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An Analysis of Microstrip with Rectangular
and Trapezoidal Conductor Cross Sections

Abstract --In this paper, microstrips with both rectangular and trapezoidal cross sections are analyzed by means of the finite-difference
time-domain method and results are presented for microstrip both with
and without a passivation layer. Where results from other authors are
available, good agreement has been found to exist.

I. INTRODUCTION
H E CURRENT trends in microwave monolithic integrated circuits (MMIC‘s) are toward higher frequencies, higher component densities, and the development of
novel components of increasing complexity. A consequence of these trends, made possible by improvements
in fabrication technology, is that many of the approximations used in the CAD of microwave circuits are no longer
valid. In particular, due to the very narrow strip widths
used in MMIC’s, the strip thickness, heretofore largely
neglected, may be as large as 30% of the strip width.
Moreover, because of the occurrence of underetching or
electrolytical growth during fabrication, the cross section
of the strip is likely to be better approximated by a
trapezoid than by a rectangle. It has recently been shown
[l]that these effects need to be accounted for if accurate,
and therefore reliable, predictions of performance are to
be obtained. In contrast to this, the vast majority of
published analyses of microstrip have addressed only the
situation where the strip thickness is zero, e.g. [2]-[5]. Of
the remainder, most are restricted to the case where the
strips have rectangular cross section, as described in
[61-[8]. Only very recently has the more general problem
of a microstrip with arbitrary cross section been tackled
[I], [91.
The finite-difference time-domain (FDTD) technique
has been shown to be a very versatile and effective
method for a variety of electromagnetic problems, e.g.
[lo] and ill], and, more recently, it has been successfully
applied to simple microstrip discontinuities, e.g. [1214151.
To the authors’ knowledge this method has not, so far,
been applied to a microstrip with nonrectangular cross
section, and only in 1161 has it been applied to microstrip
with finite thickness.
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In this contribution, the FDTD method is used to
analyze boxed microstrip with both rectangular and trapezoidal cross sections. It is confirmed that the exact shape
of the conductor has a marked effect on the effective
permittivity of the microstrip. Results using this method
are compared to the findings of [91 using the analytically
more complicated boundary element method, where very
good agreement is observed. The effect of adding a thin
passivation layer is also calculated and, what is important
for MMIC designs, it is found that such an addition
noticeably reduces the effective permittivity of the microstrip.
11. APPLICATION
OF THE FDTD METHOD

The application of the basic FDTD method to planar
waveguide structures has been described in several publications [13], [15] and need not be detailed here. There
are, however, a number of differences between these
published formulations and that used in this contribution
which require comment. In [13] and [141 the problem
space is theoretically infinite and terminated with an
“absorbing” boundary which simulates the effect of an
outgoing wave. In [12], [15], and [16], the problem space is
closed and terminated with electric or magnetic walls to
form a resonant structure. The former method has the
advantage that it is possible to characterize the structure
under test over a range of frequencies with a single
computer run. The latter has the advantage that there is
no requirement for absorbing boundaries which, due to
their imperfections, can reduce overall accuracy. The
latter method is employed in this paper as it is believed to
lead to a more efficient implementation.
In [13], no attempt has been made to use a nonuniform
mesh or otherwise provide special treatment for the high
field variations in the neighborhood of the strip edge.
Moreover, in [14] the same authors report that an attempt
to use a nonuniform mesh had a detrimental effect on the
accuracy of their results. This necessitated their use of a
large number of nodes (30 X 55 X 160) for a uniform thin
microstrip. In contrast to this, the results presented herein
have been obtained using a highly nonuniform mesh without any such reduction in accuracy having been observed.
The ability to use a nonuniform mesh has enabled accurate results to be obtained using a much smaller number
of nodes (12 x 20 X 36) for uniform thin microstrip.
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Fig. 2.

Cross section of a typical MMIC structure.

Microstrip with trapezoidal cross section. Dashed lines show
division into regions in the x - y plane.

Fig. 1 shows a typical microstrip structure with trapezoidal conductor cross section. The microstrip is terminated by metal walls in the x-y plane to form a resonator. The dashed lines in the figure show how the mesh
is concentrated in the regions of maximum field variation
in order to gain good computational efficiency and accuracy. In order to maintain simplicity in programming and
to avoid numerical problems, the mesh size is altered
independently in the x, y, and z directions even though
there will be an unnecessarily high density of nodes in
some parts of the box. The right-hand side of the strip
which is not orthogonal to the axes has been approximated by a series of small steps.
The form of the initial field is not critical but in order
to achieve a steady state as quickly as possible and to
concentrate the energy in the dominant mode of the
structure, E, has been given an initial value of sin(.rrz/Z),
where I is the length of the microstrip, in the volume
under the strip, all other amplitudes being set to zero.
The time stepping algorithm is run with the time step
being somewhat less than

in order to ensure stability.
Once the time sequence has been obtained, it is multiplied by a raised cosine window function and Fourier
transformed. The maximum value of the transformed
function gives the resonant frequency of the structure and
hence the effective permittivity of the microstrip. It has
been found that the time sequence needs to be around 40
cycles long at the resonant frequency in order to get
convergence to better than 0.1%. More effective means of
extracting the resonant frequency from a shorter sequence are being sought using digital signal processing
techniques in order to reduce computation time.

Fig. 3. Cross section of the FDTD mesh in the vicinity of a thin
multilayer structure,

111. INCORPORATION
OF LAYERED
DIELECTRICS
A cross section through an MMIC generally reveals a
structure of the type shown in Fig. 2. There exists, between the metallization and the GaAs, a very thin passivation layer made from Polyamide having a permittivity in
the region of 3.5 and a thickness of the order of 1% that
of the GaAs substrate. Due to the large ratio between the
thicknesses it is not practicable in the analysis to represent the passivation layer simply by reducing the mesh
size. One may, however, make use of the known field
boundary conditions at the interface of the substrates in
the following way.
For the general case shown in Fig. 3, we have

Since the gradient aH,/dx is assumed constant between
the H, nodes and since E, is continuous across the
dielectric boundaries, we can say, for any pair of adjacent
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TABLE I
REGION
SIZESUSEDFOR TRAPEZOIDAL
MICROSTRIP

layers i and j ,
aE,

1

( I ax ayI]
aHy

at = El

aH,

-

U,

In the x direction:
Region Number Region Size ( w = 3 mm) Region size ( w = 1.2 mm)

-

(3)

4

where, in general, the ,1 indicates the value of the gradient in layer k and where ck and U, are the permittivity
and conductivity of layer k . Rearranging yields
aH,
ay

i, + (

ei aH,

ay

5
In the y direction:
Region Number

Region Size

0.335 mm
0.3 mm
0.3 mm
4
0.3 mm
5
5.765 mm
In the z direction all regions were one sixth of the resonator length.
1

1--

aHy

E-

~-

ax

E:.)

(

'i

u - - - u - E, (4)
Ej

I )

and if SH, is the difference in H , between the two
nodes, we can say
SH,

=

Ed,---

2
3

TABLE I1
REGION
SIZESUSEDFOR INFINITELYTHINMICROSTRIP
In the x direction:
Region Number

where d i is the thickness of the ith layer.
Letting j = 1 in (4) and substituting ( 5 ) we get

1
2
3
-I

0.3 mm
0.3 mm
0.3 mm
4.1 mm

0.9 mm
0.3 mm
0.3 mm
0.3 mm
3.2 mm

1
2
3

=

In the y direction:
Region Number

Region Size
1.25 mm
0.50 mm
3.25 mm
Region Size

0.335 mm
0.3 mm
0.3 mm
4
0.3 mm
5
5.75 mm
In the z direction all regions are one sixth
of the resonator length.
1

(6)
Substituting in ( 3 ) we finally get
SH,

-

-PI
aHY

ax

+ EzP3

2
3

p2

where

P,

showing that, in agreement with Zhang and Mei 1131, it is
possible, in this simple case, merely to use the average
value of the dielectric constants in the standard finite-difference formulas.
Similar considerations apply to the calculation of the
tangential H field if the permeabilities of the material are
different.

E.

=

E d i l
i

€1

This simply requires that (7) be used in place of the usual
finite-difference formula when calculating the value of E,
at a dielectric boundary.
In a similar manner a formula may be derived for the
values of E, on the dielectric boundaries.
For the simpler case of an interface between two layers
and zero conductivity, such as the air-dielectric interface
of standard microstrip, (7) reduces to
--

. (8)

Furthermore, if d , = d , = S y , we get
aE,
2
aHy aH,
--

at

-

(ax .y)
-

(9)

IV. RESULTS
The structure shown in Fig. 1 was analyzed using a
nonuniform mesh with the maximum node density in the
areas of maximum field variation. The dashed lines in the
figure show the region boundaries. Tables I and I1 show
the sizes of the regions used; each region contains 4 X 4 X 4
nodes. In Fig. 4 the propagation constant of the structure
is shown as a function of frequency for an infinitely thin
strip and for trapezoidal strips with corner angles, a, of
45" (underetched), 90" (rectangular), and 135" (electrolytic
growth). Where available, the results are compared with
those obtained by Michalski and Zheng [9], who used the
mixed potential integral equation (MPIE) for open microstrip. The results can be seen to be in very good
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agreement. The differences in the results which can be
seen at low frequencies would be expected since those
from [91 apply to open, rather than boxed, microstrip.
Similar results are shown in Fig. 5 for the same geometry
but with a strip width of 1.2 mm.
Fig. 6 shows the variation of permittivity with strip
thickness for a rectangular strip at a number of frequencies. Also shown, for comparison purposes, is the empirical correction given by Edwards [17]. It can be clearly
seen that there is considerable discrepancy between the
quasi-static formula and the rigorous solution, especially
at large strip thicknesses and at high frequencies. It can
also be seen that the effect of finite strip thickness be-

comes less as the frequency increases. This is in agreement with recently published results [71.
Fig. 7 shows the effect of a thin buffer layer under the
metal strip. Exactly the same mesh has been applied as in
the case without a buffer layer. It can be seen that the
propagation constant is noticeably reduced by even a thin
buffer layer.
V. CURRENT
DISTRIBUTION

Significant interest has been shown in the literature
concerning the distribution of current in a microstrip. In
the work of Uchida et al. [18], for example, it is pointed
out that there is a disagreement between the currents
predicted by different methods. By examining the H field
around the strip predicted by the FDTD method it is
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possible to calculate the transverse and longitudinal components of current. Fig. 8 shows the longitudinal current modern MMIC structures are required. It has been shown
predicted by FDTD. The current distribution was also that the FDTD technique is capable of treating microstrip
calculated using a variational method [5], with the un- with a general cross section and producing accurate reknown current expanded in a series of weighted Cheby- sults. Work is proceeding to extend the treatment to
chev polynomials which incorporate a singularity of discontinuities in microstrip with general cross section.
strength -0.5. It can be seen that the currents predicted
by the two methods are almost indistinguishable. Due to
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