
O'Donnell, M. P., Stacey, J. P., Chenchiah, I. V., & Pirrera, A. (2019).
Multiscale tailoring of helical lattice systems for bespoke
thermoelasticity. Journal of the Mechanics and Physics of Solids, 133,
Article 103704. https://doi.org/10.1016/j.jmps.2019.103704

Peer reviewed version
License (if available):
CC BY-NC-ND
Link to published version (if available):
10.1016/j.jmps.2019.103704

Link to publication record on the Bristol Research Portal
PDF-document

This is the author accepted manuscript (AAM). The final published version (version of record) is available online
via Elsevier Ltd at https://www.sciencedirect.com/science/article/pii/S0022509619305538 . Please refer to any
applicable terms of use of the publisher.

University of Bristol – Bristol Research Portal
General rights

This document is made available in accordance with publisher policies. Please cite only the
published version using the reference above. Full terms of use are available:
http://www.bristol.ac.uk/red/research-policy/pure/user-guides/brp-terms/

https://doi.org/10.1016/j.jmps.2019.103704
https://doi.org/10.1016/j.jmps.2019.103704
https://research-information.bris.ac.uk/en/publications/57d06260-55fb-4c30-8dd3-bb7f5592c549
https://research-information.bris.ac.uk/en/publications/57d06260-55fb-4c30-8dd3-bb7f5592c549


Multiscale Tailoring of Helical Lattice Systems for Bespoke
Thermoelasticity

Matthew P. O’Donnella,∗, Jonathan P. Staceya, Isaac V. Chenchiahb, Alberto Pirreraa

aBristol Composites Institute (ACCIS), University of Bristol, Queen’s Building, Bristol UK, BS8 1TR
bSchool of Mathematics, University of Bristol, University Walk, Bristol UK, BS8 1TW

Abstract

(Meta-)Materials, e.g. functional or architectured materials that change shape in response to external stim-

uli, often do so by exploiting solid-solid phase transitions or concerted elastic deformations. For the resulting

system to be effective the (meta-)material needs to have desirable and tunable properties at length scales

sufficiently small that desirable continuum behaviour of the resulting component is obtained. Developing

such (meta-)materials has proven to be an endeavour which requires considerable expertise in science, en-

gineering and mathematics. Here, we pursue an alternative approach where the design for functionality is

integrated across multiple length scales in the system. We demonstrate this approach by designing and pro-

totyping helical lattices that act as one-dimensional thermoelastic materials with unusual properties such

as negative thermal expansivity—with magnitude far exceeding the most extreme values reported in the

literature—and zero-hysteresis shape memory. Our strategy is independent of characteristic length scale,

allowing us to design behaviour across a range of dimensions.

Keywords: Nonlinear Elasticity, Thermoelastic Materials, Composites, Anisotropy, Meta-Materials,

Architected-Materials

1. Introduction

Structures possessing transformative properties, often derived from phase-changing materials, can adapt

to the environment or to changing operating conditions without requiring complex actuation mechanisms.

The potential advantages offered by transformative materials have led to significant development efforts—

shape memory alloys (SMAs) are a well-known example [1]. In particular, a considerable part of these

efforts has been dedicated to the tuning of the thermal properties of materials for bespoke adaptivity [2–5].

Nevertheless, at material level, the resulting performance is often inerently limited by, e.g., small strains,

large temperature hysteresis and low stiffness.

Instead of attempting to tailor material properties to obtain desired macroscopic responses, our design

for structural-level functionality is integrated across length scales. By exploiting the interplay between
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geometry, anisotropic stiffness and nonlinear elastic deformations in a helical lattice structure, we achieve

adaptive macroscopic behaviours, while also significantly expanding the range of possible responses beyond

what is attainable through material tailoring alone. By shifting complexity from material to structural

design, we are reversing the prevailing materials science paradigm.

Specifically, we present a one-dimensional component, a helical lattice structure inspired by the virus

Bacteriophage T4 [6], which can:

• behave as SMAs at the structural length scale, and

• exhibit unusual thermal properties such as negative thermal expansivity.

The lattice is comprised of strips kinematically constrained to lie on the surface of a cylinder. Under

thermal loading the anisotropic expansion of the strips, which induces curvature and twist in the strips

themselves, interplays with this geometric constraint to enable a rich set of tunable constitutive behaviours.

Such behaviours include:

• snap-through from a fully-coiled to fully-extended helix (or vice versa),

• transition from mono-stability to multi-stability at a designed critical temperature,

• smooth temperature-varying actuation, including negative thermal expansivity.

Similar exotic behaviour can be observed across length scales. For example, at the material level,

crystalline lattices with negative thermal expansivities use geometric mechanisms analogous to those of the

helical geometry proposed here [7]. More generally, functionality can be designed for from the nano-, to the

architectured- and meta-material scale, all the way up to the macro-scale [8–17]. Tuneable thermal responses

have been achieved by tailoring of meta-material lattices [18]. However, it is difficult to tune them while

also maintaining desirable structural stiffness, because thermal and structural responses require design at

different length scales. In contrast, our design for component-level functionality is integrated across length

scales, since, by exploiting architecture, stress fields and material anisotropy synergistically, we blur the

distinction between materials and structures.

We now proceed to identify the main features of the thermoelastic system presented herein.

2. Architectured Thermoelasticity

The helical lattice structure, illustrated in Figure 1, is effectively a one-dimensional nonlinear thermoe-

lastic spring whose principal behaviour is expansion/contraction in the longitudinal direction. Depending

on the choice of design parameters the system can transition from fully-coiled to fully-extended configura-

tions. Longitudinal expansion(contraction) is accompanied by radial contraction(expansion). The lattice
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Unit Cell Expansion
and Contraction

Total Lattice Extension and Contraction - Principal Direction of Behaviour

Figure 1: Prototype of an thermoelastic helical lattice. The principal behaviour occurs in the longitudinal direction.

The global response can be captured by considering a representative unit cell.

is comprised of strips positioned in a helical arrangement constrained to lie on the surface of a cylinder.

Strips of the same chirality possess a common pre-stress and anisotropic stiffness with regards to bending

and twisting. The resulting nonlinear energy profile in response to extension/contraction drives the extreme

responses observed in our analysis. The lattice shown is a macroscopic prototype, but the mechanics can be

reproduced at various length scales.

The behaviour of the lattice can be accurately predicted through consideration of a representative unit

cell. Consequently, we can tune the pre-stress, stiffness and geometry of the strips to produce a diverse

range of extreme responses. The lattice response was shown to be robust, repeatable and tailorable [6].

An example of an extreme response is that of the prototype presented in Figure 1. Under heating the

total lattice length contracts from 286 mm at 309 K to 193 mm at 408 K. This corresponds to an average

coefficient of thermal expansion (CTE) of −3285 × 10−6 K−1, which is over 1000 times larger than what

is currently commercially available [19], and exceeds even the value of −515 × 10−6 K−1, reported in the

literature as extreme [20, 21].

We now proceed to outline how such bespoke thermoelasticity can be obtained and tailored by tuning

the lattice energy landscape.

2.1. Lattice Geometry

The lattice is represented schematically in Figure 2 and comprises of N helices of each chirality and

4N unit cells. For simplicity, we consider only lattices with chiral symmetry, since then: (i) the unit cells

are rhomboidal, (ii) the lattices elongate/contract without twisting, and (iii) the variable h (see Figure 2)

characterises the system uniquely [6, 12]. The circumferential and longitudinal diagonals of the unit cell are
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(b) Planar projection of lattice. (c) Rhomboidal unit cell.

Figure 2: Sketch of (a) a helical lattice comprised of N = 2 strips on the surface of a constraining cylinder of radius

R, (b) its planar representation, and (c) its unit cell.

2π
N R and 4π

N h, respectively, where R is the radius of the helices. It is then convenient to set the rhombus’

side length to be 2π
N l.

As the lattice deforms, we assume [6] that:

(i) all helices remain on a single cylinder (whose radius and length can change),

(ii) the helical strips are hinged where they overlap allowing scissoring motion only,

(iii) the change in length of the helical strips is negligible, and

(iv) the helical strips are sufficiently slender that the dominant contribution to the energy landscape

arising from bending and twisting with respect to the strips’ principal dimension.

Further on the kinematics, consider the ‘+’ strip that passes through the origin in Figure 2(b). In the

ξ-plane this strip has the parametrisation

s(sin(θ), cos(θ)),

where s is the arc-length parameter and θ is illustrated in Figure 2(c). From the assumptions above, this

strips maps to the helix

s sin(θ)X̂ +RQ(
cos(θ)

R
s)Ŷ

in the (X,Y, Z) coordinate system used in Figure 2(a), where Q(φ) is a rotation with axis X̂ through an

4



angle φ. The tangent, normal and binormal can then be calculated to be

t(s) = sin(θ)X̂ + cos(θ)Q(
cos(θ)

R
s)Ẑ,

n(s) = −Q(
cos(θ)

R
s)Ŷ ,

b(s) = cos(θ)X̂ − sin(θ)Q(
cos(θ)

R
s)Ẑ,

respectively. Finally, the curvature and torsion can be related to the geometry through

κx = t′(s) · n(s) =
cos2(θ)

R
=

√
l2 − h2

2l2
, (1a)

κxy = −b′(s) · n(s) =
sin(θ) cos(θ)

R
=

h

2l2
, (1b)

respectively. These hold for the ‘−’ strip as well, except that the sign of the torsion is reversed.

3. Total Potential Energy

3.1. Strain energy of the constituent material

Classical Laminate Theory (CLT), as applied to composites, provides a robust framework to capture the

anisotropic, thermoelastic response of the structure under consideration [6]. The use of CLT is for notational

convenience alone and does not imply that the system must be composed of composite strips. For example,

anisotropy could be designed into the system by exploiting cross-sectional geometry or functionally-graded

materials.

Let us consider a generic laminate, with the coordinate system (x, y, z) chosen such that z is the thickness

direction. As is conventional, we assume that all layers are perfectly bonded to each other, and that the

laminate’s stiffness properties may be condensed to the mid-plane [22]. It follows that, for the kth layer,

which is assumed to be orthotropic, stresses, σ(k), and strains, ε = ε + zκ, are related in the laminate

coordinates through the transformed stiffness matrix, Q̄(k), such that

σ(k) = Q̄(k)
(
ε−∆Tα(k)

)
, (2)

where α(k) = [α
(k)
xx , α

(k)
yy , 2α

(k)
xy ]> is the vector coefficient of thermal expansion and the temperature change

∆T is T − Tref, T being the current temperature and Tref a reference temperature corresponding to the

laminate’s stress-free state.

Integrating (2) through the thickness, we obtain resultant forces and moments per unit width, N and

M, which are related to mid-plane strains, ε, curvatures, κ, and ∆T , throughN

M

 =

A B

B D

ε
κ

−∆T

Nth

Mth

 , (3)
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where A, B and D are stiffness matrices. The thermal stress resultants, Nth and Mth, are obtained as the

resultant of the thermal expansion contributions of each of the k layers,

Nth =
∑
k

∫ zk+1

zk

Q̄(k)α(k) dz,

Mth =
∑
k

∫ zk+1

zk

zQ̄(k)α(k) dz.

The strain energy of the kth layer, per unit surface area, i.e. before integration through the laminate’s

width and length, is

U (k) =
1

2

∫ zk+1

zk

(
ε−∆Tα(k)

)>
Q̄(k)

(
ε−∆Tα(k)

)
dz, (4)

where zk and zk+1 are the positions of the interfaces between layers. Integrating (4) through thickness and

summing over k, we obtain the total strain energy per unit surface area to be

U =
1

2

ε
κ

> A B

B D

ε
κ

−∆T

Nth

Mth

> ε
κ

+
Uth

2
(∆T )2, (5)

where

Uth =
∑
k

∫ zk+1

zk

α(k)>Q̄(k)α(k) dz.

For convenience, we wish to write the energy in terms of κ, N and Nth. To do this, we use the partially-

inverted form of (3), which is  ε

M + ∆TMth

 =

 a b

−b> d

N + ∆TNth

κ

 , (6)

with

a = A−1, (7a)

b = −A−1B, (7b)

d = D−BA−1B. (7c)

Substituting (6) in (5), we obtain

U =
1

2
κ>dκ−

(
N>thb + M>

th

)
dκ∆T

+
1

2

(
(N−Nth)>a(N + Nth) + Uth

)
(∆T )2.

Returning to consider the lattice strips (as opposite to a generic laminate) and assuming, as in Pirrera et

al. [6], zero in-plane stress resultants, i.e. N = 0, the strain energy simplifies to

U =
1

2
κ>dκ−

(
b>Nth + Mth

)>
dκ∆T +

1

2

(
Uth −N>thaNth

)
(∆T )2.
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Further, it is convenient to define the strip’s thermal response parameters,

χ = b>Nth + Mth, (8a)

τ = Uth −N>thaNth, (8b)

which leads to

U =
1

2
κ>dκ− χ>dκ∆T +

τ

2
(∆T )2. (9)

3.2. Energy of a unit cell

We now present the energy formulation in terms of the lattice’s representative unit cell. Denoting right-

and left-handed strips by subscripts + and −, and with reference to Figure 2, the strain energy of the

representative unit cell, Π, follows from (9), whence,

N

2π
Π =

l

2

(
w+κ

>
+d+κ+ + w−κ

>
−d−κ−

)
− l
(
w+χ

>
+d+κ+ + w−χ

>
−d−κ−

)
∆T +

l

2
(w+τ+ + w−τ−) (∆T )2, (10)

where l is the side length of the unit cell and w± the strips’ widths.

Following the assumption of Pirrera et al. [6], we consider only axial (x direction) and twist components

of curvature. In other words, we neglect the contribution of κy to the energy. Intuitively, this seems

reasonable for a sufficiently narrow strip. However, a rigorous justification is non-trivial; we refer the reader

to [23–26] for a consideration of the issues that arise therein. The analytical simplicity that results from this

assumption permits an exploration of the design space and enables a sufficiently accurate understanding of

the response characteristics, as evidenced by our experimental and computational demonstration presented

in Section 5.4 below.

In addition, the axial and twist components of curvature can be written to account for the strips’ reference

mechanical stress-free curvature, e.g. a manufacturing or tooling curvature, υ±, as

κ± =

 κx±(h)

κxy±(h)

−
 υx±
υxy±

 , (11)

where, from (1),  κx±(h)

κxy±(h)

 =
1

R

 cos2 θ

± sin θ cos θ

 =
1

2l2

√l2 − h2

±h

 . (12)

The bending stiffness, accounting only for axial and twist components of curvature, reduces to

d± =

d11± d16±

d16± d66±

 .
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Similarly, χ reduces to

χ =

 χx
χxy

 .
In the following section, we proceed to express the unit-cell energy in terms of non-dimensional param-

eters.

4. Normalised energy landscape

We now begin our analysis of the helical lattice, which we will henceforth view as an one-dimensional

object whose state is specified by its non-dimensional length and non-dimensional temperature,

h̄ =
h

l
∈ [0, 1], (13a)

T =
∆T

Tref
, (13b)

respectively. We remark that l might depend on temperature through the in-plane thermal expansion effects

captured by τ , however such temperature-induced changes in length are subsumed into h̄.

4.1. The energy density

From (10) and (13), the non-dimensionalised energy density, i.e. energy per unit cell, is

Π̄ =
4

π

Nl

w+d11+
Π = a00 + a01T + a02T

2
+ a10h̄+ a11h̄T + a20h̄

2

+
√

1− h̄2
(
b10 + b11T + b20h̄

)
,

(14)

with coefficients described by

a00 = 1 + ῡ2
x+ + 2ε+ῡx+ῡxy+ + δ+ῡ

2
xy+

+ ϕ
(
1 + ῡ2

x− + 2ε−ῡx−ῡxy− + δ−ῡ
2
xy−
)
,

(15a)

a01 = 2Tref ((χ̄x+ῡx+ + ε+(χ̄x+ῡxy+ + χ̄xy+ῡx+) + δ+χ̄xy+ῡxy+)

+ϕ (χ̄x−ῡx− + ε−(χ̄x−ῡxy− + χ̄xy−ῡx−) + δ−χ̄xy−ῡxy−)) ,

(15b)

a02 = 4
l2T 2

refτ+
d11+

(
1 +

w−τ−
w+τ+

)
, (15c)

a10 = 2 (ϕ (ε−ῡx− + δ−ῡxy−)− (ε+ῡx+ + δ+ῡxy+)) , (15d)

a11 = 2Tref (ϕ (ε−χ̄x− + δ−χ̄xy−)− (ε+χ̄x+ − δ+χ̄xy+)) , (15e)

a20 = (δ+ − 1) + ϕ (δ− − 1) , (15f)

b10 = −2 ((ῡx+ + ε+ῡxy+) + ϕ (ῡx− + ε−ῡxy−)) , (15g)

b11 = −2Tref ((χ̄x+ + ε+χ̄xy+) + ϕ (χ̄x− + ε−χ̄xy−)) , (15h)

b20 = 2 (ε+ − ϕε−) , (15i)
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utilising the following normalisations,

χ̄± = 2lχ±, (16a)

κ̄± = 2lκ±, (16b)

ῡ± = 2lυ±, (16c)

ϕ̄ =
w−d11−

w+d11+
> 0, (16d)

d̄± =
d

d11±
=

 1 ε̄±

ε̄± δ̄±

 . (16e)

For the stiffness matrix in (16e) to be positive definite, we need δ̄± > 0 and −
√
δ̄± < ε̄± <

√
δ̄±. From

the energy density (14) we observe that a02 is the only term dependent on the in-plane thermal expansion

parameter, τ±. As such it does not affect the extensional equilibria since it is uncoupled to the extension

h̄. As a consequence it also does not affect the coefficient of thermal expansion of the structure, see (21)

below. The value of a02 can therefore be specified arbitrarily. In the examples presented we set a02 = 1 for

convenience.

4.2. Equilibria of the energy density

To identify system equilibria we compute the derivative of the energy density with respect to extension.

From (14),
∂Π̄

∂h̄
= a10 + a11T + 2a20h̄+

1√
1− h̄2

(
b20 − b10h̄− b11h̄T − 2b20h̄

2
)
. (17)

Inner equilibria. The location of inner equilibria, i.e. equilibria for h̄ ∈ (0, 1), may be obtained by setting

∂Π̄
∂h̄

= 0. Temperature-invariant equilibria are obtained when a11 = b11 = 0. Otherwise, the equilibria

generically form a quartic curve in (h̄, T ) ∈ (0, 1)× (0,∞). We denote equilibria at temperature T (if any)

by h̄0(T ).

Boundary equilibria. The fully-coiled state, h̄ = 0, is an equilibrium if

∂Π̄

∂h̄

∣∣∣∣
h̄=0

= b20 + a10 + a11T , (18a)

is non-negative. Likewise, the fully-extended state, h̄ = 1, is an equilibrium if
sgn ∂Π̄

∂h̄

∣∣∣
h̄→1

= − sgn(b10 + b20 + b11T ) if b10 + b20 + b11T 6= 0,

sgn ∂Π̄
∂h̄

∣∣∣
h̄=1

= sgn(a10 + 2a20 + a11T ) if b10 + b20 + b11T = 0,

(18b)

is non-positive.
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As above, temperature-invariant equilibria are obtained when a11 = b11 = 0. On the other hand, when

a11 6= 0 and b11 6= 0, from the linear dependence on T in (18a) and (18b), we conclude that an equilibrium

appears or disappears at each boundary precisely once if temperature is varied monotonically. This occurs

at the temperatures

T 0 = −a10 + b20

a11
, (19a)

T 1 = −b10 + b20

b11
, (19b)

for h̄ = 0 and h̄ = 1, respectively. Whether an equilibrium appears or disappears depends on sign of a11

and b11 (and, of course, the direction of the temperature change). Note also that h̄ = 0 is an equilibrium

at T = T 0, but whether h̄ = 1 is an equilibrium at T = T 1 depends on the sign of a10 + 2a20 + a11T 1 (cf.,

(18b) and (19b)).

4.3. Extensional stiffness

The effective stiffness of the system is the second derivative of the energy with respect to extension.

From (17),
∂2Π̄

∂h̄2
= 2a20 +

1(
1− h̄2

)3/2 (−b10 − b11T − 3b20h̄+ 2b20h̄
3
)
. (20)

We remark that it is possible, using (17) and (20), to tune the lattice to possess a zero stiffness state at

a specified temperature. This feature can be useful for actuation by means of input parameters other than

temperature, as it minimises the energy required for shape changes induced, for example, by mechanical or

piezoelectric stimuli.

Stability of equilibria.. The stability of inner equilibria can be deduced from the sign of (20), provided it is

non-zero.

From the discussion on boundary equilibria in Section 4.2, it follows that the boundary equilibria are

stable (when they exist) except possibly at the critical temperatures T = T 0 and T = T 1, for h̄ = 0

and h̄ = 1, respectively. Thus, during a temperature sweep, once a critical temperature is passed and an

equilibrium has appeared at a boundary, it will remain stable until the direction of the temperature sweep is

reversed and the critical temperature is passed again. This behaviour is beneficial from a thermal actuation

standpoint, because it ensures that the system remains in one state once actuation has occurred.

4.4. Coefficient of Thermal Expansion

The non-dimensional coefficient of thermal expansion (CTE) for the system may be defined as

∂h̄0

∂T
, (21)
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where h̄0 ∈ (0, 1) is a solution of (17). An explicit expression for the CTE can be obtained from (17) but,

for brevity, we prefer to present numerical examples in Section 5 below.

In order to avoid apparently infinite thermal expansions when h̄0 approaches zero, (21) omits the recipro-

cal of initial length 1
h̄0

and, instead, a nominal value of one is used corresponding to the total non-dimensional

length of the lattice strip. (However, when discussing experimental results the usual definition of CTE is

applied.) Equation (21) is non-zero only when either a11 6= 0 or b11 6= 0. Moreover the CTE can be zero at

h̄0 = 0 and h̄0 = 1 due to the stability conditions of the boundary (cf. last paragraph of Section 4.2).

We remark that the CTE referred to here neglects changes in length of the structure due to the effect of

temperature on l, which effect is characterised by τ defined in (8b). In general, the physical length h̄0 of the

structure will change with temperature even for zero non-dimensional CTE. However, these changes will be

small in comparison to the overall deformation and can be neglected. In other words, when the magnitude

of CTE is large, as in Figures 5, 6 and 7, the change in length due to in plane expansion would typically be

dwarfed by the large CTE. Moreover, the possibility remains that the structure could be designed such that

its non-dimensional CTE cancels the change in length due to the constituent materials’ thermal expansion.

Such a structure would be completely thermally invariant.

5. Thermoelastic Behaviour

The thermoelastic response of the lattice may be tailored to fall into two categories, snapping actuation

and smooth actuation. In the first instance, the lattice undergoes a large extension/contraction upon heat-

ing/cooling to critical temperatures. Such sudden transitions occur when an equilibrium looses stability,

forcing the system to reconfigure by snapping onto a new stable state across the energy landscape. Alter-

natively, extension and contraction can be smooth transitions. In these instances, stable equilibria change

position gradually, maintaining their stability as the temperature varies.

Either kind of response may be desirable. Snapping actuation, for example, can replicate the typical

behaviour of SMAs. However, as we shall see below, the lattice’s critical temperatures, direction of actua-

tion, effective stiffness and presence of hysteresis between cooling and heating actuation points, can all be

simultaneously tuned far beyond that of SMAs.

Table 1 presents the coefficients utilised in the examples in this section. These values are illustrative,

rather than restrictive, and are selected to demonstrate system responses that appear robustly in parameter

space while facilitating analysis by simplifying (15). In addition, the choice of parameters ensures realistic

material properties and feasible structural designs.

Our analysis is in terms of the ‘a’ and ‘b’ coefficients defined in (15). Since the non-dimensionalised energy

density (14) can be written as a simple function of these coefficients, this facilitates the following analysis of

the conditions under which we obtain snap actuation, smooth actuation and phase transitions. However, it
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All curvature parameters scaled by ×104

Fig. T 0 T 1 χ̄+
x χ̄−x ν̄+

x ν̄−x χ̄+
xy χ̄−xy ν̄+

xy ν̄−xy

3b −0.2 −0.3 −1 −1 T̄1Tref T̄1Tref 2 1 −2T̄0Tref −T̄0Tref

4a −0.2 −0.2 −1 −1 T̄1Tref T̄1Tref 2 1 −2T̄0Tref −T̄0Tref

4b −0.2 −0.2 1 1 −T̄1Tref −T̄1Tref −2 −1 2T̄0Tref T̄0Tref

5 (red) −0.35 0 −1 −1 T̄1Tref T̄1Tref 2 1 −2T̄0Tref −T̄0Tref

5 (blue) 0.0 −0.35 1 1 −T̄1Tref −T̄1Tref −2 −1 2T̄0Tref T̄0Tref

5 (black) −0.1 −0.1 −1 −1 T̄0Tref T̄0Tref −4 −2 4T̄0Tref 2T̄0Tref

Table 1: Non-dimensional system parameters with critical temperatures T 0 and T 1 for the examples presented. In

all cases δ± = 1, ε± = 0, a20 = 1, ϕ̄ = 1 and Tref = 453 K.

would be more useful to a designer if the resulting criteria for these qualitatively-different behaviours could

be expressed in terms of the geometric and material parameters in (16). Unfortunately, since the map (15)

from geometric/material parameters to a/b parameters is nonlinear a non-numerical analysis in terms of the

geometric/material parameters is not feasible. In practise, a designer would have to combine the analysis

below with a numerical investigation of the consequent restrictions on the geometric/material parameters.

5.1. Snap Actuation.

The stability of the system at the extremes of extension, i.e., when it is either fully coiled or fully

extended, can be exploited to produce snapping actuation. Figure 3 illustrates snap-actuation from fully-

coiled to fully-extended states upon heating to a critical temperature, T 0. Snap-back to the fully-coiled state

happens upon cooling to a critical temperature, T 1, which is no higher than T 0. Such an actuator mimics

an SMA’s behaviour. The temperatures T 0 and T 1 are related to the coefficients in (14) through (19a) and

(19b). The conditions on the coefficients under which snapping behaviour is guaranteed are:

• The fully-coiled configuration, h̄ = 0, is stable if and only if T < T 0, and the fully-extended configu-

ration, h̄ = 1, is stable if and only if T > T 1. From (18) and (19), this implies,

a11 < 0, (22a)

b11 > 0, (22b)

respectively.

• The temperature above which the fully-coiled configuration loses stability, T 0, is greater than the

temperature above which the fully-extended state gains stability, T 1:

T 0 > T 1. (23)
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• In addition, for the equilibrium to shift from h̄ = 0 to h̄ = 1 as the temperature is increased to T 0, we

require
∂Π̄(T0, h)

∂h̄
< 0 ∀ h̄ ∈ (0, 1),

which, from (17) and (19a), can be cast as

− b20 + 2a20h̄+
1√

1− h̄2

(
b20 − b10h̄+ b11

(
a10 + b20

a11

)
h̄− 2b20h̄

2

)
< 0, ∀ h̄ ∈ (0, 1). (24a)

• Similarly, for the equilibrium to shift from h̄ = 1 to h̄ = 0 as the temperature is decreased to T 1, we

require
∂Π̄(T1, h)

∂h̄
> 0 ∀ h̄ ∈ (0, 1),

or equivalently, using (17) and (19b), that

a10 − a11

(
b20 + b10

b11

)
+ 2a20h̄+

b20√
1− h̄2

(
1 + h̄− 2h̄2

)
> 0, ∀ h̄ ∈ (0, 1). (24b)

In summary, equations (22), (23) and (24) are the conditions under which the system exhibits hysteretic

snap actuation.

If, as a special case which simplifies (24) by removing the dependency on h̄, we assume that

a20 = 0, (25a)

b20 = 0, (25b)

then (24) is equivalent to

−b10 + b11
a10

a11
< 0, (26a)

a10 − a11
b10

b11
> 0. (26b)

In other words, when (25) holds, equations (22), (23) and (24) can be replaced by equations (22), (23)

and (26). However, using (19), it is easy to verify that (22) and (23) imply (26). Thus, equations (22), (23)

and (24) can be replaced by equations (22), (23) and (25).

For the lattice in Figure 3b, as temperature increases, the fully-coiled state is stable until temperature

T 0 = −0.2, at which point the lattice snaps to the fully-extended state. Upon cooling, the extended state

loses stability at T 1 = −0.3 and the lattice snaps back to the fully-coiled state. Consequently, the structure

demonstrates hysteresis, being bi-stable in the range [T 1, T 0] = [−0.3,−0.2] and monostable elsewhere.

The removal of thermal hysteresis for SMAs requires subtle fine-tuning of the atomic lattice [27–29].

In contrast, the system presented herein can be readily tuned to be hysteresis-free by setting T 0 = T 1, as
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-0.10
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 0.00

(a) Energy landscape and equilibrium position for

temperatures indicated by the label on the curves.

Markers correspond to stable equilibria. h̄ = 0 is

stable below T = −0.2 and h̄ = 1 is stable above

T = −0.3. Red and blue markers indicate lattice

length upon heating and cooling, respectively.

-0.35 -0.3 -0.25 -0.2 -0.15 -0.1 -0.05
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0.4

0.6

0.8

1
Cooled Path
Heated Path

(b) Equilibrium paths for heating and cooling for the

energy landscape in (a).

Figure 3: (a) Energy landscapes for various T and (b) corresponding temperature-extension profile.

illustrated in Figures 4a and 4b. Generically, the conditions

T 0 = −a10

a11
= −b10

b11
= T 1,

a20 = 0 = b20,

a11 < 0 < b11.

suffice to guarantee hysteresis-free shape memory behaviour. Moreover, the direction of actuation may be

reversed by choosing a11 > 0 > b11 (contrast Figures 4a and 4b).

5.2. Smooth Actuation.

The preceding examples achieve snap-actuation at a critical temperature through appearance or dis-

appearance of equilibria at the extensional boundaries, i.e. when the lattice is either fully coiled or fully

extended. Conversely, smooth actuation is obtained by exploiting stable inner equilibria, i.e. at partial

extension. This behaviour is illustrated in Figure 5 for positive-CTE (red curve) and negative-CTE (blue

curve) lattices. The existence of inner equilibria can be guaranteed by imposing suitable signs on the deriva-

tive of the energy on the boundary [6]. The resulting effective CTEs, both positive and negative, illustrated

in Figure 5b, can be tailored by tuning the system parameters.
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(a) Snap open actuation with no hysteresis from coiled

to extended for increasing T .
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(b) Snap closed actuation with no hysteresis from ex-

tended to coiled for increasing T .
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(c) Energy landscape with hysteresis-free snap open a

flat energy landscape is observed at T = −0.2.
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(d) Energy landscape with hysteresis-free snap closed a

flat energy landscape is observed at T = −0.2.

Figure 4: (a) and (b) Temperature-extension profiles for two other lattices illustrating hysteresis-free shape memory

behaviour. T is the fractional change from a reference temperature and h̄ the fractional cell extension. (c) and (d)

illustrate the energy profiles for the forward and backwards actuation. Temperatures are indicated by the label on

the curves. Markers correspond to stable equilibria.
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(a) Lattice length for changing temperature.

-0.3 -0.25 -0.2 -0.15 -0.1 -0.05
-6

-4

-2

0

2

4

6
positive
negative
delta

(b) Non-dimensional CTEs.
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(c) Energy landscape and smooth transition of single

equilibrium position for negative CTE.
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(d) Energy landscape and equilibrium position for Dirac-

Delta CTE. Single equilibria observed when T < −0.1

and bi-stable for T > −0.1.

Figure 5: (a) Temperature-extension profiles and (b) non-dimensional CTEs and for three different lattices demon-

strating positive (red), negative (blue) and Dirac-delta (black) CTEs. T is the fractional change from a reference

temperature and h̄ the fractional extension, i.e. h̄ = 0 is a fully coiled lattice and h̄ = 1 fully extended. (c) and

(d) illustrate the energy profiles for the negative and Dirac-delta CTEs. Temperatures are indicated by the label on

the curves. Markers correspond to stable equilibria. (d) Above the critical temperature T = −0.1 the Dirac-Delta’s

choice of equilibrium state is dictated by numerical accuracy - both fully coiled and extended are feasible.
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5.3. Phase transitions.

In addition to tailoring the magnitude and direction of effective CTE, we can devise a system which

is mono-stable (with an interior equilibrium) but develops bi-stability at a critical temperature—in other

words, mimics the austenite-martensite transformation that a one-dimensional SMA would exhibit. To this

end, consider the choice of parameters

a20 = b20 = 0,

a11 = rb11 6= 0,

a10 = rb10,

for some non-zero r. The resulting system has a stable equilibrium at fractional extension h̄ = 1√
1+r2

for

T < −a10a11
. At T = −a10a11

the energy becomes independent of h̄, i.e. every fractional extension is stable. If

the temperature is increased further, the equilibrium at h̄ = 1√
1+r2

becomes unstable and stable equilibria

appear at the boundaries, i.e. h̄ = 0 and h̄ = 1. These boundary equilibria remain stable as the temperature

is increased further. Note that, unlike in SMAs, the mono-stable state need not be the high-temperature

state.

As a consequence, the CTE is zero except at the critical temperature of T = −a10a11
(see the black curve

in Figure 5b, where r = 1). At this critical temperature, the system’s length instantaneously changes from

h̄0 = 1√
2

to either 0 or 1. Thus the CTE is a Dirac-delta with a multiplicative pre-factor of either − 1√
2

or

(1− 1√
2
).

Moreover, the flat energy landscape at the critical temperature, with the consequent zero-stiffness, results

in minimal actuation energy to move from one extension to another. This feature is desirable (quite apart

from considerations of thermal expansion) in morphing applications since the system could be actuated in

its zero-stiffness state, requiring minimal energy input, and then allowed to return to its normal state, with

a corresponding increase in stiffness.

5.4. Experimental Demonstration.

We now present an experimental demonstration of the smooth actuation behaviour.

The prototype, illustrated in Figure 1, was tuned to exhibit a large negative CTE. The design, with full

details discussed in appendix Appendix A, was selected for ease of manufacturability rather than optimal

performance. The thermal behaviour of the lattice was obtained by tracking its expansion from a heated

state as it cooled while suspended horizontally in an oven, see Figures 6a and 6b. The temperature of

the structure was obtained using a thermal imaging camera and multiple thermocouples, and shown to

be uniform. The apparent variation in temperature shown in the heat maps can be explained by varying

incidence angles and distances from the prototype to the camera. The total extension of the lattice was

extracted from video images tracking the position of the nodes of the unit cells.
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(a) Lattice in relatively extended state at low temper-

ature of about 310 K.

(b) Lattice in relatively contracted state at high tem-

perature of about 410 K.

Figure 6: Heat maps from thermal imaging camera showing the lattice prototype at the start and end of motion.

Colour bar in ◦C.

The width of the lattice’s strips is 10 mm, which is larger than desirable in light of the one-dimensional

strip behaviour assumed by the analytical model, but simplifies manufacturing. For this reason, we also

include results obtained using an Abaqus finite element (FE) simulation (quasi-static, geometrically non-

linear analysis with S4R shell elements), which will represent the experiment more closely. Figure 7 shows

clear correlation between the FE, analytical and experimental results. As expected, the correlation between

the analytical prediction and the FE simulation improves as the width of the strip is reduced from 10 mm

to 0.5 mm to better approximate one-dimensional behaviour. The residual difference between the analytical

prediction and the latter FE simulation can be attributed to other approximations in the analytical model.

6. Conclusions

The analyses and prototype presented herein demonstrate how a structure, in this case, a helical lattice,

can be designed to mimic a one-dimensional thermoelastic material.

We have illustrated how the design parameters can be tuned to achieve effective behaviour that mimics

that of phase-transforming materials such as SMAs. Indeed, we can more than mimic such materials, im-

proving overall behaviour by, e.g., extending functionality. We can easily tune parameters such as transition

temperatures, which are much more difficult to design at the crystalline microstructure scale through mate-

rials science. Further, it is no more difficult to reduce and even eliminate hysteresis as required. In contrast,

eliminating hysteresis in SMAs requires considerable expertise [27–29]. With the proposed system, even the

direction of actuation can be reversed.
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Figure 7: Fractional length of lattice as a functional of fractional temperature as predicted by analysis (black),

simulated by FE (red and green) and measured by experiments (blue). The wide-FEA corresponds to a 10 mm strip

and the narrow-FEA to a 0.5 mm strip.

Turning to thermoelasticity more broadly, we can design for: zero and negative CTEs; for CTE magni-

tudes, both positive and negative, beyond what has been observed in nature; and for Dirac-delta CTEs. As

a demonstration of the capabilities of this design approach we manufactured a thermoelastic lattice with a

large negative CTE.

The examples presented are only a brief foray into the capacity to tune the coefficient of thermal expansion

and extensional stiffness. In general, the relationship between CTE and extensional stiffness can be deduced

from Equation (14), which can be exploited to overcome the difficulties incurred using traditional approaches

in obtaining a system with desirable CTE and stiffness [18].

Finally, we note that, although the present approach focuses specifically on thermal actuation, any

curvature-inducing field could be utilised instead; for example, electric fields in conjunction with piezoelectric

materials.

In conclusion, we have outlined a structural route to attain and exceed capabilities which are typically

associated with multi-phase materials such as SMAs or architectured materials with negative CTEs. In this

flipped design paradigm the structure acts as a material.
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Appendix A. Supplementary Experimental Information

Determination of the physical parameters that give desired non-dimensional coefficients (15) is non-trivial

due to the non-linear relationship between ply-angles and reduced stiffness matrix d for a composite system.

Characterising the feasible domain is necessarily material dependent and a robust design would also need

careful consideration of failure criteria and manufacturability restrictions. Addressing these difficulties and

developing a robust, optimised design framework remains an ongoing area of investigation.

Lacking an elegant solution, the design of the helical lattice prototype was instead selected using a

semi-exhaustive search process to select design parameters of ply-angles characterising the layup and the

tool alignment to tailor the pre-stress. A cylindrical tool shape was assumed, this was chosen due to

manufacturing difficulties associated with laying-up on non-developable surfaces. The tool radius and cell

lengths were selected based on manufacturing experience, and preliminary analysis in Abaqus. Choice of

cell-size and tooling curvature was limited by available equipment and in response to difficulties encountered

during hand assembly of the pre-stress strips into the helical configuration. The tool angle reflected the

strips alignment on the cylindrical tool-surface and was considered a free design variable (circumferential

wrapping being 0). The choice of ply-angles that comprise the layup allowed tailoring of the stiffness and

thermal curvatures of the strips. Both ply angles and tool angle were restricted to 5 degree increments to

reflect nominal manufacturing accuracy.

Using the properties specified in Table A.2, the lattice’s stiffness parameters are

d+ =

 0.4360 −0.1222

−0.1222 0.0968

 Nm, d− =

0.4360 0.1222

0.1222 0.0968

 Nm.

The thermal and mechanical curvature for this system are,

χ+ =

 0.0400

−0.0214

 m−1, χ− =

0.0400

0.0214

 m−1,

υ+ =

12.2386

3.2793

 m−1, υ− =

12.2386

−3.2793

 m−1.
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E11 161 GPa E22 11.38 GPa

G12 5.17 GPa ν12 0.32

α11 −0.1× 10−6 1/K α22 31.0×10−6 1/K

N 4 w± 10 mm

Layup+ [-15, -70, -35, 90] Layup− [+15, +70, +35, 90]

Ply Thickness 0.1177 mm Tool Radius 76 mm

Tool Angle 15◦ Cell Length 62 mm

Table A.2: Properties of the prototype. The material properties of the strips (IM7-8552) were obtained from

literature [30] and in-house measurement. The ply-angles listed left-to-right describe the laminate stacking sequence

from the tool surface outwards. A mirror symmetry between the left- and right-handed strips was imposed to reduce

the design space.

a00 3.6155 χ̄x+ 0.0032 δ+ 0.2219

a01 5.7663 χ̄x− 0.0032 δ− 0.2219

a02 18.7260 ῡx+ 0.9659 ε− -0.2802

a10 0.8529 ῡx− 0.9659 ε+ 0.2802

a11 2.2840 χ̄xy+ -0.0017 ϕ̄+ 1.0000

a20 -1.5562 χ̄xy+ 0.0017

b10 -3.5736 ῡxy+ 0.2588

b11 -6.5817 ῡxy+ -0.2588

b20 -1.1208

Table A.3: Non-dimensional coefficients utilised for comparison with the experimental analysis.

The geometric parameter l = 0.0395 m is calculated using the cell length, Tref = 453 K is the nominal cure

temperature and τ± = 0.0032 NmK−2; a02 in (15c) can be calculated from these values.

Finally, from the values presented above, we obtain the non-dimensional description of the system pre-

sented in Table A.3.
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