices U(φ), where p = (θ, φ) denote standard spherical
polar coordinates for p ∈ S 2 . Viewed as column vectors, un and T un define NA × NB
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frame matrices u and T u (respectively) in terms of which (1) takes the form
T u( π2 , φ + π) = u( π2 , φ)U(φ)t .

(2)

Apply time reversal to both sides of (2) and replacing φ by φ + π gives
− u( π2 , φ) = T u( π2 , φ + π)U(φ + π)† = u( π2 , φ)U(φ)t U(φ + π)† ,

(3)

which implies that
U(φ + π)t = −U(φ).

(4)

The Chern number c of the bundle is the winding number of det U(φ) [1]. Equation
(4) implies that det U(φ + π) = (−)NB det U(φ), from which it follows that the parity of
c is equal to that of NB .
We now proceed in two steps. In subsection 2.1, we show that a gauge change, that
is a smooth p-dependent change of frame in the fibres E(p), brings U(φ) to a normal
form (equation 12 below) depending only on c. Then, in subsection 2.2, we show that
two bundles are TRI-equivalent if and only if they have the same normal form.

2.1 Normal form frames
Let U(NB ) denote the group of NB × NB unitary matrices. A gauge transformation
from u(p) to v(p), a new othonormal frame for E(p), is described by W (p) ∈ U(NB ) as
follows:
(5)
v(p) = u(p)W (p).
Since
T v( π2 , φ + π) = u( π2 , φ)U(φ)t W ( π2 , φ + π) = v( π2 , φ)W ( π2 , φ)t U(φ)t W ( π2 , φ + π),

(6)

the transition matrices V (φ) for the v-frame are related to U(φ), the transition matrices
for the u-frame, by
V (φ) = W ( π2 , φ + π)t U(φ)W ( π2 , φ).
(7)
Our goal is to find a gauge which transforms U(φ) to a specific V (φ); we therefore
view (7) as an equation W ( π2 , φ), with U(φ) and V (φ) given. This equation can be solved
at φ = 0 by taking W ( π2 , 0) = V (0)U(0)−1 . At φ = π, we take W ( π2 , π) = I. We then
choose W ( π2 , φ) on 0 < φ < π to be a continuous but otherwise arbitrary path in U(NB )
from W ( π2 , 0) to W ( π2 , π) (such a path exists, as U(NB ) is connected). For π < φ < 2π,
W ( π2 , φ) is determined by (7), which relates W at ( π2 , φ) and ( π2 , φ + π), as follows:
t
W ( π2 , φ) = U(φ − π)−1 W ( π2 , φ − π)−1 V (φ − π) , π < φ < 2π.

(8)

It remains to check that W ( π2 , φ) is continuous at φ = π and φ = 2π. We have that
t
(9)
W ( π2 , π + 0) = U(0)−1 U(0)V (0)−1 V (0) = 1 = W ( π2 , π),


t
t
W ( π2 , 2π − 0) = U(π)−1 V (π) = (−U(0)t )−1 (−V (0)t ) = V (0)U(0)−1 = W ( π2 , 0).
4

Since the fundamental group of U(NB ) is Z, and the homotopy class of the loop
W ( π2 , φ) in U(NB ) is the same as that of det W ( π2 , φ) in U(1), the gauge transformation
W ( π2 , φ) can be extended from the equator to the northern hemisphere if and only if
det W ( π2 , φ) has zero winding number, i.e.
Z 2π
dφ
π
wn det W ( 2 , ·) ≡
∂φ arg det W ( π2 , φ) = 0.
(10)
2π
0
On the other hand, equation (7) implies that
wn det W ( π2 , ·) = 21 (wn det V − wn det U),

(11)

so that for any V (φ) for which wn det V = wn det U = c, a solution W ( π2 , φ) of equation
(7) can be extended to a gauge transformation W (p) defined on the northern hemisphere.
We can therefore find a gauge transformation for which the transition matrices are in
normal form
Vnf (φ) = diag(ei(c−NB +1)φ , eiφ , . . . , eiφ ),
(12)
where diag(d1 , d2 , . . .) is a shorthand for a (block)-diagonal matrix with d1 , d2, . . . as
diagonal entries.

2.2 The Chern number and TRI equivalence
We first show that TRI-equivalent bundles have the same Chern number. Suppose that
E0 is TRI-equivalent to E1 . The TRI equivalence E(p, s) is then a TRI bundle over
S 2 × [0, 1] where time reversal sends (p, s) to (−p, s), and we can choose a frame us (p)
for E(p, s) over the contractible subset N × [0, 1], and define s-dependent transition
matrices Us (φ) using the s-dependent generalisation of (2). The winding number of
det Us (·) is a continuous integer-valued function of s and therefore is constant, so that
the Chern numbers of E0 and E1 are the same.
To show the converse, let E0 and E1 be TRI bundles with a common Chern number
c. Choose smooth normal form frames ṽn,s for Es , s = 0, 1, with transition matrices Vnf ,
and extend them to TRI frames of the ambient space CNA , such that the subframes ṽn,s ,
NB + 1 ≤ n ≤ NA for the orthogonal-complement bundles Es⊥ are in normal form. The
extended frame matrices ṽs (s = 0, 1) define sections of the trivial U(NA ) bundle over
the northern hemisphere obeying
T ṽs ( π2 , φ + π) = ṽs ( π2 , φ)Ṽ (φ) ,
i(c−NB +1)φ

Ṽ (φ) = diag(e

(13)
iφ

iφ

i(NB −c−NA +1)φ

,e ,...,e ,e

iφ

iφ

, e , . . . , e ).

(14)

Next, we define the SU(NA ) sections vs = diag(1/ det ṽs , 1, . . . , 1)ṽs , which obey
T vs (φ + π) = vs (φ)V (φ) ,
iα+i(c−NB +1)φ

V (φ) = diag(e

(15)
iφ

iφ

i(NB −c−NA +1)φ

,e ,...,e ,e

iφ

iφ

,e ,...,e )

(16)

where α is such that, for any NA × NA matrix A, we have that det(T A) = eiα det A.
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We say that a section u(p, s) of the trivial U(NA )-bundle over the cylinder N ×[0, 1] is
NB -TRI if us ( π2 , φ)−1 T us ( π2 , φ+π) is block diagonal with blocks of size NB and NA −NB .
Then E0 and E1 are TRI-equivalent if there exists an NB -TRI section us (p) of the trivial
U(NA )-bundle N × [0, 1] × U(NA ), such that the first NB columns of u0 (p), u1 (p) span
E0 (p), E1 (p) respectively.
We will complete the argument by constructing a frame vs (p) that obeys (15) for
every s between 0 and 1 (and is therefore NB -TRI) and reduces to v0,1 (p) for s = 0, 1
(respectively). For this purpose, let v̊s (n) be a continuous path in SU(NA ) connecting
v0 (n) and v1 (n), n being the north pole, and define
(

v0 (1 − 2s)θ, φ v0 (n)−1 v̊s (n) 0 ≤ s ≤ 21

v̊s (θ, φ) =
(17)
v1 (2s − 1)θ, φ v1 (n)−1 v̊s (n) 12 ≤ s ≤ 1

for 0 < θ ≤ π2 .
We now seek a gauge transformation vs (p) = v̊s (p)Ws (p), W ∈ SU(NA ) satisfying
(compare with (6,7))
V (φ) = Ws ( π2 , φ)t v̊s ( π2 , φ)−1 Tv̊s ( π2 , φ + π)Ws ( π2 , φ + π)

(18)

on ∂N × [0, 1]. W can be constructed by first choosing
W0 ( π2 , φ) = W1 ( π2 , φ) = Ws ( π2 , 0) = 1 , Ws ( π2 , π) = (Tv̊s ( π2 , π))−1 v̊s ( π2 , 0)−1 Vs (0). (19)
Since det W0 ( π2 , φ) = det W1 ( π2 , φ) = det Ws ( π2 , 0) = 1, W can first be extended from
the closed curve defined by (θ = π2 , φ = 0, 0 ≤ s ≤ 1), (θ = π2 , 0 ≤ φ ≤ π, s =
1), (θ = π2 , φ = π, 1 ≥ s ≥ 0), (θ = π2 , π ≥ φ ≥ 0, s = 0) to the surface it bounds on
∂N × [0, 1], that is, θ = π2 , 0 ≤ φ ≤ π, 0 ≤ s ≤ 1. These values then define W on the
surface θ = π2 , −π ≤ φ ≤ 0, 0 ≤ s ≤ 1, through (18). Next let W ≡ 1 on the faces
N × {0}, N × {1}, so that W is defined continuously on all of the boundary of N × [0, 1]
and obeys (18). Finally W can be continuously extended to the interior of N × [0, 1]
because the second homotopy group of SU(NA ) is trivial.

3 The Kane-Mele index on the two-sphere
In the previous section we showed that phase-space TRI vector bundles are characterised
by the Chern number, which can be nonzero, unlike momentum-space TRI where c = 0,
and bundles are classified by the Kane-Mele index k. Still, one may ask whether k can be
defined for phase-space bundles, and what topological information it conveys. We next
show that k makes sense as an integer index on bundles of even rank on the two-sphere
phase space, and that k = c/2.
There are several equivalent definitions of k for bundles on momentum spaces. Of
these, the one that is applicable to bundles on the two-sphere phase space is the original
one given in [5], which does not rely on the existence of TRI points in the base space.
It is based instead on the NB × NB matrix M(p) with elements hun (p), T un′ (p)i, where
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un is a unitary frame for the bundle in the northern hemisphere; it follows from the
definition that M cannot be globally defined as a continuous function on the sphere
when c 6= 0, but this presents no difficulty in the analysis.
It also follows from the definition and T 2 = −1 that M is skew-symmetric, so we can
define the Pfaffian pf M. The Kane-Mele integer is then
k = wn pf M( π2 , ·)

(20)

We will only consider explicitly the generic case where the zeros of pf M are isolated,
and then it always possible to choose the northern hemisphere such that pf M 6= 0 on
the equator and the definition (20) of k is valid.1 k then counts the total index of the
zeros of pf M in the northern hemisphere. The positions and indices of these zeros do
not change under a gauge transformation so that k is gauge invariant. This also follows
from the demonstration that k = c/2 which we present next (compare with appendix A
of [12].)
Let U be the equator transition matrix of the frame u, defined as in (1). Then
hun ( π2 , φ + π), T un′ ( π2 , φ + π)i = −hT 2 un ( π2 , φ + π), T un′ ( π2 , φ + π)i =
X
Unn′′ (φ)hT un′′ ( π2 , φ), un′′′ ( π2 , φ)iUn′ ,n′′′ (φ), (21)
=−
n′′ n′′′

so that
M( π2 , φ + π) = −U(φ)M( π2 , φ)U(φ)t ⇒ pf M( π2 , φ + π) = ± det U(φ)pf M( π2 , φ), (22)
where the sign in the rightmost expression is positive or negative when the bundle rank
is congruent to 0 or 2 modulo 4, respectively.
It now follows from (4) that det U(φ + π) = det U(φ) so that
Z π
Z π
c
dφ
dφ
π
π
k=
∂φ (arg pf M( 2 , φ) + arg pf M( 2 , φ + π)) =
∂φ arg det U(φ) = . (23)
2
0 2πi
0 2πi

4 Bands on the two-torus phase space
Fermionic TR is usually associated with Kramers degeneracy, since TRI subspaces of
C NA must have even dimension. This is avoided in the rotor phase space of section 2,
because the two-sphere has no TRI points. We now analyse the topology of bands of
systems where the slow dynamics takes place in a one-dimensional lattice with periodic
boundary conditions, so that the classical phase space is a two-torus, with the flat
area form given by the symplectic form [13, 14]. Choosing canonical coordinates q and
conjugate momentum p periodic modulo 2π, so that that q is even and p is odd under
time reversal, the TRI points belong to the two lines p ≡ 0, π (mod 2π). Thus, unlike
1

Ref [5] has shown how to generalise the definition to the case where there are zero curves because of
symmetry.
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momentum spaces where the TRI points are isolated, here they are a part of lines of
invariant points.
We show that, other than the presence of Kramers degeneracy, the topological properties of the two-torus phase space bands is the same as for the two-sphere phase space
bands, so that
1. The rank and Chern number c of a TRI band on the two-torus phase space must
be even.
2. Two bands are TRI-equivalent if and only if they have the same Chern number.
3. The Kane-Mele index of the band k = c/2.
Since the cylinder 0 ≤ p ≤ π has a trivial second homotopy group [15], we can define
on it a frame u(q, p), with transition matrices U ± (q) ∈ U(NB ) given by
T u(q, 0) = u(q, 0)U + (q)t ,

T u(q, π) = u(q, π)U − (q)t .

(24)

The Chern number is then
c = wn det U + − wn det U − .

(25)

+
−
The matrix Mnn′ (q, p) = hun (q, p), T un′ (q, p)i is equal to Unn
′ (q) and Unn′ (q) for p =
0, π (respectively), so that U ± (q) are skew-symmetric. Since det M = (pf M)2 it follows
that
c
k = wn pf M(·, 0) − wn pf M(·, π) = ,
(26)
2
establishing points 1 and 3 above.
Next we define a gauge transformation (5) to a frame v(q, p), with transition matrices
±
V (q) ∈ U(NB ) given by

V + (q) = W (q, 0)t U + (q)W (q, 0) ,

V − (q) = W (q, π)tU − (q)W (q, π).

(27)

The skew-symmetric unitary matrices U ± (q) are unitarily congruent to block diagonal
matrices of the form
!
!!
iα±
(q)
iα±
NB /2
1 (q)
0
−e
0
−e
, . . . , iα± (q)
V ± (q) = diag
(28)
±
eiα1 (q)
0
e NB /2
0
±
for any real α(q)±
j ’s [16]. If the αj ’s are continuous modulo 2π in q, it is possible to
choose the congruence matrices W (0, q) and W (π, q) continuously.
Let α1+ (q) = 2c q, and take all other αj ’s to be identically equal to 0. Choose continuous
functions W (q, 0), W (q, π) satisfying (27). Then

wn det V + = c ,

wn det V − = 0,
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(29)

and since
wn det W (·, 0) = 2(wn det V + − wn det U + ),
wn det W (·, π) = 2(wn det V − − wn det U − ),

(30)

wn det W (·, 0) − wn det W (·, π) = 0,

(31)

it follows that
and W can be extended continuously to the entire cylinder C = {(q, p) | 0 ≤ q < 2π, 0 ≤
p ≤ π}. The argument of section 2.2 adapted to C × [0, 1] shows that two bundles on
the two-torus phase space are TRI-equivalent if and only if the have the same Chern
number.

5 Conclusions
We studied the topological properties of vector bundles with fermionic TRI. Such bundles
arise naturally in quantum mechanics of systems with discrete translational invariance
and in systems with scale separation between slow and fast degrees of freedom. In the
latter case, which is the focus of our work, the base is a classical phase space.
The two-sphere studied in detail is the phase space of a rigid rotor, and is a good
model for the rotation of a molecule, which is TRI in the absence of external magnetic
fields. TR is fermionic if the molecule has an odd number of electrons. A well-known
example is the coupling of the total angular momentum to the spin of a single unpaired
electron in molecules such as the hydroxyl radical, which leads to λ-doubling [17]. In
this case, our results imply that the Chern number of the band is the only topological
invariant and that it must be odd.
Similarly, the two-torus phase space is a model for trapped spin-polarised cold fermionic
atoms in a one-dimensional optical lattice [18]. Here, Bloch bands are always Kramerslike degenerate and topology is classified by an even Chern number, or equivalently by
the integer-valued Kane-Mele index, which is equal to half the Chern number.
It turns out that the consequences of fermionic TRI in adiabatic systems with twodimensional slow phase spaces are markedly different than in the well-studied case of
Bloch bands of fermions. First, TRI does not preclude nonzero Chern numbers, but
only restricts their parity. Second, two such TRI bundles equivalent in the generic sense
(that is, via deformations that may violate TRI) are necessarily TRI-equivalent (that is,
via deformations that preserve TRI).
The Kane-Mele index k is a signed count, with sign determined by orientation, of the
zeros of the Pfaffian of M, the matrix that relates a frame to its TR image, in a subset
of the base space containing a single point from each TR-related pair. It is well-defined
in both the Bloch and adiabatic cases for bundles of even rank. But whereas for Bloch
bands, time-reversed zeros are oppositely oriented, they have the same orientation in a
diabatic bands. It follows that the Chern number, which is the signed count of zeros of
pf M over the whole base space, is always zero in the Bloch case, but in the adiabatic
case it can be any even integer, and is equal to twice the Kane-Mele index.
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Another difference is that k is an integer invariant of adiabatic bands, while for Bloch
bands it is only invariant modulo 2. k can be changed for Bloch bands by −2, say, by
continuously transporting a positively oriented zero of pf M so that it annihilates the
TR image of another positively oriented zero [5]. Such an operation is impossible for
adiabatic bands, because the time reverse of a positively oriented zero is also positively
oriented.
Finally, it must be emphasised that the present results do not contradict the classification scheme of [19, 20, 21], according to which bundles with fermionic time reversal
symmetry defined on a two-dimensional base are characterised by a Z2 -invariant. Actually, the classification relies on the TR transformation behavior of base points [22],
which is different in Bloch bands and adiabatic bands. It is natural to ask what would
be the analog of this classification for adiabatic bands, but the answer is beyond the
scope of this work.
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