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Abstract

This thesis is devoted to two topics in Analytic number theory, namely, that
of Waring type problems in thin sets and mixed moments of the Riemann zeta
function.

We begin by examining the expected asymptotic formula of the represen-
tation function in Waring’s problem over sums of three cubes, both with and
without multiplicities, thereby establishing its validity in the former case and
deriving a lower bound in the latter.

A separate discussion is devoted to the investigation of the above setting
for small exponents. We obtain upper bounds for the number of variables
needed to represent every sufficiently large integer in the prescribed way for
the exponents 2,3 and 4. We make use of the minor arc analysis in the case
k = 2 and combine it with an intrincate major arc counterpart to deduce an
almost all result for the analogous Lagrange’s four-square theorem where the
variables are restricted to the sums of three cubes.

We complete the circle method part of the thesis by examining the anal-
ogous problem in which the sums of three cubes are replaced by sums of ¢
positive [-th powers, the desired objective in such a context being the ac-
complishment of some uniformity in the number s of variables needed. Those
considerations are discussed and partially achieved when ¢ lies in two particular
ranges.

The second part of the thesis comprises the investigation of mixed third
moments of the Riemann zeta function. We establish an asymptotic evalu-
ation of the moment at hand in three different situations: one in which the
corresponding coefficients are rational numbers in a suitable range, another
one in which the coefficients are linearly independent over Q, and the last one
in which one of the coefficients equals minus the other one. In certain cases

we are able to provide explicit account of lower order terms.
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Chapter 1

Introduction

1.1 Diophantine problems and diagonal equa-

tions

Since its first appearance in 1918 in investigations of Hardy and Ramanujan
[54] concerning the asymptotic evaluation of the partition function, which we

define as the number of ways of writing a natural number n as
n=ax+...+xj, z; €N, 7eN

where 7y < 2 < ... < z;, the circle method has been one of the most
powerful exploited techniques in the analysis of problems of additive nature
in the theory of numbers. From its very early stages, it has been employed in
various different areas of analytic number theory and has become a prominent
tool in the analysis of diophantine equations, which are polynomial equations
over the integers. The subsequent developments and refinements of it have led
to noteworthy advances in the understanding of solutions of general systems
of homogeneous equations, providing remarkably satisfactory results in the
instance when the number of variables of the corresponding polynomials is
quite large with respect to the degree of those polynomials.

In the analysis of diophantine equations with fewer variables one often en-
counters situations in which the number of solutions, if any, is expected, or
at least conjectured to be small. Under such circumstances then algebraic

geometric arguments are often employed to derive such conclusions. We take



this opportunity to draw the reader’s attention to the relatively recent cele-
brated resolution of Fermat’s Last Theorem [160], which states that no triple

(7,9, 2) € N? satisfies the equation

oyt =2"
for n > 3, or Faltings’ theorem [41], which proves the finiteness of the rational
points of curves of genus greater than 1 defined over a number field, to provide
some of the most prominent results wherein the aforementioned approach has
found success. In contrast, when the number of variables is reasonably large
then one usually expects to have many solutions, and succesful applications
of the circle method when attempting to shew the existence of any of those
often achieve so by actually providing strong lower bounds in the number of
solutions of the corresponding systems of equations.

For the sake of transparency and further convenience we introduce for fixed
k > 2 and a; € Z, not all with the same sign whenever £ is even, the collection
of equations

amrt 4. 4 axt =0, z; € N,

which we will henceforth refer to as diagonal equations. Of particular interest
among the diophantine problems are these equations because of their connec-
tion with problems in additive number theory and because the results involving
those may be applied to obtain non-trivial consequences concerning the reso-
lution of more general systems of homogeneous equations and the density of
rational points on algebraic varieties. It is also worth noting that the devel-
opment of the techniques to obtain sharper results in the analysis of diagonal
equations entails refinements of estimates for some exponential sums which in
turn deliver bounds for fractional parts of polynomials and have implications
in the theory of equidistribution. Likewise, progress in the resolution of these
equations often relies on improvements in estimates of mean values of those
exponential sums which in turn might have applications for other subjects in
analytic number theory.

It seems appropiate to remark that the extensive investigations by scholars
concerning diagonal equations in many variables via the circle method have
led to some of the most formidable results attained by the approach thereof,

and the first three chapters of the present memoir will be primarily devoted



to the analysis of problems involving those. For the purpose of illustrating the
history of the aforementioned equations we shall give an exhaustive account of
the main results within this circle of ideas in the next sections.

Nonetheless, there has also been a considerable amount of work devoted to
the analysis of diagonal equations in which the number of variables is reason-
ably small as compared to the degree of those, and herein other analytic and
algebraic geometric methods play a not unimportant role. When the equa-
tions in hand are symmetric, a consideration of a handful of examples lends
credibility to the belief that there are fewer solutions other than the diago-
nal ones, and we should note herein that establishing such a result is called a
paucity problem. Albeit the following list that will be presented shortly does
not pretend to give account of all of the problems pertaining to the situation
at hand, it is convenient to mention first excursions concerning, for £ > 3, the
asymptotic evaluation of

oy +af =yl + b,

where x1,z9,y1,y2 € N, and connected problems involving the estimation of
the cardinality v(x) of the set of integers up to = which have more than one
representation as a sum of two k-th powers. We find it appropiate to refer the
reader to the series of memoirs of Hooley [66], [67], [68], [69], [72] that shew the
bound v (z) = O (x%/3%+) by employing sieve methods in conjunction with
Deligne’s estimates. It is also worth mentioning the papers of Greaves [47], [48],
which establish a weaker bound by utilising Weil’s estimates instead, and the
work of Skinner and Wooley [125], which sharpens Hooley’s estimate by making
use of an elementary argument relying on a result of Bombieri and Pila [11]
for counting integral points on curves. The current best bound for large k due
to Browning [17] is of the shape v (z) < 22/?¥*¢ and is based on an argument
of Heath-Brown [64] concerning the number of rational points on curves in the
projective space. For the sake of completeness, though, we refer the reader to
further refinements of Browning and Heath-Brown [19] and Salberger [122] for
intermediate values of k.

We also find it convenient to mention the result of Browning and Heath-

Brown [18] on the investigation of the number of solutions of the equation

o +as+af=af +al+af, 1<z, <P



By making use of ideas concerning lattice points in conjunction with algebraic
geometric arguments, the aforementioned authors show that the cardinality of
the set of off-diagonal solutions is o(P?) whenever k > 33. As a consequence,
they derive an asymptotic formula for the cardinality of numbers that are
expressible as sums of three k-th powers, improving upon an earlier approach
of Wooley [166] employing the circle method. It is worth mentioning the
work of Salberger [121], wherein he derives the same conclusion for k£ > 25.
Salberger and Wooley have further obtained the paucity of diagonal solutions

of the equation

m’f+...+xf:xf+1+...+xlgs, 1<x; <P

in the instances when k > (2s)%.

It may also seem appropiate to illustrate our exposition by considering the

connected problem concerning the system of equations
k k k k k k
.1'1+.1'2+£L'3:334+.1'5+376,

T1+ T2 + X3 = T4 + X5 + g,

where 1 < x; < P, and herein we shall mention the work of Greaves, who
deduced that the cardinality of the set of non-diagonal solutions thereof is
O(P'7/6+), Skinner and Wooley [126] sharpened this to O(P¥/3+1/(k=D+e) ip
a subsequent paper by generalising the methods employed in [125]. These
bounds have now been superseded by the work of Salberger [120], which yields
O(P%/**¢) for k > 6. As was mentioned earlier, the focus of the present memoir
is on the instance where the circle method is applicable, and we shall not discuss

the above situation again in our work.

1.2 Waring’s problem

The first explicit mention of the simplest case of Waring’s problem proba-
bly dates back to the 3rd century AD in the hellenistic mathematics treatise
Arithmetica. Although Diophantus claims therein to know how to prove that
every natural number can be written as a sum of four squares, it wasn’t until

1770 that a rigorous proof was written down by Lagrange, even Euler and Fer-



mat failing to find success on such a problem. We refer the interested reader
to [55], [104], [106] for different proofs of the theorem.

On that same year, Waring conjectured a generalization of the above by
asking whether for fixed £ € N there exists a number s depending on k for

which every natural number is expressible as
n=ax4.. . +aF (1.2.1)

for non-negative integers x;. On denoting by ¢(k) to the minimum such s,
if it exists, he further claimed without proof that g(2) = 4 (which was a
consequence of Lagrange’s theorem), ¢(3) = 9, g(4) = 19 and so on. By the
end of the nineteenth century though, the existence of g(k) was only known for
a handful of exponents, and it wasn’t until 1909 when Hilbert [65] proved it for
all k£ by using a combinatorial argument relying on some intrincate polynomial
identities.

Very shortly after that breakthrough, Wieferich [159] and Kempner [90]
showed that ¢(3) = 9, the statement g(4) = 19 being established by Balasub-
ramanian, Dress and Deshouillers [4], [5] in 1986, the identity ¢(5) = 37 by
Chen [24] in 1964 and ¢(6) = 73 by Pillai [109] in 1940 . Before giving account
of the progress being made concerning the evaluation of g(k) for general k£ and
for the purpose of merely illustrating such a discussion, we find it appropiate

to observe that the number

=G|

satisfies n < 3*. Consequently, the most economical way of expressing n as a

sum of k-th powers would only involve 1 and 2* as summands and would yield
the bound

k) > Kgﬂ ok 2,

Moreover, after the work of many mathematicians, it is now known that the

above inequality is an equality whenever

2"{(3/2)"} + [(3/2)F] < 2*. (1.2.2)



If the above conclusion does not hold then

g(k) = 2"+ [(3/2)"] + [(4/3)"] -9,

where 6 is 2 or 3 depending on whether

L(4/3)*I1L(3/2) | + L(4/3)"] + 1(3/2)"]

equals or exceeds 2F respectively. It also seems appropiate to mention that
condition (1.2.2) does not hold only for at most a finite number of cases (see
Mabhler [99]), and that the work of Kubina and Wunderlich [91] yields (1.2.2)
whenever k£ < 471,600, 000. Describing the long history of contributions in-
volving such evaluations is hardly the point of this discussion, whence in the
interest of curtailing our digression we refer the reader to [39], [40], [105], [151].

In view of the above discussion it transpires that the function g(k) is de-
termined by the behaviour of small k-th powers. The more modern variant
of the problem avoids that limitation by seeking to minimise the number of
variables to represent instead every sufficiently large number. We denote for
further convenience by G(k) to the smallest positive integer s for which every
sufficiently large integer can be written as a sum of s positive k-th powers.
It appears at first glance that a consideration of the representation of small
values of n, as discussed above, already delivers robust lower bounds on g(k).
The problem then reduces to show via the circle method that the numbers
larger than that already considered are expressible employing at most that
many variables, whilst the only lower bounds for G(k) that one may deduce
esentially arise from local solubility constraints.

It seems apparent that the latter framework is much harder, and as will
be detailed shortly, matching the upper bounds deduced via the circle method
with the lower ones stemming from the local solubility analysis lies beyond the
reach of current technology in most of the cases.

As a prelude to our forthcoming discussion we find it appropiate to briefly
mention the results available on the literature concerning the evaluation of
G(k). It might be worth noting first that Lagrange’s theorem for squares
in conjunction with the observation that a sum of three squares cannot be
congruent to 7 modulo 8 already delivered G(2) = 4. In 1939, Davenport [30]
incorporated the exponent k = 4 to the above list by shewing that G(4) = 16



employing a sophisticated version of the diminishing ranges argument. In fact,
his proof is accomplished by deriving a suitable minor arc estimate involving
14 variables, and so the latter author further deduces that every large positive
integer not congruent to 15 or 16 modulo 16 is expressible as a sum of at
most 14 biquadrates. The enthusiast reader shall be referred to the work of
Vaughan [137], [139] or Kawada and Wooley [87] for further refinements in the
above setting within this circle of ideas.

Nevertheless, the above evaluations are the only ones known, and the cur-
rent best upper bounds for G(k) obtained via the circle method are still quite
far from the conjectured values. In order to describe the history of the progress
and sharpening of the estimates for the aforementioned function rather pre-
cisely, we feel obliged to provide to the reader with a gentle introduction to the
Hardy-Littlewood method, which we defer to the next section. Nonetheless,
it is worth mentioning the bound G(3) < 7 obtained by Linnik [96] in 1943
avoiding the use of the circle method. We shall not give an overall account
of recent progress in the understanding of sums of cubes herein, but never-
theless we content ourselves to mention that Vaughan [140] further deduced
a lower bound on the number of representations of large positive integers as
sums of seven cubes of the expected order via the circle method by combining
a sixth moment estimate involving cubes obtained in [139] in conjunction with
ideas from [136] and a delicate analysis. Wooley further simplified the proof

to obtain such upper bound by refining the aforementioned estimate in [166].

1.3 Notation

We will give an overview of the most basic approach to Waring’s problem util-
ising the Hardy-Littlewood method promptly, but for the sake of preciseness
some basic notation which will be used throughout the entire memoir is re-
quired. For functions f(¢) and g(t), the abbreviation f(¢) < g(t) will mean as
is customary that there exists some constant C' > 0 for which | f(t)| < Clg(¢)],
and f(t) > g(t) will denote the inequality |f(t)] > C|g(t)| (this is often re-
ferred to as Vinogradov’s notation in the literature). We will also write A < B
when A < B < A. Whenever the symbols <, > or =< appear in the re-
strictions pertaining to a sum it will mean that the corresponding tuples are

subjected to the underlying inequality for some particular choice of the implicit



constant, the precise value not having any impact in the subsequent estima-
tion. As usual in analytic number theory, for each € R then e(z) will mean
exp(2miz), and for each natural number ¢ then e(x/q) will be written as e,(x).
We will write a <V < b for V = (vq,...,v,) when a < v; <bfor 1 <i<n.
When e appears in any bound, it will mean that the bound holds for every
e > 0, though the implicit constant then may depend on €. We adopt the
convention that unless specified, whenever we write ¢ in the computations we
mean that there exists a positive constant ¢ for which the bound holds. We
write p”||n to denote that p”|n but p"™! { n. The function ||z|| denotes the

distance to the nearest integer.

1.4 The application of the circle method to

Waring’s problem

We begin our discussion by fixing first s,k € N, taking a natural number n,
which the reader should think of as being large, introducing the parameter

P = n'* and considering the representation function
Rsx(n) = Card{(xl, coax) ENFL op=ab 4 +x§}

The circle method employs Fourier Analysis to obtain quantitative informa-
tion about the above function, and in order to illustrate this idea we find it

convenient to introduce the Weyl sum

fla) = Z e(ax®). (1.4.1)

1<z<P

Then by employing the basic orthogonality relation

! 1 when h =0
/0 e(ah)da = { 0 when h € Z\ {0} (1.4.2)

we obtain the identity

Rux(m) = [ flaye(-an)da.



which expresses R, ;(n) in terms of the n-th Fourier coefficient of f(«)®, whence
it transpires that controlling R; x(n) amounts to understanding the behaviour
of the exponential sum f(«). We will shortly provide the reader with an
overview of the ideas to analyse the above integral, but first we find it appropi-
ate to mention that assuming that integers of the same size should have similar

number of representations then one would expect to obtain R, (n) =< n¥/*1,

It might be worth noting first that on taking a/q for a,q € Z with 0 < a < ¢
and (a,q) = 1 then by sorting the terms into arithmetic progressions modulo

q one finds that
q

f(afg) = § S e(ar*/g) + O(q).

r=1
Consequently, assuming that the sum involved in the above expression is non-
zero, it appears at first glance that whenever ¢ is sufficiently small then the
above equation is an asymptotic formula and implies that | f(a/q)| is fairly big,
and one expects to derive a similar conclusion for « close to rational numbers
with small denominator. If, on the contrary, a does not satisfy the above
property then one would expect the argument az* to be distributed rather
randomly modulo 1 and hence to obtain plenty of cancelation when summing
over .

Motivated by such an observation, we will dissect the unit interval into
major arcs, which will be sufficiently narrow intervals centered at rational
numbers with small denominator, and minor arcs, which will be the comple-
ment of those. The above discussion then lends credibility to the expectation
that the main contribution to the integral will be arising from the major arcs.
History enthusiasts may find it interesting to know that such a terminology
stems from the original treatment of Hardy and Littlewood involving the use
of Cauchy’s integral formula to express R,(n) as a contour integral over a
circumference on the complex plane.

In order to put these ideas into effect, we take § > 0 to be a small parameter,
consider a € Z and ¢ € N with 0 < a < ¢ < P° and with the property that

(a,q) =1 and introduce

M(a,q) = {a €[0,1): Ja—a/q| < %6}

We define the major arcs 9 to be the union of the above intervals, and the mi-

10



nor arcs will then be m = [0, 1)\ 9t. We also introduce, for further convenience,

the auxiliary functions

i P
=Y elart)  w@) = [ eprn
r=1 0
We take v € M(a, q) and write a = a/q + . Then, by sorting the terms into

arithmetic progressions modulo ¢ one obtains

q

fla)y=> e(ar*/q) > e(Bah).

r=1 <P
z=r (mod q)
It transpires that the derivative of the argument inside the inner sum on the
above equation is fairly small, whence an application of Riemann-Stieltjes in-

tegration already suffices to obtain the asymptotic relation

fle) ~q'S(q,a)v(B).

We find it appropiate to mention that a slightly more sophisticated approach
involving a truncated version of Poisson summation formula in conjunction
with estimates for complete exponential sums delivers an error term of the size
O(¢*/**¢) in the above formula.

Integrating over each individual arc and summing over pairs (a, q) satisfying

the above properties we deduce that
/ f(a)*e(—an)da ~ &(n, P°).J(n; P?)
m

where
q

(n; P°) = Z Z “e(—an/q)
q<p? (a; 1

and

J(n; P7) = /m ez

A careful analysis of the exponential sum S(q, a) reveals that whenever (a, q) =
1 then
S(q,a) < ¢ 7%,

11



which already suffices to provide, for s sufficiently large in terms of k, the

convergence of

&n)=>_ > (¢7'S(q.a))’e(~an/q),

the bound &(n) < 1 and the asymptotic relation &(n; P?) ~ &(n). The
reader may find it useful to mention that &(n) is often referred to as the
singular series. It is a noteworthy feature that by using the multiplicative
nature of the terms inside the series in conjunction with the bounds for S(g, a)
already mentioned and some basic orthogonality relations one may write it as

the infinite product

&(n) =),

where the local factors o(p) are defined as

o(p) = }}Lrgoph(l_s)card{(xl, oxs) € (Z/p"Z)7 2+ 42k =n (mod ph)}.

Using some elementary combinatorial arguments one can derive a lower
bound for the function inside the above limit not depending on h whenever
s > 4k, and a refined estimate for S(g, a) when one restricts ¢ to prime powers
combined with the previous observation delivers the lower bound &(n) > 1.
We should note that the analysis of the congruence problem, often referred to
as local solubility analysis, can be further refined to obtain sharper conclusions
concerning the restriction on s. In particular, every bound for G(k) that
we mention in the discussion will embody these local solubility refinements
in order to ensure that the estimate &(n) > 1 holds, but we shall not give

account of those henceforth.

Likewise, a simple argument involving integration by parts yields the bound

P

N (T

The above estimate already delivers the convergence of the singular integral,

which we define by

s = [ " w(B)e(—pn)dp,

o0

12



subject to the condition s > k + 1, and provides the asymptotic relation
J(n; P°) ~ J(n). Tt follows from Fourier’s Integral Theorem that

CTA+1/k)° ey
U s vy

whence by the preceding discussion one gets

a)’e(—an awwns/k_l n
| steyel=andn ~ S 6 (),

We should remark that by employing all of the refinements mentioned
throughout the above discussion, the above formula can be established when-
ever s > max(b, k + 1). It transpires then that the major arcs are rather well
understood and the restrictions in the number of variables stemming from the
corresponding analysis thereof are essentially optimal. In contrast, the minor
arc toolbox available is somewhat more limited, and any refinements on upper
bounds for G(k) essentially have their reliance on developments in the minor
arc machinery. In what follows we shall give a brief account of the history of
the progress in the minor arc analysis in connection with Waring’s problem for
large k.

Our journey begins in 1916 with the pointwise bound

sup|f(a)] < P

acm

obtained by Weyl [157] employing his Weyl differencing technique. This non-
trivial saving in conjunction with a near-optimal bound for the 4-th moment
of f(a) stemming from an elementary divisor estimate argument and a refined

major arc analysis already suffices to deduce the upper bound
G(k) < (k—2)2F 1 +5,

which was accomplished by Hardy and Littlewood [51]. In 1938, Hua [73]
further exploited the Weyl differencing ideas and incorporated them to the

analysis of mean values over the unit interval, thus obtaining

/ f (@) da < P¥ it (1.4.3)
0
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whenever 1 < j < k. Combining the above equation with the pointwise bound

earlier mentioned one obtains for s > 2% + 1 the estimate

s—2k 1
/’ﬂo‘)‘sda < (SUD\f(Oé)D i /0 ()| da < Psh2rore,

acm

The preceding discussion in conjunction with the above major arc discussion

then yields

/0 fla)’e(—an)da ~ G(n)%ns/k_l, (1.4.4)

which in turn implies the bound G(k) < 2%+ 1 attributed to the latter author.

1.5 Large sieve inequality

The western modern approach of problems within this circle of ideas often re-
lies on the application of the large sieve inequality, whence it has been thought
pertinent to defer the above description on the progress in Waring’s problem
in order to have first a separate discussion about the proof and use of such a
powerful utensil. Its first appearance on the stage dates back to the work of
Linnik [95] on estimates for the cardinality of sets of natural numbers miss-
ing some congruence classes modulo a prime number for a given collection of
primes. The modern shape of the large sieve is also applicable to the latter
setting but is stated in a more general framework involving L2-type estimates
and has proved to be a very robust tool in many other contexts in analytic
number theory. In order to describe the statement of the inequality at hand,
we introduce first for M, N € Z with N > 1 and a sequence of real numbers

(¢n) the trigonometric polynomial
M+N
T(x)= Z cpe(ne).
n=M+1
Theorem 1.5.1. (Large sieve inequality) Consider 6 > 0. Let R € N and let
z, (1 <r < R) be a set of real numbers with the property that

|z, — x|| >0, r £ s.

14



Then one has
M+N

Z|T )P SCIN+67) > el

n=M+1

for some constant C' > 0.

For the purpose of illustrating our exposition with the circle of ideas un-
derlying such inequalities we will shortly provide a sketch of the proof of the
above theorem, but we should note first that if R = 1 and ¢,, = e(—nx;) then

the equality

R M+N
DT =N Y el
r=1 n=M+1
holds. Similarly, a simple computation involving orthogonality reveals that
M+N
/ Z|T r+7/R)|*dr = R Z lcal?,
n=M+1

whence an application of the mean value theorem yields the existence of some
x € [0, 1] for which

M+N

Z|T r+7/RIP>=R Y el

n=M+1

The reader may note that the corresponding set of R points are R~! spaced
apart modulo 1. In view of the above discussion, it transpires that Theorem
1.5.1 as currently stated is sharp (up to a constant). It might also be convenient
to observe that it is a noteworthy feature that whenever N is significantly
smaller than 6! then the diagonal contribution esentially dominates over the
non-diagonal one.

We find it desirable to mention that the first appearance of such a formula-
tion in the literature dates back to Davenport and Halberstam [34] in 1966, who
delivered the above inequality with & max(6~*, N) replacing C(N+6"). This
bound was ultimately improved independently by Montgomery and Vaughan
[100] and Selberg [124], that replaced the aforementioned factor by (N +4§71),
which in view of the preceding discussion is essentially best possible (see
Bombieri and Davenport [9] for some intermediate results). Because of its
simplicity, we shall prove herein a version of the above due to Gallagher [45].

To this end we shall include first a technical lemma.
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Lemma 1.5.1. (Sobolev) Suppose that a,b € R with a < b and f : [a,b] — C

has a continuous derivative. Then one has

() < [ [ 1@

Proof. We observe first that integration by parts yields

/(b f(x>dx:b;af(“;b)—/(b F(2)(x - b)de

a+b)/2 a+b)/2

and

(a+b)/2 h— b (a+b)/2
/a f(z)dz = 2af<a—2|— ) —/a f(x)(x — a)d.

Therefore, summing the above equations, taking absolute values and ap-

plying the triangle inequality delivers the desired result. O]

Proof of Theorem 1.5.1. For the purpose of getting a sharper constant in the
inequality at hand it is desirable to introduce the parameter K = M + 1+ L%J
and write T'(z) = e(Kz)U(x), where

N—-|&]-1

Ux) = Z Cnixe(ne).

n=—| %]

It will therefore suffice to bound the mean square of U(x) instead. Indeed,
Lemma 1.5.1 applied to U(z)? yields

xr+5/2 R Tr+0/2
Z|U z,)? <6 Z/ z)] da:+Z/ U (2)U' ()| da
—5/2 r—1 Y Tr—6/2
< 51/ U (x)|*dx —|—/ \U(x)U'(x)|dz, (1.5.1)
0 0
where in the last line we used the spacing conditon modulo 1 of the sequence
(x,). It then transpires that orthogonality delivers
M+N

/|U Pdr= 3 el

n=M+1
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and

1 M+N
[ W@l < @ve 3
0 n=M+1
Moreover, Cauchy’s inequality in conjunction with the above lines yields
1 1 1/2 1 12 M+N
[ W@l ([ waee) ([ repa)” < ol
0 0 0 n=M+1
whence by the preceding discussion one obtains
R M+N
DT )P < (@N+67Y) Y el
r=1 n=M+1

as desired.

The use of the large sieve inequality plays a prominent role in the analysis
of pointwise estimates of exponential sums, and we shall give an account of
how these ideas have been put into effect in the scene of the refinements on the
estimates for G(k) in the next section. It also seems appropiate to mention that
the use of the large sieve inequality is of great importance in Chapter 4, whence
we find it worth sketching how the application of such a utensil ultimately leads
to pointwise bounds for Weyl sums since our treatment herein is inspired by
the argument utilised in that context. To this end, a generalisation of the
large sieve inequality for [ dimensions, whose proof is slightly more intrincate,
is required. It has been thought preferable to include instead Gallagher’s
proof of the one-dimensional version for the sake of prioritising concision over
completeness since it already suffices to illustrate the underlying principles.

The aforementioned [-dimensional version of the large sieve (see [141] for a
simplified proof) is due to Huxley [77] and Wilson [161] and was originally con-
ceived to extend earlier sieve type bounds and other related results involving

the distribution of primes in arithmetic progressions in the context of number

fields.

Theorem 1.5.2. Let | > 2 and take 0; > 0 for 1 < j <. Suppose that T is a
non-empty set of points v € R' with the property that for each v, € T’ with
~v # v the inequality

1y =l > 65

holds for at least one j < I, where ~;,v; denote the j-th component of the
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corresponding vector. Take natural numbers N; for 1 < j < 1. Let N denote
the set of integer tuples n = (ny,...,n;) with 1 < n; < N; and consider the

weighted exponential sum

S(a) = Z cne(n - a)

neN
for complex numbers c,. Then one has

l

Y ISOE < Y lealP [TV +6;7).

~el’ neN j=1

Equipped with such a result we are ready to sketch how to derive pointwise
bounds for Weyl sums employing mean values of such sums. To this end we
define, for any integer x € N and fixed k € N the vector v(z) = (z,2?,...,2%)
and consider, for a € [0,1)* the Weyl sum

frla) = ela-v(x)). (1.5.2)
We also take, for convenience, the mean value
JalP) = [ Ifuleda (1.5.3)
[0,1)%
We further introduce a set
M e [1, P, M = card(M),

and observe that for any m € M then one has

fle) = 3 elavlw—m) = [ gm.5) 3 e(=pyas
where op
g(m, ) = Z e(a-v(x —m) + fx),

and where in the last step we applied orthogonality. Therefore, averaging over
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the set M yields

frlo) < M7 sup |g(m, B)] mmPHﬁH hdg

me/\/l’Beo1
< M~ tlog(2P) sup Z|g B)]. (1.5.4)

pelo,1) meM
It seems pertinent to observe that
k
o v(ix—m)=opz” + v (z) - y(m) + Z(—m)ﬂaj,

J=1

where y(m) is a (k — 1)-tuple whose entries are polynomials on m. We also
define, for further convenience and n = (ny,...,n,_1) € N¥71 the complex

numbers

a(n) = Z e(ak(x'f+...+xf)+ﬁ(x1 —i—...+x5)),

TlyeesTs

where in the above sum the variables x; € N satisfy the system of equations
h ho_
i+ .o +ai=n, (1< h<k-1).

It then transpires that an application of Holder’s inequality in (1.5.4) delivers

)

fel@)* < MM (1og(2P)* >~ |3 a(n)e(1(m) - n)

meM n

where in the above line . = (ny,...,ng_1) runs over integer tuples satisfying
1 < ny, < sP". It may be noticeable that the right side of the above inequality
is eager to be estimated by the (k — 1)-dimensional version of the large sieve
inequality. For the purpose of avoiding a prolix discussion we refer the reader
to Chapter 5 of Vaughan [141] for the verification of the spacing condition
of the vectors v(m), and confine ourselves to state without proof that for a
suitable choice of minor arcs m and set M satisfying card(M) =< P one can
verify that the latter condition holds for §, = P~". Therefore, by the preceding

discussion in conjunction with Theorem 1.5.2 one has that whenever ¢ € m
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then

| (@) < (log(2P))* PHEZDTEN "o () ?
< (log(QP))Qst(kfl)/Qfl Js,k:fl(P>7

where we remind the reader that J;_1(P) was defined in (1.5.3). We find it
appropiate to mention that whenever s > k(k — 1)/2 then it is a consequence
of the recent resolution of the main conjecture in Vinogradov’s mean value
theorem [15] that

Jopr(P) < P2ME=D/2+e

whence taking s = k(k — 1)/2 in the above equation and combining such an

estimate with that of the preceding line yields, for ¢ € m, the bound
fk:(a) < Pl—l/k(k—l)-i—a’

as desired. The reader shall rest assured that the next subsection will be
partially devoted to give account of the history of Vinogradov’s mean value

theorem.

1.6 Developments in the minor arc machinery

1.6.1 Asymptotic formula in Waring’s problem

We should remark first that all of the approaches mentioned in the minor
arc analysis in Section 1.4 further deliver an asymptotic formula for the rep-
resentation function, and thus find it desirable to have a succinct discussion
describing the refinements in the number of variables to secure the validity
of such a formula. To this end we define for convenience by G(k) to the
smallest s for which (1.4.4) holds. Then, as was noted above, Hardy and Lit-
tlewood [51] obtained the bound G(k) < (k —2)2¥~1 45, and Hua improved it
to G(k) < 28+1. The latter bound was further refined by Vaughan [136], [138]
by showing that G(k) < 2¥ whenever k > 3. By utilising a stronger version of
the estimate (1.4.3) due to Heath-Brown in conjunction with ideas from [136]
then Boklan [7] accomplished the sharpening of the aforementioned bound
and obtained G(k) < 7-2*3 whenever k > 6. It is a noteworthy feature
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that hirtherto the foremost bounds for 3 < k£ < 5 are those of Vaughan, while
the work of Boklan yields the current best one when k£ = 6. For intermediate
values of k the reader shall be referred to [8], [107] [177] in the interest of
curtailing the exposition.

For larger k, Vinogradov’s mean value theorem plays a prominent role,
whence for the purpose of illustrating our discussion we shall introduce the
corresponding formulation and elucidate its relevance to the problem at hand.
To this end, we find it pertinent to draw the reader’s attention to the defini-
tions of fy(a) and J,x(P) in (1.5.2) and (1.5.3) respectively. A simple argu-
ment employing orthogonality and the triangle inequality in conjunction with
the consideration of the diagonal solutions already delivers the lower bound
P2=kkt)/2 4 ps <« ], (P), and leads to the question on whether the estimate

Js,k(P) < Ps-i—a_f_PQs—k(k—l—l)/Q,

often referred to as the main conjecture in Vinogradov’s mean value theorem,
holds or not. The problem of estimating J,;(P) has an extensive history
which we shall shortly and briefly give account of herein and dates back to
Vinogradov [148], but for the time being we find it worth noting first that on
recalling (1.4.1) and using orthogonality then

1
/]f(a)|25da: 3 / (@) Ee(—apamp s — . — oy )dax
0 |n1\§sP1 [Ovl)k
< PREDR2O(P). (1.6.1)

The reader may recall that progress in the investigation concerning the asymp-
totic formula at hand esentially hinges on refinements on the estimates for the
mean value on the left side of the previous equation, whence in view of the
above line of inequalities it transpires that sufficiently strong bounds for J; x(P)
deliver robust estimates for such a mean value which would ultimately lead to
establish the validity of such a formula.

Estimates for é(kz) employing these circle of ideas were provided first by
Vinogradov [148], who accomplished the bound G(k) < 183k%(log k + 1)2. By
improving the estimates for Vinogradov’s mean value theorem, Hua [75] refined
the latter to G(k) < (4 + o(1))k*log k. Meanwhile, the work of Linnik [97],
Karatsuba [85] and Stechkin [131] led, whenever s > k to the satisfactory
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bound
Js k(P) < P237%k(k+1)+775,k

where 17, x = 2k?(1 — 1/k)*/*]. The reader may find it worth noting that with

this notation then a combination of the above bound and (1.6.1) yields

1
/ |f ()P da < PP FHmek,
0

Wooley [163] further refined this estimate by showing that, roughly speaking,

~25/K* wwhenever s < k2logk and 1, ~ (log k)?e~3s/2*

one may take 7, ~ k2e
for s > k?logk, and managed to accomplish G(k) < (2 + o(1))k*logk by
employing such an improvement in conjunction with standard techniques and
the large sieve inequality. In a later memoir, Ford [42] combined such a bound
with a more recondite framework of ideas involving an iterative argument rem-
iniscent to that of Wooley [165] in order to establish G(k) < (14 o(1))k?log k.

Progress concerning Vinogradov’s mean value theorem and the asymptotic
formula remained stubborn until the seminal work of Wooley [172] and the
introduction of his new efficient congruencing technique, which established
the main conjecture for the range s > k(k + 1) and the corresponding bound
G(k) < 2k* + 2k — 3. The interested reader shall be referred to the paper
of Ford and Wooley [43] or Wooley [173] for the purpose of having a better
understanding of subsequent improvements within this circle of ideas. We
also find it worth drawing the reader’s attention to minor refinements in the
bound for G/(k) accomplished in work of the latter author [171] by making use
of the progress available at the time in Vinogradov’s mean value theorem in
conjunction with a novel mean value estimate over the minor arcs that shares
some resemblance with an estimate which we shall deduce herein in Chapter
4.

This whole avenue of new ideas eventually emerged into the resolution
of the main conjecture for the whole range of s by Wooley [175] when k =
3, and by Bourgain, Demeter and Guth [15] when k£ > 4 by making use of
decoupling ideas, the case k = 2 being classical, and independently by Wooley
[177] employing the more flexible efficient congruencing approach for k > 3.
Therein the new estimates in Vinogradov’s mean value theorem are employed

in conjunction with the ideas from [171] and other manoeuvres in order to
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obtain the bound
G(k) <k —k+V8k+0(1),

which remains the best one hirtherto. We find it appropiate to mention that
some of the ideas involved in the proof of such a bound are used in Chapter 2

to deduce the validity of an analogous asymptotic formula in another context.

1.6.2 Minor arc developments and bounds on G(k)

As was previously foreshadowed, all of the minor arc approaches mentioned so
far accomplished the validity of the asymptotic formula for the representation
function at hand. In contrast, the most prominent improvements in the up-
per bounds for G(k) depart from the aforementioned treatments in that the
variables are restricted to particular subsets of the natural numbers for the
purpose of saving more variables in the corresponding minor arc analysis. The
first approach in this direction was accomplished by Vinogradov in a long series
of papers, the novelty of the new ideas employed in almost all of his memoirs
lying on the so-called diminishing ranges argument. This method had already
been introduced by Hardy-Littlewood [52] and further exploited by Davenport
(see [29], [32]). Describing such ideas extensively is hardly the point of this
gentle introduction, but for the purpose of illustrating our discussion we shall
give a sketch of it in its simplest form.

To this end we take ¢t > 2, define

1 L e
P1:6P7 ‘Pj+1:§‘Pj ) jgt_]w

and consider the set of integers U of the shape
w=a¥4+ ... +aF Pj<ax;<2P;, j<t.

We also introduce for convenience the exponential sum

S(a) = Z e(au).

ueU

The reader may observe that in view of the restrictions on the size of the
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variables, the only solutions to the equation
A S VAl SRR S VAN P, <xj,y; <2P;. (1.6.2)

are the diagonal ones (the ones satisfying z; = y; for all j). It then transpires
that
U] =< prR-1/k) (1.6.3)

and that )
/ |S(a)|? < PERIRT (1.6.4)
0

where the reader should observe that the above mean value counts the num-
ber of solutions of the equation (1.6.2), which in turn delivers a saving of
Pr=FA=1/B)" over the trivial bound. This estimate, in conjunction with point-
wise bounds of exponential sums derived employing similar ideas and the large
sieve inequality already yields bounds of the shape G(k) < Cklog k.

We shall not give account of all of the extensive work accomplished by
Vinogradov and others (see [23], [135], [144], [145], [146], [147], [149], [150])
concerning estimates of that flavour, but nonetheless find it desirable sketching

some of the main ideas to obtain such bounds. For such purposes we take [ > 2,
consider X = P2 and

1 1 4
X=X X=X g=i-t (1.6.5)

and denote for every m € N by @Q;(m) to the number of solutions of the
equation

We further introduce, for convenience, the exponential sum

H()= > > Qme(ap*m),

X/2<p<X m< Xk
where p runs over the prime numbers. An application of Cauchy’s inequality
then delivers
2

|H(a)|* < X Z ’Z Qi(m)e(ap™m)| |

X/2<p<X m<Xk
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If & € m then one may verify a suitable spacing condition modulo 1 required for
the application of the large sieve inequality and combine it with the estimate
(1.6.3) to obtain

|H(a)|2<<Xk+1 Z Ql(m)2<<X2k+1_k(1_1/k)l,

m<XFk

which then yields
|H(Oz>| < Xk+1/2—k:(1—1/k)l/2‘

The reader may observe that this approach saves X1/2=F1-1/k)"/2 gyer the
trivial bound, which would entail saving a factor of X¢ for some fixed ¢ > 0
whenever | = klogk + C"k for fixed C” > 0. Therefore, combining both this
estimate and (1.6.4) for the choice t = klog k + C'k for a big enough constant
C' yields

[ 18@FPIH@)da < 2P

for some § > 0, which, in conjunction with a careful major arc analysis delivers
G(k) < 3k(logk + C) for some constant C' > 0. We find it worth mentioning
the bound

G(k) < 3k(logk +9)

achieved by Vinogradov [152] by means of the ideas described above. A care-
ful inspection of the manoeuvres underlying the previous discussion reveals
that any pointwise minor arc estimate obtained using diminishing ranges type
bounds and employing the above circle of ideas could save a factor of say
Pp1/klogk) per variable over the trivial bound. However, the fact that the sizes
of the variables are all different makes the analysis less flexible, leaving one in
the recalcitrant position of having to employ klogk variables to only save a
factor of P/4.
In a subsequent memoir, Vinogradov [153] further refined the above esti-
mate to
G(k) < 2k(logk + 2loglog k + logloglog k + 13/2) (1.6.6)

for large k. Most of the minor arc saving therein is provided by employing
the diminishing ranges argument for counting solutions to (1.6.2) in order to
bound the corresponding mean value in a similar fashion as in the earlier work.

However, as opposed to the previous approaches, instead of utilising a point-
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wise bound on the minor arcs relying on estimates for the number of solutions
of (1.6.2), the latter author considers a more complicated exponential sum
which he estimates by making use of the large sieve inequality in conjunction
with an intrincate argument involving diminishing ranges ideas and the use
of Vinogradov’s mean-value theorem. The use of this pointwise minor arc es-
timate only entails introducing C'k more variables at the cost of employing
4k loglog k extra variables in the mean value analysis that ultimately saves
roughly speaking klog k variables over the previous approaches.
The estimate of Vinogradov remained unbeaten for a period of more than
25 years, and was in the end superceded by Karatsuba’s work [86], which
delivered
G(k) < 2k(logk + loglog k + 6k) (1.6.7)

whenever k£ > 4000, the novelty of which had its reliance on a sharper point-
wise minor arc bound. We find it desirable to remark that in the latter memoir
there is no improvement in the minor arc saving stemming from the corre-
sponding mean value considered, since the mean value employed therein is of
the strenght of those appertaining to diminishing ranges ideas. As was out-
lined above, the previous approach of Vinogradov relied on a pointwise bound
of an exponential sum involving C'k variables on diminishing ranges which was
obtained making use of Vinogradov’s mean-value theorem, thereby providing a

log k)

. 2 . . .
saving of P/( loglogk Tp contrast, Karatsuba considers instead symmetric

diagonal equations involving k-th powers of square-free numbers which are of

the same size.

In what follows we shall give an account of a sketched version of the argu-
ment employed by the latter author. For such purposes it has been thought
pertinent to introduce for [ € N the parameters
P = P(l—l/k)jfl/ky 1<j<li

J

and consider the set of square-free numbers defined by
V= {pl ceprs P4 <p; < Pj/2, p; prime}.

Observe that the elements of V, are of size P'~(0=/%)'(log P)~!. The latter au-
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thor then obtains an estimate for the number J(P) of solutions of the equation
el =gy, m i €V (1.6.8)

of the shape J(P) < P2-k+(*-D0-1/k) While these equations provide sav-
ings which are slightly inferior to those stemming from the diminishing ranges
ideas, they are still robust enough to deliver stronger pointwise estimates when
applied in conjunction with the large sieve inequality. We find it worth noting
that mean values involving variables of the same shape and size offer wider
flexibility when applying the large sieve inequality to obtain those estimates.
In order to illustrate these ideas we take X as in (1.6.5) and introduce the
exponential sum

W(a) = Z Ze(apkxk), (1.6.9)

X/2<p<X €V,

where as customary p runs over the primes. We also find it worth defining

7(y) as the number of solutions of the equation
y=a"+. . +af T, € V.

It is apparent that an application of Holder’s inequality yields

2l

|W(Oz>|2l <<X2l—1 Z

X/2<p<X

_ x2-t Z

X/2<p<X

> elapta)

€V

2

> nily)elap®y)

y<XF

I

whence we have reached a position from which to bound the above term via
the large sieve inequality, and thus get, ignoring the verification of the spacing

modulo 1, the estimate

|W(Oé)|2l < X214k Z Tl(y>2 < X4l—1+(k—l)(1—1/k;)l’

<Xk
whenever a@ € m, where the sum involved in the above equation counts the
number of solutions of (1.6.8) and where we applied the bound right after that
equation. It then transpires that the choice | = |k(log k + 2loglog k)| leads to
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the bound
sup|W ()| < X|V,| P~/ Aklogkter)

acm
wherein the constant ¢ satisfies ¢, = o(4klog k) and can be made explicit.
We feel obliged to mention that in the original treatment of Karatsuba
there is no explicit mention to the large sieve inequality, but the manouvers
deployed therein are very much reminiscent of its proof. However, his approach

is somewhat less efficient and ends up delivering the weaker estimate
W(Oé) < P171/24k10gk7

which nonetheless suffices to sharpen substantially Vinogradov’s previous bound.
The author’s approach then achieves most of the minor arc saving by utilising
a mean value estimate involving a p-adic analogue of the diminishing ranges
argument of the same strength, thus employing 2k log k + 2 log log k + C'k vari-
ables in due course, and hence only necessitating C'k extra copies of W (a) to
provide the rest of the minor arc saving required.

The seminal paper of Vaughan [139], which completely changed the scenery
in the subject and laid the foundations of the modern approach to problems
within this circle of ideas made significant improvements in the bounds on G (k)
for small k£ and other related questions involving small exponents. However,
the ideas underpinning these developments in the memoir barely managed to
provide a small refinement of the bound (1.6.7). The main novelty of the paper
is the use of variables of the same size that are smooth.

In order to put ideas into effect, we find it convenient to define, for param-

eters P, R > 0 the set of smooth numbers
A(P,R)={n€[1,X]NN:p|n and p prime = p < R}.
The latter author considers the equation
bt =y 4yt oy € A(PR) (1.6.10)

whose number of solutions can be expressed by orthogonality as a mean value

of smooth Weyl sums, relates it to the number of solutions of

e e mF ) =P ), (1.6.11)
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wherein
r< P, y<P zjy€ AP R), P’ <m < min(P, P’R)

for some 0 < § < 1/k via an application of Holder’s inequality in conjunction
with the use of the structure of smooth numbers and runs an iterative argu-
ment involving a differencing process. The mean value estimates cognate to
the equations involving smooth variables obtained in the latter memoir are of
the same strenght as those stemming from diminishing ranges ideas. Nonethe-
less, the use of smooth numbers in this context provides greater flexibility for
both the estimations of the number of solutions of (1.6.10) and the investiga-
tions of pointwise upper bounds via the large sieve inequality combined with
an application of Holder’s inequality and the mean value estimates obtained
thereof. The latter author then employs the same argument that was outlined
in (1.6.9) utilising instead variables belonging to the set A(P, R), which ulti-
mately leads to a pointwise bound that saves a factor of roughly P/*k1°gk and

enables him to deduce the estimate

log log k
G(k) < 2k<logk + loglogk + 1+ log2 + O(%)). (1.6.12)

Despite obtaining such modest improvement, a modification of the ap-
proach followed by Vaughan permitted Wooley [162], [164] to essentially reduce
the above upper bound by a factor of 2, namely

log log k
G(k) < k(logk+loglogk+2+log2+ O(%)). (1.6.13)

His treatment departs from the previous one in the differencing process when
running the iterative argument, and delivers a bound for the number of solu-
tions of (1.6.10) of the shape P2—*+ke'™*/* ‘The earlier strategy for obtaining
pointwise minor arc estimates combined with the aforementioned bound thus
essentially yields a power saving of P/?#1°¢% and suffices to establish (1.6.13).
We find it desirable to finish the discussion by noting that an analogous bound
to (1.6.13) has also been obtained by the latter author [167] without the log 2
summand by deriving a pointwise estimate for smooth Weyl sums which ulti-

mately saves a factor of Pl/Flogk
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1.7 Waring’s problem in thin sets

The main body of the present work shall comprise results in both additive
number theory and the subject of moments of the Riemann zeta function, and
succintly motivating and describing those pertaining to the use of the circle
method is the purpose of the present section.

We begin our discussion by drawing the readers attention back to the prob-

lem of representing every sufficiently large integer n as
n=azy+.. . +ak (1.7.1)

It transpires that a natural direction that one may pursue is that of restricting
each of the underlying variables to thin subsets in the above equation and anal-
yse the analogous questions which were addressed for the original problem. In
order to progress in the discussion, some notation is required. We thus denote
for convenience by G 4(k) to the least positive integer s with the property that
every sufficiently large natural number n posseses a representation of the shape
(1.7.1) with z; € A. We recall the bound (1.6.13) to the end of noting that a
consideration of the set of [-th powers then lends credibility to the heuristic
that, for A C N nicely distributed over arithmetic progressions and satisfying
the property |A N [1,N]| < N* for some 0 < o < 1 then one would ideally

expect to achieve

Ga(k) <

SHES

(log(k/a) + O(loglog(k/c)). (1.7.2)

The reader may find it useful to note that the above bound would hold for the
aforementioned set of [-th powers in view of (1.6.13). However, the methods
available to anaylise the classical Waring’s problem fail hugely to deliver such
conclussions for even particular non-trivial examples, and so the above prob-
lem, as currently stated, is very hard. It is also worth noting that when the
set A satisfies |A N [1, N]| > N'=¢ then some of the techniques employed in
the field may be applicable to deliver quite sharp conclusions which greatly
simplify things. We deliberately avoid such a situation in the present memoir
and concentrate on instances for which such a property is not known to hold.

A significant portion of the analysis in the additive number theoretic sec-

tions is devoted to the examination of the above problems for A = &, where &
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is the set of natural numbers represented as the sums of three positive cubes,
it being only conjectured that & have positive density, the best current lower
bound on the cardinality of the set being N(X) = |€ N [1, X]| > X? where

B = 0.91709477, (1.7.3)

due to Wooley [170]. The first result that shall be presented herein and is
discussed in Chapter 2 concerns the analysis of the validity of the asymptotic
formula for the corresponding representation function. For such purposes we
introduce for fixed k,s and n € N the counting function Ry «(n), which we

define as the number of solutions of
n=(z}, +al, +aly) +. 4 (@ +ad, a2l

for T 5 € N.

Theorem 1.7.1. Let s > 9k? —k+2. Then, there exists a constant § > 0 such
that

Ryi(n) = D(4/3) T (1 + 1/8)'T (s/0) " S/ 4 O(m-15),

where &(n) here is the product of some local densities and satisfies S(n) > 1.

The counting of the multiplicity of each sum of three cubes enables one
to express R;(n) as the Fourier coefficient of an exponential sum that we
can treat using conventional methods. Experts may then recognise the diffi-
culty associated to the problem when one instead removes the counting of the
multiplicities of each sum of three cubes. Attaining an analogous evaluation
with the current knowledge seems out of reach, and we content ourselves with
deriving a non-trivial lower bound by obtaining an asymptotic formula for a
suitable representation function involving smooth numbers. Without further
delay, it seems appropiate to define r(n) by the number of solutions of (1.7)

but with each sum of three cubes involved being counted just once.

Theorem 1.7.2. Let s be any positive integer with s > 9k* — k + 3. One has
the lower bound
r(n) > nfs/k=1,

where [ was defined right after (1.7.3).
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It is a noteworthy feature that the preceding lower bound may be the best
possible estimate attainable with the current knowledge available.

We shift our focus to the problem of minimising the number of variables s
needed to represent every sufficiently large number as a sum of k-th powers of
sums of three cubes, it being discussed in Chapter 3, and denote for convenience
by Gs(k) to the minimum such s. It is often the case in additive problems
involving small powers of positive integers that some arguments utilised to
analyse those are not applicable in the setting of bigger exponents, such an
observation motivating having a discussion about small values of k. A naive
approach to bounding G3(k) would then be to replace each sum of three cubes
by the specialisation 323, and this suggests a bound of the shape G3(k) <
G(3k). Before giving account of the results attained in our work it is worth
recalling the estimates G(6) < 24 due to Vaughan-Wooley [142], G(9) < 47
and G(12) < 72 due to Wooley [172].

Theorem 1.7.3. One has G3(2) <8, G3(3) < 17 and G3(4) < 57.

The above result confirms that we actually use the three integral cubes non-
trivially in our argument. The key ingredient to the proof is a pointwise bound
for some exponential sum over the minor arcs that we obtain by following the
treatment of Vaughan [139]. We find it desirable to mention that the mean
value estimate utilised in the problem for £ = 4 makes use of a bound for
a mean value of smooth Weyl sums of exponent 12. Nonetheless, it seems
pertinent to point out that the classical diminishing ranges argument is more
efficient than the approach taken herein and ultimately saves a handful of
variables.

In view of the above result for squares, experts may wonder whether the
minor arc analysis pertaining to that instance could be combined with a careful
major arc treatment to derive an almost all result for the analogous Lagrange’s
four-square theorem when one restricts the variables to lie on 4. Confirming
this belief is, inter alia, the purpose of the following theorem discussed in
Chapter 3.

Theorem 1.7.4. Almost all natural numbers n have a representation of the

shape

n= (m?+x§+x§)2+(:ﬁi+x§+a¢2)2+(:U§+a:§+xg)2+(x?o—l—xi’ljtx%)?, z; € N.
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It seems worth anticipating that the bound on the cardinality E(N) of

exceptional set that is derived in this memoir is of the shape
E(N) < N(log N)~#/31%,

We find it desirable to note that one could utilise ideas from the paper [21] to
get E(N) < N'=° for some (possibly microscopic) § > 0, the achievement of
such a refinement hardly being the point of this memoir in view of the poor
description available of the constant 0.

The last section comprising the circle method part of this thesis examines
the analogous problem when one replaces the set of integers represented by
sums of three cubes in the above setting by that of numbers represented as
a sum of t positive [-th powers. The purpose of our investigation in this
new setting is to establish uniform bounds with respect to [ in the number of
variables that enables one to assure the validity of a lower bound of the right
order of magnitude for the corresponding representation function rather than
to sharpen the k£ dependence of such bounds. In order to embark in such an

endeavour, we find convenient to define, for k,[,t € N the set
’E:{xll—i—...—i—xi: x € N'}

and anticipate that we shall restrict our attention to the analysis of the solu-
bility of (1.2.1) for the choice A = 7; with ¢ lying on different regimes.

For such purposes, it seems worth fixing k£ and begin by considering the case
t = C(k)l, where C(k) is a fixed integer-valued function. It is worth mentioning
that the sharpest estimate available for the cardinality of the above set is of
the shape |7; N [1, N]|> N for some constant 0 < ¢; < 1, such a conclusion
being easily derived by a routinary diminishing ranges argument. Following
the preceding discussion and in view of the heuristics that suggested (1.7.2)
it becomes natural to consider the problem of finding an integer s(k) only
depending on k with the property that every sufficiently large integer n can
be expressed as

The reader may observe that for fixed k£ then the right side of the above
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equation consists of sums of C’l positive integral [-th powers gathered in groups
and raised to the power k for some constant C' = C’(k) > 0 depending on k. It
then transpires that accomplishing such an endeavour seems even harder than
deriving the bound G(I) < C'l, which would in turn be a big breakthrough in
view of (1.6.13). Despite not being able to achieve such a result, we derive the
following weaker version comprising the introduction of k-th powers of natural

integers for the purpose of handling a wider range of the major arcs.

Theorem 1.7.5. Let k,1 > 2 and let C(k) be an integer valued function with
the property that C'(k) > log k+4. Lett = C(k)l. Then there is some parameter
satisfying so(k) = k*+O(k) such that for s > so(k) and every sufficiently large

n one has
4
n=(l,+.ah ) @ ) D) ok, (1.7.4)
=1

wherein y;, x; ; € N.

It is worth noting that the bound (1.6.13) reveals that for sufficiently large
k the summands involving the diagonal forms in the above equation are re-
markably exploited in order to attain such a representation. The novel idea
of the proof relies on a pointwise bound of a suitable exponential sum over
the minor arcs that is uniform on [ which we obtain via an application of
the large sieve inequality. It is a noteworthy feature that the approach taken
herein further establishes a lower bound in the number of representations of
the expected size, the diminishing ranges approach failing to achieve such an
endeavour.

Before describing another result concerning a different regime for ¢ it is
convenient to define & (k,1) = [1/2(logl + log (k(k + 1)) + 2)]. We find it
desirable to note that with the current knowledge available one may only be
able to achieve | T N [1, N]| > N'=¢/¥* for some ¢ > 0.

Theorem 1.7.6. Let k,l > 2 and take £ > &y(k, 1) and s > so(k), where so(k)
is a parameter satisfying so(k) = k* + O(k). Then every sufficiently large n
can be represented as

n=(ai+. ..+t ) +. @+l

)

where x; ; € N.
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The reader should observe that the above result is uniform in [/ and does
not require any additional summands of different nature at the cost of taking
diagonal forms with more variables.

We find it desirable to complete this section by anticipating that the mean
value estimates utilised in the course of the minor arc analysis pertaining
to each of the problems either makes use of available mean value estimates
corresponding to the instance when A = N in the above setting or utilises
mean values associated to the natural polynomial structure cognate to the
corresponding sets. It therefore transpires that in view of the poor bounds in
the cardinality of the corresponding sets analysed, the bounds in the number
of variables deduced in this memoir for large k are a long way off from the

desired ones.

1.8 Moments of the Riemann zeta function

The use of analytic methods in the investigation of the properties of the Rie-
mann zeta function to derive results concerning the distribution of prime
numbers and related problems has a long history and in modern form es-
entially dates back to the unconditional proof of the prime number theorem
by Hadamard and de la Vallée Poussin in 1896. Shortly after, a formidable
amount of work following various different avenues has led to suprisingly good
results in analytic number theory, the corresponding conjectural counterparts
pertaining to those results being in most occasions far out of reach. Providing
an extensive historical overview of the progress within the field is hardly the
point of the present introduction. We shall nonetheless give a brief account of
how moments of the Riemann zeta function and problems within this circle of
ideas play a prominent role in the area and may be applied in the investigation
of prime numbers to the end of motivating their analysis. For such purposes
it seems worth defining the aforementioned Riemann zeta function by means

of the formula

()=~ Re(s)>1,
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and note that it can be analytically extended to a meromorphic function on

the plane. We further introduce, for convenience, the function

bla) = 3 An),

n<x

wherein A(n) denotes the von Mangoldt function, defined by means of the

relation

logp if n = p* for some k € N
A(n) =
0 else.

We also find it useful to write 1y(z) = ¢ (x) if = is not a perfect power and
¢(x) — $A(z) when it is. It is a noteworthy feature that the classical proof of
the prime number theorem utilising complex analytic methods has its genesis

in the formula

o o _CO) L
o(z) = p_‘;w > "0 3 log(1 — z72) + R(x, T),
lvI<T

wherein the above sum runs over the zeros of ((s) and the function R(z,T) is
essentially of small size. The reader may also find it useful to recall, if neces-
sary, that the prime number theorem is equivalent to the assertion ¢y(z) ~ .
In view of the above consideration, it transpires that improvements pertain-
ing to the error term in the preceding asymptotic relation may have their
reliance on zero-free regions of the Riemann-zeta function. A careful exam-
ination of the preceding formula may also reveal that results cognate to the
existence of primes in short intervals may potentially stem from the sharpening
of zero-density estimates, such being an avenue explored by a not unformidable
number of scholars. The interested reader shall be referred to Huxley [78] or
Baker, Harman and Pintz [3].

The aforementioned bounds for the number of zeros in rectangles of large
height may be derived employing various techniques, the estimates of moments
of zeta or certain Dirichlet polynomials having the potential of achieving so
(see Ingham [81], Jutila [83]), and among those, that of utilising pointwise
estimates of the shape

C(1/2+it) < t° (1.8.1)

for 0 < § < 1 plays a prominent role, as it becomes apparent after a perusal
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of the papers of, inter alia, Huxley [78] or Jutila [83].

The problem of estimating (1.8.1) has a long history and dates back to
the work of Weyl, it being the first instance in the literature for which the
convexity bound #'/* was broken, thereby obtaining 6 = 1/6 instead. Consid-
erations of space preclude us from providing an account of the extensive sequel
of improvements in this direction, but for the purpose of illustrating the dis-
cussion we shall content ourselves by mentioning that the foremost bound due
to Bourgain [13] achieves (1.8.1) with § = 13/84 + ¢ by combining decoupling
estimates with the previous work of Bombieri-Iwaniec [10] and Huxley [79].

We take this as an opportunity to emphasize that it is expected that
C(1/2 +it) <. t°,

such a conjecture often being referred to as the Lindelo6f Hypothesis.

The above estimate, as previously foreshadowed, would have many impli-
cations in the analytic theory of numbers but seems completely out of reach
with the current technology available. Nevertheless, the problem of estimating
the above on average, in a suitable sense, turns out to be more tractable. For

such purposes, it seems worth defining for real k£ > 0 the integral

Mk(T):/O 1C(1/2 + it)|**dt.

We shall give a succint overview of what is known about the above object,
but nonetheless find it worth mentioning to the end of further motivating the

analysis of moments that the Lindelof hypothesis is equivalent to the bound
My (T) < T***  forall k € N. (1.8.2)

The first succesful asymptotic evaluation dates back to the early work of
Hardy-Littlewood (1918) concerning the second moment, to which the reader
shall be referred to [134, Theorem 7.3|, by making a clever use of the approxi-
mate functional equation for {(s) in a suitable shape. After the efforts of many

scholars invested in such an endeavour, it currently takes the form

M,(T) =Tlog(T/2m) 4+ (2v — 1)T + Ey(T)
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with E1(T) satisfying bounds of the shape E;(T) < T* for some fixed A > 0,
the sharpest of which follows after work of Bourgain and Watt [16] and may be
taken to be A = 1515/4816+¢. We find it desirable to conclude the discussion

concerning the second moment by presenting the estimate
¢(1/2 +it)* < (logt)* + (logt) max E; {t & (logt)*}

due to Heath-Brown [61]. It then transpires that upper bounds for E;(7T)
deliver pointwise estimates for |((1/2 + it)|, such an approach having the re-
calcitrant limitation that By (T) = Q(T'/*) | it being an immediate consequence

of the formula

/ Bt _ (2 ) 1¢(3/2) SVTE) 32 4 O(T5/410g? T)

¢(3)
provided by the latter author [58]. Eight years after the aforementioned mile-
stone of Hardy-Littlewood, Ingham [80] utilised the approximate functional
equation for ((s)? that at that time had recently been introduced by Hardy-
Littlewood [53] to obtain

1
My(T) = WTlog‘l T+ O(Tlog®T), (1.8.3)

the deficiency in such an approach having its reliance, inter alia, on the con-
comitant aspect that the corresponding error term pertaining to the aforemen-
tioned approximation is too large. These complications were circumvented in
the work of Heath-Brown [59] by utilising instead an approximate functional
equation for |¢(1/2 + #t)|*, thereby considerably reducing the error term aris-
ing after the application of such an approximation, and ultimately led to the

evaluation

My(T) =TPy(logT) + Ex(T), (1.8.4)

wherein Py(z) is a quartic polynomial and Ey(T) < T7/3*. It seems desir-
able to add that the off-diagonal term contributes to the lower order terms
in the above formula, the analysis of which makes a crucial use of estimates
of Kloosterman sums due to Weil [155]. We find it useful to add for the pur-
pose of illustrating the historical discussion that Atkinson [1] had previously
obtained an analogous formula to that of (1.8.4) for a smooth version of the

fourth moment, a recalcitrant aspect of such a result being that it does not
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provide any effective information about the error term in (1.8.3).
The above bound on E»(7T) was eventually refined in the work of Zavorot-
nyi [178] and Ivic-Motohashi [82] by making use of the spectral theory of

automorphic forms, thus ultimately leading to the estimate
By(T) < T***,

which essentially remains best possible.

However, the extensive investigations done pertaining to the asymptotic
behaviour of higher moments, despite the large efforts invested in such an
endeavour, have been so far conjectural. This avenue was first pursued in the
work of Conrey-Gosh [26] in their paper concerning the asymptotic evaluation

of M3(T') which ultimately led to the conjectural result

r e 42 . 4 1
/0|g(1/2+n)| dt ~ < (1 =1/p) (1+5+?>>’

p

the main idea latent in the argument having its reliance on a conjectural for-
mula for the second moment of the Riemann zeta function twisted by the
square of a Dirichlet polynomial of length 7', an analogous formula holding if
the length of the corresponding polynomial be T7%/2=¢. To the end of providing
a historical background it shall be noted that hirtherto it was believed that

M (T) ~ ¢ T(log T)** (1.8.5)

would hold for k£ > 0, but the precise value of the constants ¢, had not been
provided for any k.

The previous paper was followed by a memoir of Conrey-Gonek [27] which
encompassed a method to conjecturally evaluate both the sixth and the eighth
moment by pursing a not dissimilar approach in conjunction with new ideas
concerning mean values of long Dirichlet polynomials and the use of the 9-
method of Duke, Friedlander and Iwaniec to compute divisor correlation sums.

The conjectural investigations of the asymptotic formula for the moments
were independently culminated by Keating-Snaith [89] with the incorporation
of Random Matrix theory to the picture, which ultimately led to establishing

(1.8.5) with precise values for the constants ¢,. It should nonetheless be noted

39



for the purpose of merely illustrating the present introduction that further
conjectural examinations pertaining to higher order moments have been pur-
sued by Conrey-Farmer-Keating-Rubinstein-Snaith [25] by bringing into use

the so-called recipe, thereby delivering analogous conclusions of the shape
My(T) = TP (log T) + O(T"/?**%)

for k > 3, wherein P2(z) is a degree-k* polynomial.

We shall shift our focus to the analysis of lower and upper bounds for
moments, such a consideration providing more flexibility to the extent that
under further assumptions, sharp estimates may be achieved for real £k > 0

rather than just for integers. Lower bounds of the shape
Mi(T) > T(log T)*

were already established for integral 2k by Ramachandra [117], such a result
being extended to positive rational numbers in the work of Heath-Brown [60]
and accomplished for real k£ > 0 under the assumption of RH by Ramachandra
[116]. Such a condition was ultimately removed in a paper of Radziwill and
Soundararajan [115] when &k > 1.

As was foreshadowed earlier, unconditional upper bounds for arbitrarily
large k of the expected shape are a long way off, the weaker inequality (1.8.2)
being equivalent to the Lindelof Hypothesis. It should not therefore come as
a surprise that the majority of the results obtained in this direction are con-
ditional. The first investigations following this trend are due to Ramachan-
dra [117], [118] and Heath-Brown [62], thus delivering the bounds

M(T) < T(log T)*¥*

for 0 < k£ < 2 under the assumption of RH, such a range being further
extended to 2.18 in a later paper of Radziwill [114]. However, it wasn’t till the
breakthrough of Soundararajan [128] that an analogous result was established

for all £ > 0 at the cost of deriving the weaker estimate
My(T) < T(log T)***,

the € in the exponent ultimately being removed in a subsequent paper of Harper
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[56]. We find it desirable to conclude this discussion by remarking that the
best unconditional result improving earlier work of many others accomplishes
the estimate My(T) < T(log T)"f2 for the range 0 < k < 2 and is due to
Heap-Radziwill-Soundararajan [57].

1.9 Mixed moments of the Riemann zeta func-
tion

We shall complete the introduction with a description of the problems con-
cerning moments of the Riemann zeta function in this memoir. We find it
desirable to anticipate, as opposed to what the reader may have guessed in
view of the brevity of the former section, that the body of this thesis shall
comprise a longer discussion devoted to the analysis of such problems than
the circle method counterpart, the main reasons lying on both the prolixity of
some of the routinary computations associated to such investigations and the
considerations of space and time in the former section devoted to the historical
introduction of those problems.

Hirtherto, little attention has been paid to the problem of examining mixed

moments of the type

L(T) = /OT CO/2+iart) - C(1/2 + iaxt)dt (1.9.1)

for a = (a1,...,ax) € R¥ and k € N, such a collection of integrals being
an interesting source of examples from which to look for similar, or perhaps
dissimilar behaviour exhibited in the analysis of moments of L-functions. We
find it worth announcing that the central object of study in this memoir will
be the above mixed moment for k& = 3, space and time limitations forcing us
to defer analogous considerations for k = 4. For the sake of clarity we find it

worth defining, for positive real numbers a, b,c € R, the integral

Tope(T) = /0 C(1/2 + iat)C(1/2 — ibt)C(1/2 — ict)dt.

In Chapter 5 we use the approximate functional equation for each of the zeta

factors to obtain several results which we now describe.
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Theorem 1.9.1. Let T > 0 and a,b, c € N with the property that (a,b,c) = 1.

Then, whenever a < ¢ < b one has the asymptotic evaluation
Iopo(T) = 0gpcL + Eqpo(T),
where 045, > 1 is a computable constant and
Bupo(T) < T1-1/2041/2¢ | 3/4ta/de

If a weak version of the abc conjecture is assumed, the above error term may

be refined to obtain

Ea b c(T) <<T1/2+a/(a+c)+s
+ (log T)Q (T3/4 + T3/4—a/4ct(ac) /2 + T3/4—a/4b+(a,b)/2b>'

We next shift our focus to the case when a,b,c € R. Experts in the
community may recognise the little amount of correlation of the zeta factors
in (1.9.1) that one expects whenever these coefficients are linearly independent.

Quantifying this belief is the end of the following theorem.

Theorem 1.9.2. Let T" > 0 and a,b,c € R be algebraic numbers linearly

independent over Q. Then one has
Iy (T)~T.

The last part of the study in Chapter 5 is devoted to the examination of
the case a = ¢, a new framework of ideas being required in order to succesfully

accomplish the asymptotic evaluation.

Theorem 1.9.3. Let a < b be natural numbers satisfying (a,b) = 1. Then one

has the asymptotic formula
Lipa(T) ~ (((a+b)/2)T1ogT.

In Chapter 6, a different approach is taken to analyse (1.9.1), the theorem
stemming from such an examination being of the same type as that of Theorem
1.9.1 with a refined error term in certain cases. We avoid giving account of

the precise statement herein due to space limitation purposes.
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The thesis is completed with a theorem in a dissimilar yet not entirely in-
trincate context, some of the techniques earlier used not being required therein
in favour of a more explicit control of the corresponding lower order terms. We
deduce a formula of a shape with few precedents in the literature save some
third moments of quadratic Dirichlet L-function evaluation. We define for such

purposes the integral

I(T) = /OT C(1/2 4 2it)((1/2 — it)*dt (1.9.2)

and anticipate the main theorem concerning its evaluation.

Theorem 1.9.4. For T > 0 one has the asymptotic formula
I(T) =aT + T8 + O(T**(log T)?),

where the constants cy,co € C are defined by means of the equations

INSC
G = 2C(3) (3 )7

and
)1/8
er = 28 (3 2)c(5/4)c(5/2)
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Chapter 2

Asymptotic formula and lower
bounds for the representation

functions

2.1 Introduction!

It is widely believed, but still unknown, that the set of integers ¢ represented
as a sum of three positive integral cubes has positive density. Hardy and
Littlewood [50] first announced what is known as the Hypothesis-K, which
asserts that for each € > 0, the number of representations ri(n) of n as a sum
of k positive integral k-th powers is O(n®). Although this conjecture is known
to be false when k = 3 (see Mahler [98]), the weaker claim that

Z ri(n)® < X', (2.1.1)

n<X

known as Hypothesis K* (see [71]), would allow one to show, through a stan-
dard Cauchy-Schwarz argument, that N'(X) = |€ N [1, X]| > X'~ In fact,
under some unproved assumptions on the zeros of some Hasse-Weil L-functions,
Hooley ( [70], [71]) and Heath-Brown [63] showed using different procedures
that (2.1.1) holds for k¥ = 3. Nevertheless, some unconditional progress has
been made on strengthening lower bounds for N (X). By using methods of di-
minishing ranges, Davenport [31] obtained the bound N'(X) > X*7/51=¢ Later

IThis chapter is based on material by the author [113] that is published in Mathematika.
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on, Vaughan improved it to N (X) > X'/12=¢ by introducing smooth num-
bers in his “new iterative method” [139], and Wooley, extending the method
to obtain non-trivial bounds for fractional moments of smooth Weyl sums, im-
proved the estimate in a series of papers ( [166], [168], [174]), the best current
one being N (X) > X? where 8 = 0.91709477.

A vast number of results can be found in the literature on problems involv-
ing equations over special subsets of the integers. The Green-Tao Theorem [49],
which proves the existence of arbitrarily long arithmetic progressions over the
primes is an example of such problems when the special set is the set of prime
numbers. Other instances where the set % is involved include some correla-
tion estimates for sums of three cubes by Briidern and Wooley [22], and lower
bounds of the shape N3(%, X) > X°/2~¢ by Balog and Briidern [6]. The pa-
rameter N3(%, X) here denotes the number of triples with entries in €' N[1, X]
whose entries averages lie on ¢ as well.

In this paper we investigate the asymptotic formula for Waring’s problem
when the set of k-th powers of integers is replaced by the set of k-th powers
of elements of &, but before stating the main result that we obtain here it is
convenient to introduce some notation. Let k > 2 and n € N. Take P = n'/3k.
For every vector v € R™ and parameters a,b € R we will write a < v < b to
denote that a < v; < bfor 1 <14 < n. We take the function T'(x) = z3+z3+x3,

and consider the weights
r3(z) = Card{x eEN®: 2=T(x), x< P}

and the set

Define the functions

R(n) = Z r3(zy) - - r3(xs), r(n) = Z 1, (2.1.2)

XeX, XeX,

which count the number of representations of n as a sum of k-th powers of
integers represented as sums of three positive cubes, counted with and without

multiplicities respectively. Take the singular series associated to the problem,
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defined as

S(n) :Z Z (q’3 Z e(aT(r)k/q)>se(—an/q). (2.1.3)

<
Il
—_
s}
Il
—
_
A
~
A

Q

The main result of this paper establishes an asymptotic formula for R(n). For

such purpose, it is convenient to introduce the parameter H (k) = 9k? — k + 2.

Theorem 2.1.1. Let s > H(k). Then, there exists a constant 6 > 0 such that
R(n) = T(4/3)*T (1 + 1/k)'T(s/k) " &(n)n** 4 O(n*/k179),
where the singular series satisfies S(n) > 1.

Our proof of Theorem 2.1.1 is based on the application of the Hardy-
Littlewood method. In order to discuss the constraint of the previous result
on the number of variables, we define first G(k) as the minimum number such
that for s > G(k), the anticipated asymptotic formula in the classical Waring’s
problem holds. We remind the reader that as a consequence of Vinogradov’s
mean value theorem, Bourgain [14] showed that G(k) < k*> — k + O(v/k). The
lack of understanding of the cardinality of the set ¢ mentioned at the beginning
of the paper both weakens the minor arc bounds and prevents us from having
a better understanding of its distribution over arithmetic progressions, which
often comes into play on the major arc analysis. The methods used in this
memoir then are based on arguments in which in most of the sums of three
cubes employed in the representation, all but one of the cubes is fixed in the
associated analysis. Consequently, the constraint for the number of variables
that we obtain here is asymptotic to the bound for G/(3k) mentioned above.

The problem becomes more challenging when we remove the counting of the
multiplicities, and even if getting an asymptotic formula seems out of reach,
Theorem 2.1.1 can be used to obtain a non-trivial lower bound. However, the
whole strategy relies on an estimate for the L:-norm of the sequence r3(z) of

the shape
Z ry(r)? < XT/6Fe (2.1.4)

<X

that follows after an application of Hua’s Lemma [141, Lemma 2.5]. Instead
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of taking that approach, we restrict the triples to lie on
C(P)={xe[L,PP: a2, € A(P,P")},
where 1 > 0 is a small enough fixed parameter and
AX,R)={ne[1,X]NN:p|n and p prime = p < R},
and make use of the stronger estimate

D ss(a)’ < XY (2.1.5)

<X

due to Wooley [174, Theorem 1.2], where s3(z) = card{x € C(P): z =T(x)}
and v = 0.08290523. It transpires that one should then have some control
of the order of magnitude of the analogous function of R(n) when we impose
that restriction on the triples. For such matters, we define for each n € N the

aforementioned counting function

Ry(n) = > ss(wr)---s3(z). (2.1.6)

XeX,

We also introduce Dickman’s function, defined for real x by
p(xz) =0 when z < 0,

p(x) =1 when 0 <z <1,
p continuous for x > 0,
p differentiable for x > 1
zp' () = —p(x — 1) when z > 1.

Theorem 2.1.2. Let s be any positive integer with s > H(k). Then, there
exists 0 > 0 such that

Ry(n) =T (4/3) T (1 + 1/k)°T(s/k) " p(1/n)* S (n)n*/*~!
+0(n* ! (logn)~°),

where the singular series satisfies S(n) > 1.
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An application of this theorem then, together with equation (2.1.5) and
some other arguments yield the following result, which improves substantially

the bound that one could obtain if no restriction on the triples was made.

Theorem 2.1.3. Let s be any positive integer with s > H (k) + 1. One has the
lower bound
r(n) > n(lfll)s/kflj

where v was defined right after (2.1.5).

It is worth noting that the preceding lower bound may be the best possible
estimate attainable with the current knowledge available. The final question
that will be addressed here is the constraint on the number of variables that
guarantees the existence of solutions. For such purpose, we define G3(k) as
the minimum integer such that for all s > G5(k) then r(n) > 1 holds for
sufficiently large integers. We apply a previous result of Wooley [162] to obtain
the following bound.

Theorem 2.1.4. Let k € N. Then,
Gs(k) < 3k(logk + loglog k + O(1)).

Our proofs for the main theorems of the paper are based on the applica-
tion of the Hardy-Littlewood method. In Section 2.2, we apply a mean value
estimate related to that of Vinogradov to bound the minor arc contribution.
Section 2.3 deals with estimates of complete exponential sums and other re-
lated sums. In Sections 2.4 we discuss the local solubility of the problem and
some properties of the singular series and include a brief proof of Theorem
2.1.4. Using the Riemann-Stieltjes integral we give an approximation of f(«)
over the major arcs in Section 2.5. In Section 2.6 we study the singular in-
tegral, we obtain an asymptotic formula for the major arcs and we include a
proof of Theorem 2.1.1. Section 2.7 is devoted to the study of the asymptotic
formula when we introduce smooth numbers, and Theorem 2.1.3 is then proven
in Section 2.8 via an application of Theorem 2.1.2. We have also included a
small appendix in which we improve the constraint on the number of variables
needed in Theorem 2.1.1 for small exponents by using restriction estimates.

Notation. Unless specified, any lower case letter x written in bold will

denote a triple of integers (z1,x9,x3). For any scalar A and any vector x we
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write Ax for the vector (Axy, Az, Ax3). When R,V € Z? then R =V (mod q)
will mean that R; = V; (mod ¢) for all 1 <i <d.

2.2 Minor arc estimate.

We obtain estimates for certain moments of an exponential sum on the minor

arcs which we now define. Fix s,k > 2 and consider

fla) = Z fx(a@), where fyx(a) = Z e(aT(x,z)¥)

x<P 1<z<P

and x € N2. Recalling (2.1.2), note that by orthogonality it follows that

R(n):/o f(a)’e(—an)da.

The purpose of this section is to bound the minor arc contribution of this
integral. In order to make further progress we make use of a Hardy-Littlewood
dissection in our analysis. When a € Z and ¢ € N satisfy 0 < a < ¢ < P¢ and

(a,q) = 1 with § < 5, consider

M(a,q) = {oz €[0,1): ‘a - a/q‘ < c%i} (2.2.1)

Then the major arcs 9 will be the union of these arcs and m = [0, 1) \ 2t will

be the minor arcs.

Proposition 2.2.1. When s is any positive integer with s > H(k) one has
/’f(&)‘sda < P3573k76.
Moreover, if s > 3k(3k + 1) then it follows that

/|f(Oé)|SdOé < P3S_3k_§+€.

Proof. We bound the previous integrals in terms of a mean value of that of
Vinogradov and apply estimates derived from Wooley [177, Theorems 14.4,
14.5]. For such purpose, it is convenient to take the set B =m x [0,1)*! and
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consider the exponential sums

k—1

Gule) =Y e(anT(z,x)" + ) az¥) and  Fla)=) e (ZO‘J 3J>

<P j=1 <P =1
(2.2.2)

We write H (k) = 2t for some positive integer t. Using Holder’s inequality and
orthogonality we find that

[if@Pda < P2 [ S @) da
m m.<p
P4t QZZ/’G |2t Za]nj da<<P4t+3kk 1/2/|F |2tda

x<P n;

(2.2.3)

where (n;); runs over the tuples with 1 < |n;| < tP%. Observe that by Weyl’s
inequality [141, Lemma 2.4] one has that

sup| F(a)| < P,
ac’B
whence the aforementioned pointwise bound and Theorem 14.5 of [177] with

the choice r = 3k — 2 deliver the estimate
/ |F(a)|2tda < p2-dk(kt1)/2-0, (2.2.4)
%8

The above equation and (2.2.3) then yield the first part of the proposition. For
the second part we use a small modification of Wooley [177, Theorem 14.4].
On that paper, the author, in a more general setting, takes the choice £ = 1
and obtains a saving of X over the expected main term. It transpires that the
same exact method can be applied to save X¢ for & < 1. Thus, we have that
for s > 3k(3k + 1) then

/|F(a)|5da<<PS_3k(k+1)/2_§+a.
B

Replacing 2t by s in (2.2.3) and using the previous equation we get the desired
result. O
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2.3 Complete exponential sums

In this section we study the complete exponential sum associated to the prob-
lem and deduce some bounds involving this sum. For such purpose, it is

convenient to define for a € Z and ¢ € N with (a,q) = 1 the expressions

q

S(q,a) = Z eq(aT(r)") and Sk(q,a) = Zeq(ark).

1<r<gq r=1

Note that by orthogonality then one can rewrite S(q,a) as

q q
S(g,a) =q " Z S3(q,u)*Sk(q,a, —u), where Sp(q,a,b) = Z eq(ar® +br).
u=1 r=1
(2.3.1)
In what follows we provide bounds for S(g, a) using estimates for S3(q, a) and
Sk(q,a,b). Observe that by the quasi-multiplicative structure of it then it

suffices to investigate the instances when ¢ = p' is a prime power.

Lemma 2.3.1. Let | > 2, let p be a prime number and a € Z with (a,p) = 1.
Then,
S(pl, a) < min(pgl*l, lpSZfl/kJrs).

Proof. Note that Vaughan [141, Theorem 7.1} yields the bound
S(pl, a, _u) < pl(l—l/k)—i-s‘

Therefore, an application of this estimate and Theorem 4.2 of [141] to equation
(2.3.1) gives

pl

S(pl,a) < p2l—l/k+e Z(u’pl) < lp3l—l/k+a‘

u=1
Observe that we can also deduce the bound S(p!, a, —u) < p'~! from the proof?
of Vaughan [141, Theorem 7.1], so the application of this estimate instead and
the same procedure delivers S(p',a) < p*~1L. O

When p is prime we can provide a more precise description of S(p,a) by

involving the sum Si(p, a) in its expression. Despite not using this refinement

2See in particular the argument following Vaughan [141, (7.16)]
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in this chapter, we have included such analysis for further use in the upcoming

one.

Lemma 2.3.2. Let p be a prime number and a € Z with (a,p) = 1. Then,

S(p, a) = p*Sk(p,a) + O(P?).
In particular, one has the bound S(p,a) < p*/2.

Proof. By equation (2.3.1) it follows that S(p,a) = p?Sk(p,a) + E, where

E = pil Z 53(p7 u)3sk(p7 a, —U)

1<u<p—1

Using Vaughan [141, Lemma 4.3] to bound S3(p, u) and the work of Weil® [155]
to bound Si(p, a, —u) we obtain the estimate E < p?. Consequently, another
application of the aforementioned lemma of Vaughan [141] to Sk(p, a) delivers
S(p,a) < p°/?. O

The reader may notice that this result is then best possible since whenever
(k,p—1) > 1 then there is a positive proportion of positive integers a < p for
which Sy (p, a) > p'/2, whence the above result delivers an asymptotic formula
in those situations. It seems unclear whether the error term in the formula
could be improved. Such improvement though would not have any impact in
our work. For future purposes, it is convenient to define, for each ¢ € N, the
exponential sums

q q
Su(@) = Y (¢7°S(q,0)) eg(—na),  Si(q)= Y |¢*S(q,a)]" (23.2)

a=1 1
(a,q)=1 (a,g9)=1

and to analyse their behaviour when summing over q.

Lemma 2.3.3. Let s > max(4,k +1). One has

Y oS <@ and > IS.(9)] < @, (2:3.3)

q<Q q<Q

3See Schmidt [123, Corollary 2F] for an elementary proof of this bound.
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and for s > max(5, k + 2) it follows that

> dMSu(g)] < @° and S [8ulg)] < @V (2.3.4)

q<Q >Q

Proof. To show (2.3.3) it suffices to prove the bound for S¥(q) since one trivially
has the inequality |S,(¢)| < Si(q). Applying Lemmata 2.3.1 and 2.3.2 we
deduce that each of S,(p) and S¥(p) is O(p'~*/?), and each of S,(p') and
Sx(p') is O(min(p'=*, 1*p"~1*/k*€)) when | > 2. Consequently, whenever one
has s > max(4, k + 1) then using the fact that S¥(q) is multiplicative we find
that

(e 9]

oSt <[] (0+> s:0) < [ +¢/p) < @,

q<Q p<Q l p<Q

where C' > 0 is some suitable constant. The first assertion of (2.3.4) follows

by the same argument, and the second follows observing that then

> S < QVE,

R<q<2Q

whence summing over dyadic intervals we obtained the desired result. O

2.4 Singular series

We give sufficient conditions in terms of the number of variables to ensure
the local solubility of the problem and combine such work with the bounds
obtained in the previous section to introduce and analyse the singular series
associated to the problem. We also include a brief proof of Theorem 2.1.4. For
such purposes, a little preparation is required. Let p a prime number and take
7 > 0 such that p7||3k. Let v = 27 + 1, consider the set

M., (p") = {Y e [1,p"]?: z:T(yi)’g =n (mod ph)}, (2.4.1)

=1

where Y = (y1,...,y,) with y; € N3 and the subset

M) = {Y € M) s prona pT(v0) ).
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where y; = (y1.1,Y12,v13). Define as well the quantities M, (p") = | M, (p")|
and M*(p") = | M (p")|. Here the reader may want to observe that the divis-
ibility restrictions on the above definition are imposed for a latter application
of Hensel’s Lemma. Before showing that under some constraint in the number
of variables then M*(p?) > 0, we first provide an accurate description of the

set
Mss(p") = {T(X) DX € (Z/phZ>3, (x1,p) = 1}

that will be used throughout the whole argument.

Lemma 2.4.1. Let h € N. Then, whenever p # 3 one finds that
Mss(p") = Z/p"Z. (2.4.2)
For the case p =3 one has M33(3) = Z/3Z and when h > 2 then
M;5(3") = {x €Z/3"Z: x#4 (mod9), z#5 (mod 9)}

Proof. When p # 3, we can assume that h = 1, since an application of Hensel’s
Lemma would then yield the case h > 2. For a better description of the

argument, it is convenient to define the counting functions
N,(p) = card{x € (Z/pZ)3 : T(x)=n (mod p)},

4
N,a(p) = card{y €(Z/pZ)" : yi+vys+ys—ny; =0 (mod p)}-

Observe that by making a distinction for the tuples counted in N, 4(p) regard-
ing the divisibility of y4 by p one has that (p — 1)N,(p) = Npa(p) — No(p).
Note that when (n,p) = 1 then the work of Weil [156] on equations over finite
fields leads to

|Noa(p) —p°| <6(p—1)p  and  |[No(p) —p°| < 2(p — 1)v/p.

Consequently, one finds that N, (p) = p*+ E, with |E,| < 6p+2,/p, and hence
N,(p) > 1 for p > 7. Observe as well that N,(2) > 1 and N, (5) > 1 follow

trivially. This implies that there is at least one solution to the equation

?+y*+2°=n (mod p), (z,p) =1, (2.4.3)
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and when n = 0 then (1,—1,0) is also a solution for (2.4.3), whence the
preceding discussion yields (2.4.2).

When p = 3 then the case h =1 is trivial. Note that since cubes can only
be +1 (mod 9), the only residues which cannot be written as sums of three
cubes are 4 and 5. For h = 3, a slightly tedious computation reveals that the
only residues not represented as sums of three cubes are the ones congruent to
4 or 5 (mod 9). Therefore, a routine application of Hensel’s Lemma delivers

the proof for h > 4.
O

The previous lemma asserts that the local solubility of the problem studied
here only differs from the local solubility of the original Waring’s problem at

the prime 3. This conclusion is gathered in the following statement.

Lemma 2.4.2. Suppose that s > p%l(k,pT(p— 1)) whenp # 2,3 orp =2 and
7 =0, that s > %(k,(b(?ﬂ)) when p = 3, that s > 272 when p =2 and 7 > 0
with k > 2, and that s > 5 when p =k = 2. Then one has M} (p") > 0.

Proof. If p # 3 then Lemma 2.4.1 implies that the local solubility for each
of these primes is equivalent to that of the original Waring’s problem, hence
Vaughan [141, Lemma 2.15] yields M(p?) > 0. Here the reader might want
to observe that the definition for + taken here is different from the one in
Vaughan [141, (2.25)], so one may have to apply Lemma 2.13 of [141] as well.

For the case p = 3, Lemma 2.4.1 delivers
Ms3(3")NU(Z/3Z)| =4- 372

where U(Z/377Z) denotes the group of units of Z/37Z. Therefore, using Vaughan
[141, Lemma 2.14] we get that M;(37) > 0 whenever s > §(k, #(3)). O

Observe that by the combination of Lemma 2.4.1 and Vaughan [141, Lemma
2.14] then for u > 9k/4 we find that the form T'(x;)* + - - + T'(x,)* covers all
the residue classes modulo 3¥. Take now s such that every sufficiently large
number can be written as a sum of s integral 3k-th powers. Given a large

integer n, we can find integral triples x4, ..., %, for which

n=T(x)"+ -+ T(x,)" (mod 3*) and 1 <x; <3~
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Fixing any one such choice of the x;, we can also find integers x1,...,x, sat-
isfying
o ¥ =37k (n — (T(Xl)k + et T(Xu)k)>

Here the reader may find convenient to observe that the term on the right side

of the equality is still large. Therefore, we obtain the representation
n="T0)" 4+ +T(x,)*" + 3" (2% + . +2%).

Noting that the sums of three cubes on the right side have been replaced by the
specialization 373, one gets G3(k) < u+s, and hence by Wooley [162, Corollary
1.2.1] we have that G3(k) < 3k(log k+loglog k+O(1)), which yields Theorem
2.1.4. As experts will realise, one could apply the ideas of Wooley [167] to

obtain a refinement of the shape

loglog k
Gs(k) < 3k<logk‘+10glog3k+log3+2+O<%)>

by using instead other specializations. For the sake of brevity though we omit
making such analysis here.

Finally we combine work of this section with estimates from the previous
one to analyse the singular series. Observe that by (2.3.2) we can rewrite the

singular series, defined in (2.1.3), as

e}

&(n) =Y Sulq).

To express the above series as a product of local densities it is convenient to

define the infinite sum

a(p) = Su(p)
1=0
for each prime p.

Proposition 2.4.1. Let s > max(5, k + 2). Then, one has

&n) =[], (2.4.4)

the series &(n) converges absolutely and &(n) < 1. Moreover, if s satisfy the
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conditions of Lemma 2.4.2 one gets S(n) > 1.

Proof. Using the estimates mentioned at the beginning of the proof of Lemma

2.3.3 we find

Z|Sn(pl)| < p1—5/2 +pk—s+ Z lspl—ls/k—i-a <<p—3/2. (245)
=1 1>k+1

Therefore, (2.4.4) holds by multiplicativity, &(n) converges absolutely and
S(n) < 1. In order to prove the lower bound, we recall first (2.3.2) and (2.4.1)
to deduce that orthogonality then yields

If s satisfies the conditions of Lemma 2.4.2, an application of Hensel’s Lemma
gives the lower bound M, (p") > p®~D(=7) which combined with the above
equation implies that o(p) > p~G*~17. Consequently, the previous estimate
and (2.4.5) deliver the lower bound &(n) > 1. O

2.5 Approximation on the major arcs.

In this section we use a simple argument involving the Riemman-Stieltjes in-
tegral and integration by parts to approximate f(«) by an auxiliary function
on the major arcs. We also provide bounds for this function. For such pur-
poses, we introduce first some notation. Let a € [0,1) and a € Z, ¢ € N
with (a,q) = 1. Denote = a — a/q and define the aforementioned auxiliary

function
V(a,q,a) = q_3S(q, a)v(B), where v(f) :/ e(ﬁT(x)k)dx. (2.5.1)
[0,P]3
Lemma 2.5.1. Let ¢ < P. Then one has that

fla) =V(a,q,a) +O(P*q(1+n|8])).
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Proof. Before embarking on our task, it is convenient to define the sums

K(8)= ) e(Fs(), B(x)= Y L

x<P 0<z<Zz
x=r (mod q) z=r (mod q)

where F3(x) = 8T(x)*. Observe that by sorting the summation into arithmetic

progressions modulo ¢ we find that

Fla) = ey (aT(r)*) Ky (B). (2.5.2)

r<q

For each r € N? write r = (ry,73). Then by Abel’s summation formula we

obtain
K.(B) =B.,(P)Y_e(Fs(x1, P /Z e(Fs(x1,2)) By (2)dz,

where x; runs over pairs x; € [1, P]? with x; = r; (mod ¢). Consequently,

using the equation B,,(z) = x/q + O(1) and integration by parts one gets
P
Kel®) =07 [ eFa(xi)dz + O(a 2PH(1+ m3))
(-

We repeat the exact same procedure for the first two variables to obtain

K:(B8) = ¢ *v(8) + O(q*P*(1 +nl|f)])),

whence the combination of the above expression with (2.5.2) yields the result

claimed above. O

In order to make further progress, we provide an upper bound for v(f)
in the following lemma. This lemma will be used throughout the major arc

analysis.
Lemma 2.5.2. Let € R. One has that

P3

N T
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Proof. Let y € [0, P]* and set Cy = y? + y5. Define the auxiliary function
By(y) = (3k) 'y Hytt = Cy) P

Note that by a change of variables one can rewrite v(/3) as

/yem / e(By)dydy. (2.5.3)

where Ny = C¥ and M, = (P®+ Cy)*. Observe first that when 3] <n~' then

one trivially gets

v(f) < / / y)dydy < P°.
yE[O,P]Q

For the case |3] > n~! we split the integral into
’U(ﬁ) <K [1 + IQ + [3,

where

I, = / e(ﬁT(x)k)dx for each i € {1,2,3}
x€T;

and the sets of integration taken are
Ti={xel0.PP: x<IB "}, To={x€l0,PP: m > 5"},

T3 = {X e [0, PP : x3> |B|7Y3, Ty, Ty < |ﬁ|_1/3k}.

Note that for the first integral one has I; < |7;| < |3|7"/*. For the other two
it is convenient to define the parameter Tz = (|3|7Y/* + Cy)* and consider the

set My = [0, P] x [|3|7'/3, P]. Then, by applying integration by parts we find

that
I = / / e(By)dydy < |8 / B, (Ty)dy.
yEM2 yEM3

where we used the fact that the function By(y) is decreasing. Observe that
whenever y € M, then one has |37k < Oy, which delivers the estimate

I, < ’5|1+2/3k/

yEM2

C)l;kdy<< ’5|1+2/3k/ L |ﬁ|71/k.

|B|=1/3k <z
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Likewise, we introduce the set Mz = [0, |3]7'/?*]? to handle I3. Using the

same argument we get that
Le<lol ! [ BTy,
YEMs3

and applying the fact that Cy, < |5 |=1/* whenever y € M3 to bound By (T})

then we obtain
Belalt [ (o tdy <
YEM3

The combination of the bounds for I, I5 and I3 yields the result of the lemma.
O

2.6 The asymptotic formula for R(n).

We compute the size of the singular integral and use the work and the bounds
obtained in the previous sections to obtain an asymptotic formula for R(n).

Whenever s > k + 1 define the aforementioned singular integral by

[e.o]

I = [ w(Bye(-pn)ds.

Consider the set
S= {(ylvyla s 7YS>ys) S R3S YL € [O>P]27 N}’i < Yi < Myl'}'
Then, recalling (2.5.3) and using a change of variables it follows that

J(n) = lim / /Y esf[Byi(y»e(ﬁ(iyi ~n))avas

3Fan sin (27 (v — n))

RREY A e
where we have taken
s—1 s—1

o) = [ B[ Bulw) av.  with 5= 0= 3

=1
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and 8" C N*71 is the set determined by the underlying inequalities. Observe
that ¢(v) is a function of bounded variation, whence by Fourier’s Integral
Theorem it follows that J(n) = ¢(n). To obtain a precise formula for J(n) it
is convenient to introduce the subset Y C [0,n]*"! defined by the constraint
0 <79, <n. Then, by several subsequent changes of variables and the formula

of the Euler’s Beta function one has that

n) — 3351~ 3s 1/k—1 T 1/k—1 e dye
J(n) =37k F(1/3) /y% (gyl ) dy dy
=T (4/3) T (1 + 1/k) T (s/k) " n*/*1. (2.6.1)

We are now equipped to compute an asymptotic formula for the major arc

contribution, which we define by

Ron(n) = / f(a)’e(—an)da.
m
Proposition 2.6.1. Let s > max(5, k + 2). Then,
Ryn(n) = F(4/3)35F(1 + 1/k)sf‘(s/k:)716(n)ns/k_1 + O(n*/*=19).

Proof. For the sake of simplicity we consider the auxiliary function f*(«) for
a € [0,1) by putting
fHla) =V(a,q,a)

when a € M(a,q) C M and f*(a) = 0 for « € m. We remind the reader
that V(a, ¢, a) was defined in (2.5.1). Recalling Lemma 2.5.1 then whenever
a € M(a, q) one has that

fla)* = fH(e) < P2¢*(1+n|B])* + P*q(1 + n[B)]f* ()"

Integrating over the major arcs, which were defined in (2.2.1), we find that

/m f(@)° = f*(a)*|da < P*HEetn =t pRshrie N " g (g),  (2.6.2)

q<PpPt¢

and hence Lemma 2.3.3 and the assumption on ¢ stated before (2.2.1) implies
that the above integral is O(P3*=3¥=9). Observe that by the same lemma and
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Lemma 2.5.2 respectively we have

SIS0 = 0P and /B| () aB = O(PH )

Pé<q

for ¢ < P¢ and some 6 > 0. Combining these observations with the aforemen-

tioned lemmata and equations (2.3.4) and (2.6.2) we obtain
Ran(n) = &(n)J(n) + O(n/*17%),

and hence (2.6.1) delivers the result. O

Theorem 2.1.1 then follows applying Propositions 2.2.1, 2.4.1 and 2.6.1.

2.7 Asymptotic formula over the smooth num-

bers.

In this section we investigate the asymptotic formula for the representation
function when two of the variables of each triple lie on the smooth numbers.
The strategy for bounding the integral over the minor arcs of g(«) combines
arguments of Section 2.2 with major arc techniques. We define the major arcs
N to be the union of

N(a,q) = {oz €10,1):]a— a/q} < q (log P)“P‘gk} (2.7.1)

with 0 < a < ¢ < (log P)* and (a,q) = 1, where k = 1/5. We take the minor
arcs n = [0,1) \ M. Similarly, when 1 < X < L with L = P3¢ define 20(X)

as the union of the arcs
Wa,q) = {a 0,1 fo; - aj/al g XPTY (1<) <k)}

with 0 < a < ¢ < X and (q,a4,...,a;) = 1. For the sake of simplicity we
write

W=wW(L), P =w((logP)),

and we take the minor arcs o = [0,1)%\ 20 and p = [0, 1) \ . First we prove

a lemma which permits us to have a saving over the trivial bound for some
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Weyl sum on p. For such purposes we consider the exponential sum associated

to the Vinogradov’s system

frla; X) = Z e(arx + ...+ aga®).

1<z<X

Lemma 2.7.1. Let X be any real positive number sufficiently big in terms of
k, let u be a real number such that u=* > 4k(k — 1) and let v denote a real
number with X # < ~v < 1. Then whenever |fr(a; X)| > X, there exist an
integer ¢ € N and a tuple a = (a1, ...,ar) € N¥ with (q,ay,...,a;) = 1 and
1 < q < y7**¢ and such that

lgaj —a;| < yFEXTT (1< < k).

Proof. Suppose that |fr(a; X)| > vX. Then, applying Wooley [172, Theorem
1.6] we obtain that there exist ¢ € N and a € N* with (q,a,...,a;) = 1 such
that 1 < ¢ < X'* and

lga; — ag < XA (1<j<k). (2.7.2)

In order to make further progress it is convenient to define the auxiliary func-
tion
T(o;q,a) = q+ |qgon — ar] X + -+ + |qog, — ax X"

By Theorems 7.1, 7.2 and 7.3 of Vaughan [141] one has that
[fele X)| < ¢"XT (e q,2) """ + T(ev; g, ).

Observe that equation (2.7.2) yields T(a;q,a) < X% which implies that
¢*XT(c;q,a)""/* is the term dominating in the previous estimate. Therefore,

by the preceding discussion and the fact that ¢ < T'(e; ¢, a) we obtain
X < ‘fk(a7X)| < XT(a, q, a)*l/k+5’

which gives T'(a; ¢, a) < y~%7¢ and delivers the lemma. [

We are now equipped to prove the minor arc estimate. Recalling (2.1.6)
and the definition of C(P) made after (2.1.4), observe that by orthogonality
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one has that
R, (n) :/o g(a)’e(—an)da, where g(a) = Z e(aT(x)").

In what follows we show that the minor arc contribution is smaller than the
expected main term by combining the previous lemma and other minor arc

estimates with some major arc ideas.

Proposition 2.7.1. Whenever s is any positive integer with s > H(k) one

has

/ 9(@)[*da < P***(log P)~*

Proof. We write H(k) = 2t for some positive integer ¢. Recalling (2.2.2) and

using the same argument as in (2.2.3) it follows that

/|g )da < PAH3kE=1)/ // o)Fda. (2.7.3)
0,1)k

Observe that we can estimate the above integral by

// \tha<</]F ]Qfda+/ |F(c)[*de. (2.7.4)
[0,1)k 1 WP

Note as well that combining Vaughan [141, Theorem 5.2] with Bourgain’s result

on Vinogradov’s mean value theorem [14, Theorem 1.1] one has that

sup|F(a)| < P°.

ach

We then bound the first term on the right side of (2.7.4) via an application of
the above pointwise bound and Wooley [177, Theorem 14.5] in the same way
as in (2.2.4) to obtain

/|F<a)|2tda < P2t—3k(k+1)/2—6'
0

In order to estimate the second one we provide a major arc analysis. For

such purpose we consider the auxiliary function

V(e q,a) = ¢ 'S(g,a)l(a — a/q),
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where

p
S(q,a) = Z eq(al'r?’ +...+ akr3k), I1(B) = / e(Bry® + ...+ By dy.
0

r=1

For the sake of conciseness, we define for a € [0, 1)* the function
V(a) =V(a;q,a)

when a € W(a,q) C W and V() = 0 for o € w. Observe that by Vaughan
[141, Theorem 7.2] then whenever o € 27 it follows that

Fla)-V(ia) < L,
whence the triangle inequality then yields
|F(a)|2t—2 _ |V(a)|2t—2 < LPQt_?’.

Therefore, combining the fact that mes(20) < LF+1 P=3++1/2 with the above

estimate we get
/ |F<a)|2t—2da_/ |V(a>|2t—2da < P2t—2—3k(k+1)/2—6'
W W
On the other hand, note that Vaughan [141, Theorems 7.1, 7.3] gives
~1/3k
V(a) <<q€P(q+ oy — a1| PP + -+ + |qak—ak\P3’“) ,
and consequently, it follows that
/|F(a)|2t2da < P2t7273k(k+1)/2.
20
We finally apply Lemma 2.7.1 to F(«) to obtain that when a € p then one

has F(a) < P(log P)~° for some § > 0. Therefore, combining this bound with

the above major arc estimate we obtain
/ |F(a)|2tda < P2t—3k(k+1)/2(log P)_é.
W\P

The preceding discussion and equations (2.7.3) and (2.7.4) imply the proposi-
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tion. O

Next we introduce some properties of the smooth numbers concerning
their density and distribution over arithmetic progressions which will be used
throughout the argument for the approximation of g(«) over the major arcs.

For such purposes, it is convenient to define

A(m)= > 1.

z€A(m,P")
z=r (mod q)

Lemma 2.7.2. Let g,m € N with ¢ < P" and P" < m < P. Then for each
0<r<qg—1 one has

logm m
At = o5 5) + 0o m)
(m) =q~"mp nlog P + logm/’

where the function p(x) was defined before Theorem 2.1.2.

Proof. 1t follows from Montgomery and Vaughan [102, Theorem 7.2] and the
argument of the proof of Vaughan [139, Lemma 5.4]. ]

We are now equipped to provide the approximation for g(«). In fact, we
prove here a generalized version for future use in one of our forthcoming article.
For such purpose, we take constants 0 < C; < Cy and C3 > 0. Let @ > 0, let

m € N and define the exponential sum

go.m(a) = Z e(aT(mx)"),

xeB

where
B={xeN: C.Q<n<CQ musc AGQQ)}

Despite making the choice k = 1/5 in the definition (2.7.1), the following
lemma contains a result which makes no use of that choice and remains valid

for the range 0 < k < 1.

Lemma 2.7.3. Let a € N(a,q), where a € Z, ¢ € N with (a,q) = 1 and
q < (log)®. Let m € N with (m,q) = 1. Take Q > 0 with the property that
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m@Q =< P and consider § =« —a/q. Then,

gam(a) = Vom(a,q,a) + O(E(Q)),

where we take E(Q) = Q*(log Q)" loglog Q and

Vom(a,q,a) = ¢ *S(q, a)p(l/n)z/ e(Fn(x))dx

x€S8q

with F,,(x) = BT (mx)* and
Sg = {X ER’: C1Q <z, <0ChQ, 0< ay,23 < C3Q}-

Proof. For ease of notation, we omit the subscripts for the rest of the proof.
We combine the ideas of the proof of Lemma 2.5.1 with the analysis of the
distribution of smooth numbers discussed above. For such purposes, it is

convenient to define first

E(Bim) = ) e(Fa(x).
xErXngiﬂ

Observe that by sorting the summation into arithmetic progressions modulo ¢

one has

gom(a) = Z e, (aT(mr)k)Kr(ﬁ; m). (2.7.5)

r<q

For each r € N3 write r = (ry,r3) with r; = (rq,72). Then, we find that

C3Q
Ko(B;m) _Z/O e(Fpn(x1,2))dA,, (1),

X1

where the integral on the right side is the Riemann-Stieltjes integral and x;

runs over the set
Cr, = {Xl € N2, CiQ <z £ (ChQ, w3 € A(C3Q,Q"), x;=r; (mod Q)}

The reader may find useful to observe that the contribution coming from the
set [0, Q/ log Q] to the above integral is O (¢*Q*(log Q)™"), whence integration
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by parts yields

K(Bim) =45, (C5Q) D e(Fin(x1,C5Q))

X1

CsQ
: /Q/ 105 @ Z St 2) A (2 + O(7 @108 @Q)).

We observe for convenience that

(mQ)*|B| < n|f] < ¢ ' (log Q)".

Therefore, the integral of the error term that arises when we approximate

A,,(z) in the above equation is bounded above by

CsQ OF, z
—"(x ,z)‘—dz <L ¢ 3Q*(log Q).
/Q/ log @ le 0z ( ' log z )

Before embarking in the process of giving a better description of the above

equation, we recall that an application of the mean value theorem gives that
for any w € [Q/log Q, C5Q)] then

() - omee) | < s

Consequently, by Lemma 2.7.2 and the preceding discussion we obtain

K (8;m) =q " p(1/n)CsQ Y e(Fn(x1, CsQ))
C3Q

—q 'p(1/n) /Q e > %e(wxl, 2))dz + O(q°E(Q)),

and hence integration by parts yields
) C3Q
Kagim) = p(Un) [ 3 e(Fali,2))dz + O (@)
0 -

where we implicitly used that the term arising after evaluating at the end-
points and the contribution of the interval [0, Q/log @] to the above integral
is O(¢2Q3(logQ)™'). Likewise, applying a similar procedure for the second
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variable one gets

Ke(B;m) = qu(l/nf/ > e(Fulz,y))dy + O(¢°E(Q)), (2.7.6)

yE[O,Cg,Q]Q €T

where z runs over the range C1Q < x < (5@ and x = r; (mod ¢). For the

first variable, we follow the same procedure as in Lemma 2.5.1 to obtain

C2Q
Z e(EFn(z,y)) =q " / e(Fp(z,y))dz+O(1+ ¢ '(logQ)").

z=ry (mod q) G1Q

Consequently, combining the above equation with (2.7.6) we get

K.(8;m) = q‘3p(1/n)2/ e(Fn(x))dx+ O (¢ °E(Q)).

x€Sq

Observe that since (m,q) = 1 then a change of variables yields
S(g,am™) = S(q, a).

The lemma then follows by the preceding discussion and (2.7.5). [

Corollary 2.7.1. Let a € N(a,q) where a € Z, ¢ € N with (a,q) = 1 and
q < (log P)*. Consider f = a — a/q. One has that

g(a) = W(a,q,a) + O(P*(log )"~ loglog P),
where on recalling (2.5.1) we take
W (e, q,a) = q°S(g,a)p(1/n)*v(B).

Proof. Note that g(a) = gp1(a) with the choices C; =0, Cy = 1 and C5 = 1.

The result is then a consequence of the previous lemma. O

In the rest of the section we deduce an asymptotic formula for the contri-

bution over the major arcs. For such purposes, consider the integral
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Define the auxiliary function ¢g*(«) for a € [0,1) by putting
g*(a) = W<047 4, a)

when a € N(a, q) C N and g*(a) =0 for a € n.

Proposition 2.7.2. Let s > max(5,k+2). Then, there exists a constant 6 > 0
such that

Ry(n) =T (4/3) T (1 + 1/k)°T(s/k) " p(1/n)* S (n)n/*1
+ O(n*’*(logn) ™).

Proof. Observe that by the definition (2.7.1) one has that for a € 9(a, ¢) and
B = a — a/q the bounds

(1+n|B))~C~V/F > (log P)~~Dr/E > (Jog P)s~Dx=1),
Consequently, Lemmata 2.5.2 and Corollary 2.7.1 yield
g(a)® = g*(a)® < P*(log P)*1*5(1 + n|g|) = 1/k,

whence integrating over the major arcs we obtain that

/ ‘g =g ( ’da<<P35 % (log P)~°.
Observe that by Lemmata 2.3.3 and 2.5.2 respectively we have

Z 1S,(q)| < (log P)™° and / lv(B)|*dB < P*73*¢°(log P)~°

(log P)*
g>(log P)" 181>~

where in the second integral ¢ < (log P)*. Consequently, the combination
of the aforementioned lemmas, equations (2.3.4) and (2.6.1) and the above

bounds deliver the theorem. O]

Theorem 2.1.2 then follows by the application of Proposition 2.4.1, the

estimate for the minor arcs in Proposition 2.7.1 and the above proposition.
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2.8 Lower bound for r(n).

In this section we prove Theorem 2.1.3 via an application of Theorem 2.1.2.
The main idea is to show that the contribution to R, (n) of tuples whose
coordinates have many representations as sums of three positive integral cubes
is fairly small. We present first some notation and a simple lemma which will
be used in the proof. Recalling the definition for s3(n) described before (2.1.5)
and the parameter v presented right after that equation, let § = v/k and

consider the set
Sk(n) = {m eN: 1<m<n%: s3(m) > Kne},

where K > 0.

Lemma 2.8.1. Letn € N and K > 0. Then

Z s3(m) < K~ 'n'/*,

meSk (n)

Proof. 1t follows by noting that

Z s3(m) < K'n™* Z s3(m)? < K~ 'n!'/*¥,

meSk (n) meSk (n)
where in the last step we used (2.1.5). O

Define R;(n) as the contribution to R,(n) of tuples X € %* for which
x; € Sk(n) for some i. Likewise, let Ry(n) be the contribution to R,(n) of
tuples X € ¢° with z; ¢ Sk(n) for every 1 < ¢ < s. Observe that with this

notation then one has

R,(n) = Ry(n) + Ri(n). (2.8.1)
Note that by orthogonality, Theorem 2.1.2 and Lemma 2.8.1 one finds that

Ri(n) < Z 53(m)/ g(a) e( — a(n —m")) do
) 0

meSk (n

< plsh/k-1 Z sg(m) < K~ tn¥/k-1,

meSk(n)

whenever s — 1 > H(k). Therefore, taking K to be big enough in terms of k
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and s, we have by Theorem 2.1.2 and (2.8.1) that R, (n) < Ry(n). Since each
representation of n as a sum of k-th powers of elements of % is counted at
most s3(z1) ... s3(x,) < K*n® times by Ry(n), we find that

s/k=1—s0 _ (1-v)s/k—1

r(n) >n n

which delivers Theorem 2.1.3.

2.9 Asymptotic formula for small powers

We improve the constraint on the number of variables in Theorem 2.1.1 for the
cases 2 < k < 7 by interpolating between some restriction estimates and mean
value bounds for Weyl sums over the minor arcs computed in Proposition 2.2.1.
In the following lemma we present the aforementioned restriction estimate
bounds, but first define (k) = 2% for 2 < k < 3 and r(k) = k(k + 1) when
4 < k < 7. For the sake of conciseness, we omit writing the dependence on k

for the rest of the section.

Lemma 2.9.1. One has that
1
/ \f(a)]rda < PlSr/473k+5.
0

Proof. Note that recalling the definition of r3(n) before (2.1.2) we can rewrite

the exponential sum f(«) as

fla) = Z ry(x)e(az).

z<3P3

We then apply mean value estimates of Bourgain [12, (1.6)] when k& = 2,
Hughes and Wooley [76, Theorem 4.1] for the case k = 3 and the work of
Wooley [177, Corollary 1.4] when 4 < k < 7 to obtain

1 r/2
/ Fla)lda < PR )
0 1<m<3P3

Observe that the cited result for the case 4 < k < 7 is the weighted version of
Vinogradov’s mean value theorem. As experts will realise, we can apply such

result to obtain the estimate that we use herein via a similar argument than
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k 2 3 4 5 6 7
24 63 134 216 316 435
t 23.4331 | 62.9722 | 133.4783 | 215.3978 | 315.9897 | 434.9924
Table 2.1

the one used in (2.2.3). The lemma then follows by combining the previous
bound with (2.1.4). O

Before describing the rest of the proof it is convenient to introduce some
parameters. Take h = | (k4 1)/2]. Consider p = 1 4 r/4&, and the exponents
gq=p/(p—1)and t = r/p+ 3k(3k + 1)/q, where &, is defined as the positive

root of the quadratic equation which is obtained by imposing the condition
&=1—-1/(t—2h+1).

Let s = [t]. Both the values of s and t are gathered in Table 2.1. The following
statement improves the number of variables obtained in Proposition 2.2.1 by
interpolating the estimates that we get in the second part of Proposition 2.2.1
with Lemma 2.9.1.

Proposition 2.9.1. One has that

/|f(oz)|sdoz < P3s73k767

where we take the minor arcs m to be as described right after (2.2.1) with & on
the range § < £ <1—1/(s —2h +1).

Proof. By Holder’s inequality, Proposition 2.2.1 and Lemma 2.9.1 we obtain
that

/m\f(a)ltda < (/Olyf(a)‘Tda>l/p</r;’f<04)‘3k(3k+1)da>l/q

< (P13r/4—3k+5)1/10(P27k2+6k—§+a)1/q < p3t—3k=o

from where the lemma follows by observing that ¢ < s. O]

The rest of the appendix is devoted to make a refinement of the argument

used in Proposition 2.6.1 to enlarge the major arcs by taking £ on the range
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described above and win one variable for the cases £ = 3,6 and 7. Let ¢ < P.

Denote by N (g, P) the number of solutions of the congruence
Tx) +...+Tx)" =T(y)" +...+ T(yn)* (mod q),

where 0 < x;,y; < P. By expressing ¢ as the product of prime powers, using
the structure of the ring of integers of these prime powers and noting that the
number of primes dividing ¢ is bounded by ¢° we obtain N(q, P) < ¢°~*P?",
and hence orthogonality yields

D IF(B+a/g))™" < gN(q, P) < ¢ P*". (2.9.1)
a=1

Now consider the difference function D(a) = f(a) — f*(a). By the triangle

inequality one has
[f()* = [ (a)’] < Fi(a) + Fy(a),

where

Fy(a) = |f(e) P D(@)] (1 (@) + | D(@)]2")

and Fy(a) = |D(a)||f*(a)|*. The integral over the major arcs for Fy(a) is
bounded in the same way as in equation (2.6.2), and by combining Lemmata
2.5.1 and 2.5.2 with equation (2.9.1) we get

Fl(Oé)dOé < P35—3k+§—1+6 S;k_ B (Q) + P3s—3k+(s—2h+1)5—s+2h qs—l'
| > St >

q<Pt q<P¢

Using the fact that £ <1—1/(s—2h+1) and Lemma 2.3.3 we obtain that the
previous integral is O(P3~3¥=9). Therefore, by the preceding discussion, the
argument following (2.6.2) and Propositions 2.4.1 and 2.9.1 then the conclusion
of Theorem 2.1.1 holds for the values of s in Table 2.1.
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Chapter 3

Waring’s problem in sums of

three cubes for small exponents

3.1 Upper bounds on the number of variables

for small exponents!

As the above heading anticipates, the purpose of the present subsection is
to provide an upper bound for the minimum s with the property that every
sufficiently large integer can be represented as the sum of s positive k-th powers
of integers, each of which is represented as the sum of three positive cubes for
the cases 2 < k < 4.

3.1.1 Introduction

Additive problems involving small powers of positive integers have led to a
vast development of new ideas and techniques in the application of the Hardy-
Littlewood method which often cannot be extended to the setting of general
k-th powers. Finding the least number s such that for every sufficiently large
integer n then

n=ab+. . . +ak (3.1.1)

where x; € N, might be among the most studied examples. We denote such

number s by G(k). Let € be the set of integers represented as a sum of

IThis section is based on a paper [110] by the author that has been accepted in the
Journal of the Australian Mathematical Society.
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three positive integral cubes. In this memoir we shall be concerned with the
function G5(k), which we define as the minimum s such that (3.1.1) is soluble
with x; € €, for the cases 2 < k < 4.

Providing the precise value of G(k) is still an open question for most k, the
cases k = 2,4 being precisely the only ones solved. Lagrange showed in 1770
that G(2) = 4 and Davenport [30] proved in 1939 the identity G(4) = 16, and
though it is believed that G(3) = 4, the best current upper bound is G(3) <7
due to Linnik [96].

Not very much is known about % . In fact, it isn’t even known whether it
has positive density or not, the best current lower bound on the cardinality of
the set being

N(X)=|€n[L,X]| > X",

where § = 0.91709477, due to Wooley [174]. We note that under some
unproved assumptions on the zeros of some Hasse-Weil L-functions, Hooley
( [70], [71]) and Heath-Brown [63] showed using different procedures that

Z r3(n)? < X't

n<X

where r3(n) is the number of representations of n as sums of three positive in-
tegral cubes, which implies by applying a standard Cauchy-Schwarz argument
that A(X) > X'7¢. This lack of understanding of the cardinality of the set
also prevents us from understanding its distribution over arithmetic progres-
sions, which often comes into play on the major arc analysis. Therefore, even
if the exponents k = 2,4 are well understood for the original problem, it turns
out to be much harder when we restrict the variables to lie on €. In this paper

we establish the following bounds for G3(k).

Theorem 3.1.1. One has G3(2) <8, G3(3) < 17 and G3(4) < 57.

We are far from knowing whether these estimates are good or bad, since the
only lower bounds that we have for the above quantities are 4 < G(3) < G3(3)
and 16 = G(4) < G3(4). For the case k = 2 though we can actually do better.
We take, for convenience, an integer j > 0, and observe that the only solutions
to

x} + a5 + a3 + ] = 33 - 2'¥ (3.1.2)
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with z; € NU {0} are either

21 =052 gy =210 g, =210 4, =0,

or

11 =4-2% 2, =329 g5 =210 g, = 2I¥0]

or

21 =4-2% 2, =429 £;=2% 2,=0

or the solutions corresponding to permutations of the above. This may be
seen by taking the equation (3.1.2) modulo 8, realising that one must have
2 | x; for every i, iterating the process and noting that the only solutions to
the equation

vi+ystys Ty =33

satisfy either

{y17y27y37y4} = {5727 270} or {y1792a93>y4} = {4737 2a 2}

or
{yla Y2, Y3, y4} = {47 47 17 O}

However, one has 4 - 2% = 4 (mod 9) and 5-2% =5 (mod 9), and no number
congruent to 4 or 5 (mod 9) can be written as the sum of three cubes. There-
fore, there are infinitely many numbers not represented as sums of at most
four squares of sums of three cubes. The preceding remark implies then the
bound 5 < G3(2).

Our proof of Theorem 3.1.1 is based on the application of the Hardy-
Littlewood method. In the setting of this paper, the constraint which prevents
us from taking fewer variables is the treatment of the minor arcs discussed in
Subsection 3.1.2. In order to analyse them we utilise an argument of Vaughan
[139, Lemma 3.4] to bound certain families of exponential sums over the minor

arcs together with non-optimal estimates of sums of the shape

Z a’, where a, = card{x € N*: © =z} + 2} + 2}, 15,23 € AP, P")}

x?
<X
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with 7 > 0 being a small enough parameter and
AY,R)={n € [1,Y]NN:p|n and p prime = p < R}.

Here, the reader may find it useful to observe that it is a consequence of
Montgomery and Vaughan [102, Theorem 7.2] that

card(A(P, P")) = ¢,P + O(P/log P)

for some constant ¢, > 0 that only depends on 7. In order to briefly discuss
the outcome that follows after applying the argument of Vaughan we introduce

the exponential sum

W)= > Y bue(ap™n), (3.1.3)

M/2<p<M H/2<h<H

where M, H > 0 and b, are weights which the reader should think of being
ap and p runs over prime numbers. It is worth mentioning that in order to
make the argument work, the parameters M and H must be subjected to the
constraint max(M5~/% M2 < H. The saving over the natural bound HM
for W (a) obtained with the method is roughly speaking of size MY/2H~1/24
which makes the estimate obtained worse than trivial for k > 5.

A naive approach to bounding G3(k) would then be to replace each sum
of three cubes by the specialisation 3z®, and this suggests a bound of the
shape G3(k) < G(3k). With this idea in mind, the bounds G(6) < 24 due to
Vaughan and Wooley [142], G(9) < 47 and G(12) < 72 due to Wooley [176]
reveal that the methods used in this memoir improve what would have been
the trivial approach and confirms that we are actually using the three integral
cubes non-trivially in our argument. For the cases k = 2,3 we combine the
pointwise bound obtained for W («) over the minor arcs with some restriction
estimates involving the coefficients a,,. When k& = 4 we instead use a bound
for a mean value of smooth Weyl sums of exponent 12. The estimate for W («)
obtained here is then robust enough to enable us to gain 15 variables from the
trivial approach over the minor arcs and allows us to prune back to a narrower
set of major arcs.

The purpose of the present section is to derive upper bounds for the mini-

mum number of variables that guarantee the existence of solutions to equation
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(3.1.1) for smaller values of k. As experts may expect, the minor arc arguments
in the analysis of the previous chapter, as opposed to those employed in the
present one, rely on estimates stemming from Vinogradov’s Mean Value The-
orem [177]. Moreover, the major arc discussion follows a standard approach,
and the author incorporates the three cubes in the analysis of the singular
series. In constrast, the major arc manoeuvres herein entail fixing the two
smooth cubes in order to provide robust approximations of the corresponding
exponential sums on a wider set of major arcs, and the pruning operations
deployed in the discussion involve both these approximations and minor arc
type estimates. Moreover, the absence of two of the cubes in the corresponding
singular series makes the local solubility analysis more tedious and somewhat
different than that of the aforementioned chapter.

In the next section, we shall employ the minor arc bound for the case
k = 2 obtained in the present section to derive an almost all result for the
analogue of Lagrange’s four square theorem when the variables are restricted
to the set of sums of three positive cubes. Moreover, we shall make use of the
approximations of the exponential sums obtained herein in the pruning process
and apply several major arc type lemmata deduced in this work. Nevertheless,
we shall also incorporate the three cubes in the analysis of the singular series
involving four squares, which in turn entails having a rather delicate discussion
of a different nature regarding the behaviour of such a series. This strategy
requires the use of thinner major arcs and pruning operations that have little
resemblance to the manouvres deployed in the present section.

The paper is organized as follows. In Subsection 3.1.2 we use Vaughan
methods to estimate W (a) and provide bounds for the contribution of the
minor arcs which are good enough for our purposes when k£ = 2,3. We ap-
proximate the generating functions of the problem on a narrower set of major
arcs in Subsection 3.1.3. In Subsections 3.1.4, 3.1.5 and 3.1.6 we only consider
the exponents k = 2,3, whereas in Subsection 3.1.7 we prove the theorem for
k = 4. Subsections 3.1.4 and 3.1.5 are devoted to the study of the singular se-
ries and the singular integral respectively. We then prune back to the narrower
set of arcs to show a lower bound for the major arc contribution in Subsection
3.1.6.
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3.1.2 Minor arc estimates

As mentioned in the introduction, we provide an estimate for the exponential
sum W (a) by using methods of Vaughan. We make use of a Hardy-Littlewood
dissection and combine both the bound for W («a) and a restriction estimate of
a certain mean value to bound the minor arc contribution for the cases k = 2, 3.
We also remark that the estimate for W («) is also used in Subsections 3.1.6
and 3.1.7 to prune the major arcs back to a narrower set of arcs. Before going

into the proof of the main lemma, it is convenient to write

Sk(q,a) = Zeq(ark). (3.1.4)

We also introduce the multiplicative function 74(q) by defining 7(q) = g 1/?
and
(P ) =p ™! whenu>0and2<v <k
and
() = kp™~Y2 when u >0
for k > 3. Observe that with this definition then one has the bound
7(q) < g ", (3.1.5)
and the proof of Theorem 4.2 of [141] yields
q ' Sk(q,a) < Ti(q). (3.1.6)

Lemma 3.1.1. Let 2 < k < 4. Take parameters H, M > 0 with the property
that max(M> Yk M2 < H. Let o € [0,1). Suppose that o = a/q + S,
where a € Z and q € N with (a,q) = 1 and such that ¢ <Y, and |3| < ¢V 1,
where Y is a parameter in the range M* <Y < H¥M?*. Then the exponential
sum W(a), defined in (3.1.3), satisfies

1/2 1/2
Tk(q)HM2 9
W H | HM b ) 1.
(a) < ( + T M H¥ o — alq] E b (3.1.7)

H/2<h<H

Proof. For the sake of simplicity we will not write the limits of summation for

p and h throughout the rest of the subsection. We apply Cauchy-Schwarz to
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obtain

Wia) < (SP) (303 elat — ptnt)

h  pi,p2
1/2

1/2
< (XmP) " (HM + @) (3.1.8)
h
where the term H M comes from the diagonal contribution and

E(@) =YY e(a(p¥ —pd)n*).
h p2<p1
In order to estimate E(«) we will follow closely the argument employed in
Vaughan [139, Lemma 3.4]. For a given pair of primes (p;,p2) we choose
b,r € N with (b,7) = 1 and such that » < 2kH"*"! and

alp* — ) — b/r| < (20) 1 HE,

Then if r > H, an application of Weyl’s inequality [141, Lemma 2.4] yields the
bound
Ze(&(pzisk _ pgk)hk) < -2 e < HHEM’l,
h
where we used the restriction on M at the beginning of the lemma. If on the
other hand » < H we combine Lemmata 6.1 and 6.2 of [141] with (3.1.6) to

obtain

Tk<T)H
1+ HE|a(ptt — p3¥) — b/r|

Z e(a(pl® —pi*)n*) < 4 pl/2e

h
Consequently, one has that
E(a) < Eg+ H" M+ Y H'Y/*" < Ey+ H'™ M,
(p1,p2)
where

EOZ Z Tk(T)H

L+ HE|a(ptt — p3¥) — b/r|

(p1,p2)€A

and A is the set of pairs (py,ps) with py < p; for which r < (6k)~*M* and
such that
|0z(pi’k — k) — b/r| < 2 Y VR R
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Note that the contribution of the pairs for which one of the previous two
restrictions doesn’t hold is O(HM). For each pair (pi1,ps), define n = po,
l=p; —psand D = ((n+1)* — n®)/l. Then one finds that

By < 3.1.9
’ Z1+Hk|aw—b/r (3.1.9)

where (n,[) runs over pairs with 1 <[ < M and M/2 < n < M such that
(n+1,n) =1 and satisfying the existing bounds on r and |adD — b/r|.

We next choose for convenience ¢, s € N satisfying (¢, s) = 1 and with the
property that s < H*M~* and

lad —c/s| < sT*TMFHF.

By the constraint imposed on M and H at the beginning of the lemma we

obtain

b 1 3k 1
)E__‘SDT < DTMkH_k+—ST1_1/kMH_k < _MSk—lH—k+_8MkH—k S 1.
rD 2 6k 2

Therefore, one has crD = bs, and hence the coprimality condition on r and b

yields r|s. Let s = s/r. We then have that sy | D, whence

H
b < §|S7—k(so> % 1+ H’“D‘al — c/s”

where the sum on (n,[) runs over the same range described after (3.1.9) with
the conditions (n + [,n) =1 and ((n + 1)* —n%)/l = 0 (mod so). Once we
fix [ then using the above constraints one has that the number of such n is
bounded above by O((M /sy + 1)s5). Consequently, we obtain that

E(0) < HYM + H M E;,

where

B=Y s)H
—~1 —i—H’“]M?”'g 1|al —c/s|’

and L is the set of integers [ < M for which s < M* /2 and

lal — ¢/s| < M*3F =,
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Now we choose d,t with (d,t) = 1 satisfying t < M**! and
o —d/t| <t M

We then find that

d 1 1
lﬁ _ ;’su < SEMPHHTF 4 SIMTR < M 4 S < 1
S

Therefore, one has ¢t = dsl and hence s|t. Let ty = t/s. Then it follows that

to | I, and on defining Iy = [/ty we obtain

B<Xn(y) g < T
1 Te\ — .
o \o/ | S T HEMS to|a — d/t] T 1+ HEMP o — d/t|

If either ¢t > M*/2 or
|Oé i d/t| > 2—1t—1/kH—kM1—3k

then we get Fy < HM?*® and we would be done. For the remaining cases one
finds that

d 1 1 1
g - ;‘qt < §qukM173ktlfl/k _i_tYfl < §YH7kM72k + §Mkyfl S 1’
q

which implies that a = d and ¢ = ¢, and yields the bound

Tk(q)H1+€M2

E(a) < H"M + .
() 1+ HEM3*|a — a/q|

The combination of this estimate and (3.1.8) proves the lemma. ]

Before describing the application of this lemma in the minor arc treatment
it is convenient to introduce some notation. Let n be a natural number and

take P = n'/Gk)_ Define the parameters

3

k) = M=PpP'®W  H=max(M>* M2,
k) =37 max(5 — 1/k, 261’ ’ max( ’ )
(3.1.10)

We observe for further purposes that
P? = M°H. (3.1.11)
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Note that these choices for M and H maximize the saving obtained for W («)

over the trivial bound in the previous lemma. Take

H, - (%)1/3H1/3, H, — (%)1/3H1/3’ H, — <%>1/3H1/3_

For every triple x € R3, consider the function T'(x) = z% + 3 + x3. Define the

sets
P
H={y)eN: S <ys<P  yeAPPY}
WZ{(y,y)ENB: H, <y < H,, yGA(Ha,P”)Q},

and the corresponding weights
a, ={xeHH: z=T(x)}, bp=xeW: h=T(x)},

where by, is the choice that we make for the weights of W («) in (3.1.3). We

use a, to define the weighted exponential sum

h(a) = Z aze(ax®).

r<3P3

Before describing how h(a) and W («) play a role in the argument we first
show upper bounds on the L2norms of the weights which will be used to

estimate the minor arc contribution. Let X > 0, consider

fla; X) =) e(az®), flas X; X = Y e(aa®)

<X TEA(X,X"M)

and define the mean value
1
U = [ 15 XP | X5 X o
0

It is a consequence of Wooley [174, Theorem 1.2] that U(X) < X314
where 7 = 0.00128432. Consequently, on considering the underlying diophan-

tine equations due to orthogonality, it follows that

Z ai < U(P) < P3+1/4_T, Z b}ZL < U(HI/S) < H13/12_T/3.
2<3P3 H/2<h<H
(3.1.12)
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The reader may note that we didn’t write the entire decimal expression of
7, so the bound for U(X) holds for a slightly bigger 7. Therefore, whenever
we encounter bounds with the mean value U(X) involved, we can omit the
parameter ¢ in the exponents.
Take
s(k) = 2° when k = 2,3

t(2) =4 and t(3) = 9. (3.1.13)

For ease of notation we will just write s and ¢ instead of s(k) and ¢(k) through-

out the paper. Let R(n) be the number of solutions of the equation

t s+t
i=1 i=t+1

where x; € W for 1 < i < t with M/2 < p; < M prime and x; € H for
t+1<i< s+t Note that by orthogonality then

Our goal throughout Subsections 3.1.2 to 3.1.6 is to obtain a lower bound for
R(n) for all sufficiently large n. For such purpose, we make use of a Hardy-
Littlewood dissection in our analysis. When 1 < X < M¥*, we define the major
arcs M(X) to be the union of

X
M(a,q) = {a €[0,1): ‘a - a/q‘ < —} (3.1.14)
qn
with 0 < a < ¢ < X and (a,q) = 1. For the sake of simplicity we write
M = M(M"), N = M((6k) " H?).

We define the minor arcs as m = [0,1) \ 9t and n = [0, 1) \ M. This dissection
remains valid for the case £k = 4 and will be used in Subsection 3.1.7. We
then take o« € m and observe that by Dirichlet’s approximation there exist
non-negative integers a, ¢ with (a,q) =1 and 1 < ¢ < nM~* such that

k

M
o —a/q| < —.
qn
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Consequently, one has ¢ > M*, and hence (3.1.12) and Lemma 3.1.1 yield the
bound

1/2
W(a) < H1/2+8M1/2( > bi) < HH/AAT/6 12, (3.1.15)
h<H

As was previously observed right after (3.1.3), the reader may find it useful to
note that in view of (3.1.10) then the above estimate is worse than the trivial
one HM whenever k > 5. This explains the reason why we have restricted our
analysis in this memoir to the cases 2 < k < 4. In the following proposition
we combine this pointwise bound with some restriction estimates to bound the

minor arc contribution.

Proposition 3.1.1. When k = 2,3 then one has that
/ |h(a)FIW (o) 'dae < (H M) P33k, (3.1.16)

Proof. Combining Bourgain [12, (1.6)] when k£ = 2 and the work of Hughes
and Wooley [76, Theorem 4.1] when k = 3 with equation (3.1.12) we find that

! s/2
/ Ih(a)[*da < P38/273k+5< Z @i) « PBs—3kts/8=3
0

z<3P3

Therefore, an application of the pointwise bound on the minor arcs obtained
in (3.1.15) yields the estimate

/|h(0z)|s|W(oz)|tdoz < Ht+t/24Mt/2P38_3k+s/8_6.

We define for convenience the parameter (k) as £(2) = 0 and £(3) = 7/92,
and deduce that the proposition then follows after noting by (3.1.10) that
HUY2N2Pps/8 = MtP~€%) . For the purpose of this paper, knowing the ex-
istence of § > 0 for which (3.1.16) holds suffices. The reader may observe

though that the precise saving over the expected main term that we obtain
here is H!7/6 p&(k)+s7/2—¢ "
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3.1.3 Approximation of exponential sums over the ma-

jor arcs

We adapt the argument of Vaughan [141, Theorem 4.1] to estimate the differ-
ence between the exponential sums h(«), W (a) and their approximations over

the major arcs. Let y € [0, P]* and set
Cy = y; + . (3.1.17)

Let g € R and let p be a prime number. Consider the integrals

Ha i
e <6p3k (x3 + C'y) )dx.
(3.1.18)

vy(ﬂ)=/P €<ﬁ($3+0y)k>dx and Uy,p(ﬁ):/

P/2 H,

Note that by a change of variables one finds that

vy(B) = / TBy(e(B)dy, vy ,(B) = / " By (1)e(Br)dy, (3.1.19)

My, My p
where the limits of integration taken are M, = (P3/8+Cy)k, Ny = (P3+C’y)k,
M,, = (Hp*/2+ pr)k and Ny, = (2Hp*/3+ C’py)k, and the functions inside

the integral are defined as

1 ., B 1, )
By(7) = =" AME = Cy) B Byy(y) = AP (VR = Cyy) TR,

3k 3kp
(3.1.20)
We introduce the auxiliary multiplicative function wy(q) defined for prime

powers by taking

puv/3k when v > 1 and 1 < v < 3k,
skutey — J -1 when u =0 and 2 < v < 3k, (3.1.21)
p1/2

wi(p
when v =0 and v = 1.

In order to discuss the approximation of f(«) on the major arcs, it is convenient

to consider for @ € Z and ¢ € N with (a,q) = 1 the sums

Sy(g,a) = Z €q (a(r3 + C'y)k> and  V(a,q,a) =q! Z Sy(q, a)vy (B),

r=1 y

(3.1.22)
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where y runs over the set A(P, P")? of pairs of smooth numbers.

Lemma 3.1.2. Suppose that a € Z and q € N with (a,q) = 1. Let a € [0,1)

and =« —a/q. Then we have the estimate
h(a) = V(a,q,a) < P*q" = uwy(q)(1 +n|B])"2.
Moreover, if | 3] < (2-3%kq)"'Pn~" one finds that
h(a) — V(a,q,a) < P*¢"wi(q). (3.1.23)
Proof. Let b € Z and y € A(P, P")*. We define

Sy(q,a,b) = Z eq(a(r’® + C'y)k +br)  and I, (b) = /13/2 e(F(v;b))dy,
(3.1.24)

where the function in the argument inside the integral is taken to be

r=1

F(y;b) = B(v* + Cy)* — bv/q.

Both the complete exponential sum and the integral play a role in the analysis

of the main and the error term. Observe that h(a) can be written as

ha)= > hy(a), with hy(a) = Y ea(z®+Cy)").

YEA(P,P)? P/2<a<P

Then by sorting the summation into arithmetic progressions modulo ¢ and

applying orthogonality, it follows that

hy(a) =g Y Sylg,ab) Y e(F(x:h)),

—q/2<b<q/2 P/2<a<P

whence using Vaughan [141, Lemma 4.2] we obtain

hy(a) = 'Sy (g, a)vy (B) =¢~" Z Sy(q, a,b)Iy(b)
—B<b<B
b0

+O(q‘110g(H+2) > ISy(q,a,b)D,

—q/2<b<q/2

(3.1.25)
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where B = (H +1/2)q and H = [3¥*kP~'n|3| + 1/2]. Note that by the quasi-
multiplicative property, in order to bound Sy (g, a, b) it suffices to consider the
case when ¢ is a prime power. For such purposes, we take ¢ = p?**tv. We
observe first that by Vaughan [141, Theorem 7.1] one has that

Sy(q,a,b) < q171/3k+s.

Moreover, when v > 2 and u = 0 we can deduce from the proof of the same
theorem? that Sy (p°, a,b) < p’~!. For the case ¢ = p, the work of Weil® [155]
yields the estimate Sy (p,a,b) < p'/2. Therefore, combining these bounds with
the definition (3.1.21) one finds that

Sy(q,a,b) < ¢ wg(q). (3.1.26)

Consequently, by (3.1.25) we have

hy (@) — ¢~ 'Sy (q, a)vy (B) < ¢cwyi(q) Z I, (b)] + ¢" T*wi(q) log(H + 2).
(3.1.27)

To treat the sum on the right-hand side we use the methods of the proof
of Vaughan [141, Theorem 4.1]. In his analysis he classifies the range of inte-
gration of I(b) according to the size of |G’(7)|, where

G) =5t ~tnfg  and 1) = [ e(G))ax

We follow Vaughan’s analysis closely, dividing the range of integration of Iy (b)
according to the size of |F'(y;b)|, to obtain

Y Ly (0)] < ¢ (L + | B)) .
—B<b<B
b£0

Since log(H + 2) < (1 +n|3|)'/? then

hy(@) = 478y (g, a)vy (8) < ¢ wi(q)(1 +n|B])"?,

2See in particular the argument following [141, (7.16)]
3See Schmidt [123, Corollary 2F] for an elementary proof of this bound.
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which implies the first statement of the lemma by summing over y € A(P, P")2.
Note that when || < (2-3%kq)"1Pn~" and b # 0 one has |F'(x;b)| > [b|/(2q)

and H = 1. Observing that F’(z;b) is monotonic then partial integration

q e
2. Inol< 3, <

—B<b<B —B<b<B
b#0 b#0

yields

Combining this estimate with (3.1.27) and summing over y € A(P, P")? we
get (3.1.23). O

By applying similar methods we can obtain the same type of approximation
for the exponential sum W(«a). For @ € Z and ¢ € N with (a,q) = 1 and
recalling (3.1.18) and (3.1.22) we introduce the auxiliary function

W(a,q,a) =q " Z Spy (@, a)vy ,(5), (3.1.28)

where y € A(Hz, P")? and M/2 <p < M.

Lemma 3.1.3. Suppose that (a,q) = 1 and (p,q) = 1 for all primes with
M/2<p<M. Let a« € [0,1) and 5 = o — a/q. Then we have the estimate

W () — W (e g, @) < ME 0w, (g)(1 +n|8))"*(log P)"
Moreover, if |3] < (6kq) " H'3n~! one finds that
W(a) —W(a,q,a) < MH*3¢"* =w(q)(log P)~".

Proof. In the same way as before, we can express the exponential sum W («)

as

W(a) = Z Wy (), where Wy, (a) = Z e(ap™ (2* + Cy)"),

Hy<z<H,

and the parameter Cy was defined in (3.1.17). Sorting the summation into

arithmetic progressions modulo ¢ and applying orthogonality one has that

Wysl@)=q" > Sylg.ap™,b) D 6(5p3’“(a:3+0y)'“—b—x).

—q/2<b<q/2 Hi<o<H, q
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Recalling that (¢, p) = 1 then a change of variables yields

Sy(qv ap3k) = Spy(q,a).

Therefore, the application of the argument of Vaughan [141, Theorem 4.1] in

the same way as we did above leads to

Wy pa) — q_lspy(% a)vyp(B) < q1+awk(€1)(1 + nlﬁ!)m,

and if | 3| < (6kq) "' H'3n~! then

Wy,p(a) - q_lspy(Qa a)vy,p(ﬂ) < q1+£wk(Q)a

which delivers the desired result by summing over the range of (y, p) described
in (3.1.28). 0

3.1.4 Treatment of the singular series

Unless specified, in this subsection and the two upcoming ones we assume that
k = 2,3. We introduce some exponential sums and present upper bounds which
we obtain making use of the arguments in Vaughan [141, Theorem 7.1]. We
also discuss the congruence problem and introduce some divisibility constraints
on Cy, and C),y, to ensure local solubility. For further purposes, we remind

the reader of the definition (3.1.13). For the rest of the paper, unless specified,

Y = (y1,...,¥sre) EN* and p=(p1,...,p00)

will denote tuples with y; € A(P, P")? for t+1 < i < s+t and y; € A(Hz, P")?
for 1 < i <t, where p; are primes satisfying M/2 < p; < M. Take ¢ € N and
define

q t s+t
Syplq) =q¢ " Z e(—an/q) H Spiyi (4, @) H Sy.(q, a).
a=1 i=1 i=t+1
(a,9)=1

The following technical lemma provides a straightforward upper bound for the

previous exponential sum and will be used throughout the major arc treatment.

Lemma 3.1.4. Assume that 2 < k < 4. Let m > 2. Take o < m3—;1 when
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m >3 and a =0 form = 2. Let Q > 1. Then, recalling (3.1.21) one has

Y dwn(a)" < Q.

q<Q

Moreover, for the case k = 4 we also have

> " qmi(a)'walq) < @7, (3.1.29)

q<Q
where 14(q) was defined just before Lemma 3.1.1.

Proof. By the multiplicative property of wy(q) it follows that
> w(gm < [T (1+ thawk M <[] @+Cpt) <@
q<Q p<Q p<@Q
For the second estimate we use the bound 74(p")* < p~" when h > 2 to obtain

ZPU )<<P3/2+Zw4 ) <p !

h>2

Equation (3.1.29) follows then combining the above bound with multiplicativ-
ity. O

Lemma 3.1.5. Let a € Z and q € N with (a,q) = 1. The functions Sy(q,a)
and Sy »(q) defined above satisfy

Sy(q,a) < ¢ wi(q), Sy p(q) < ¢ Fwp(q)**. (3.1.30)

As a consequence, for every QQ > 1 and every a < SH L 1 it follows that

Zq ISy p(q)] < Q° and Z|Syyp(q)| <K Qe (3.1.31)
9=Q >Q
Proof. Onrecalling (3.1.24) note that Sy (q,a) = Sy (¢, a,0). Therefore, (3.1.26)
vields Sy(g,a) < ¢'™wi(g), and hence (3.1.30) holds. This estimate and
Lemma 3.1.4 imply the first inequality in (3.1.31). Finally, observe that as a

consequence we have

> ISvelo)l <@,

Q<q<2Q
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from where the second inequality of (3.1.31) follows by summing over dyadic

intervals. O]

We apply the bounds obtained in the previous lemma to a collection of
singular series and other related series. For such purpose, it is convenient to

define, for tuples (Y, p) and each prime p the sums
GY,p(n) = Z SY,p(Q): O(p) = Z SY,p(pl)'

Lemma 3.1.6. The singular series Sy p(n) converges absolutely, the identity

Syp(n) =[] o) (3.1.32)

holds and 0 < Sy p(n) < 1. Furthermore, on recalling (3.1.13) and (3.1.17)
one has Sy p(n) > 1 provided that:

1. When k = 2 one has C,,y, = 28 (mod 108) for 1 < i <t and Cy, = 28
(mod 108) fort+1<i<s+t;

2. When k = 3 one has Cpy, = 0 (mod 162) for 1 <i <t and Cy, =0
(mod 162) fort+1<i<s+t.

As mentioned before, the constraints on Cy, and C,,, ensure the local
solubility of the problem. Note that the set of tuples with these divisibility
conditions has positive density over the set of tuples without the restrictions
since it follows from the proof of Lemma 5.4 of [139] that smooth numbers
are well distributed on arithmetic progressions. Therefore, we are still able to
get the expected lower bound for the major arc contribution. Observe though
that the choices for the constraints are not unique, but for the purpose of this

exposition it will suffice to study just one of the possible restrictions.

Proof. Note that the application of Lemma 3.1.5 yields the estimate
o(p) — 1< p 2 (3.1.33)

This bound and the multiplicative property of Sy p(¢) imply (3.1.32), the con-

vergence of the series Gy ,(n) and its upper bound. To give a more arithmetic
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description of o(p) it is convenient to introduce

t s+t

Mo@") = {X € L1 0= (@ Chy)'+ D (+Cy,)" (mod pt) |

=1 1=t+1

and M, (p") = | M, (p")|. Observe that by a standard argument making use of

orthogonality we obtain the relation

h
S Sy ) = PR ().
=0

In view of (3.1.33) it transpires then that in order to prove the lower bound
for &y p(n) it will suffice to show that pU=s=Y" M, (p") > C, for some positive
constant C),, depending on p. For each p prime, take 7 > 0 for which p7||3k.
Define v = v(p) = 27+ 1 and

M) = {X € Malp): ptan, pit (e} + Cpy) }

We take h > ~ for convenience. Our priority for the rest of the lemma will be
to show that |M(p?)| > 0, since then an application of Hensel’s Lemma will
yield the bound M, (p") > pls+t=1r=),

For further discussion, it is convenient to consider for a fixed number C' € N
the sets

To(p?) = {x3 +C (mod p”)}
and

Tew) = {a*+C (mod p7): pto, pt(*+C)}.

Let p = 1 (mod 3). Under this condition one has p > 7, so v = 1 with
|Tc(p)| = (p+2)/3 and |75 (p)| > 1. If we denote the set of k-th powers of the
above set by

T = {yk (mod p?) =y € 7'c(p7)},
then one finds that
1 TED)| = [(p+2)/3k].

One can check that |T%(7)| > 2 for every C' € N, and whenever p > 7 we find

that
(s+t—1)(w%k2—‘ —1> > P
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and hence Cauchy-Davenport [141, Lemma 2.14] delivers |[MZ(p)|> 0. When
p = 2 (mod 3) and p > 2 then v = 1 and we further get |7¢(p)| = p and
|75(p)| > 1, whence another application of Cauchy-Davenport [141, Lemma
2.14] yields |MZ(p)] > 0. For the case p = 2 and k = 2 the divisibility

contraints reduce the problem to the resolution of
6 6
yi+---+ys=n (mod 8)

with y; € N and 2 1 y;, which is straightforward. The case k = 3 is also trivial
since then one would have v(2) = 1. Likewise, if p = 3 one finds that whenever
C' =1 (mod 27) then

T5(27) = {0,1,4,13,22}

and |T5(27)] = 3, so |[M}(27)] > 0 when k = 2 follows combining the con-
straints for C,,,, and Cy, described above and Vaughan [141, Lemma 2.14].
Finally, when & = 3 we make use of the conditions Cy, = 0 (mod 81) and

Cp,y; =0 (mod 81) to reduce the problem to finding a solution for
Y] 4+ ... +yl- =n (mod 243)

with y; € N and 3 t y;. The solubility of this congruence is a consequence of
Vaughan [141, Lemma 2.15]. O

3.1.5 Singular integral

In this subsection we analyse the size of the singular integral following the
classical approach making use of Fourier’s Integral Theorem. For each pair of

tuples (Y, p) consider

s+t

Fea(®) = [ Vap(@e(-nids, where V() = [[ivun (9 I 09)

—o0 i=t+1
and vy, ,,(8) and vy, (8) were defined in (3.1.18).

Lemma 3.1.7. One has that 0 < Jy p(n) < P*H'3n=t. Moreover, whenever
(Y,p) satisfies M/2 < p; < 51M/100 for 1 < i < t andy; < P/2 for
t+1<3<s+1t then

Jy p(n) > P HY3n7", (3.1.34)
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In the following discussion we rewrite Jy p(n) as an integral whose size is
easier to estimate. The conditions on the tuples described before ensure that
we get a suitable range of integration for such integral. Note that the set of
tuples on that range has positive density over the set of tuples without the
restrictions, and hence we are still able to get the expected lower bound for

the major arc contribution.

Proof. By using the expression of both vy, (/) and vy ,(8) in (3.1.19) we find

that »
Jy p(n) = hm/ /xesBYp (sz—n>>dxd6,

where the function By ,(x) is taken to be

t s+t
BY,I)(X) = HBy@',Pi(xi) H By, (x%)
=1 1=t+1

and we integrate over the set

S = H[Myi,pm Ny, p) % H[Mym Ny,
s+t

Then by integrating on § and making the change of variables v = ") z; we

obtain
52 sin (2w (v — n))

gl = Jim [ ()
where ¢(v) is defined as
s4t—1 ¢ st—1
o0 = [ Bu(v= Y w) [[Bnted T Buwix
x€5'(v) i=1 i=1 i=t+1

the subset &’(v) C R¥™~! denotes the tuples satisfying

.T,LE[M

vipis Nyips] for 1 <i <t —a; €My, Ny,| fort+1<i<s+t—1,

and
s+t—1

ys+t —_ Z xl — strt (3-1.35)
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and the above limits of integration are

t s+t t s+t
Sl:ZMi,pi+ Z Myi7 S2:ZNi,pi+ Z Ny,.
i=1 1=t+1 i=1 i=t+1

Since ¢(v) is a function of bounded variation, it follows from Fourier’s In-
tegral Theorem * that Jy ,(n) = ¢(n), which implies positivity. Note that
combining the identity (3.1.11), the limits of integration defined after (3.1.19)
and equation (3.1.20), we find that whenever x € S’(n) then it follows that
By, pi(7;) < HY3p Y for 1 <i < tand By,(v;) < Pn  fort+1 <i < s+t—1,

and one further has
s+t—1
B

yors (M — Z z;) =< Pn~t

i=1
Therefore, combining the previous ideas we obtain the upper bound for Jy ,(n)
stated at the beginning of the lemma. Moreover, if (Y, p) lies in the range
described right after that bound, then there exist intervals I; C [My, .., Ny, 1]
for 1 <i<tand[; C[My,,Ny]fort+1<i<s+t—1satistying |[;| <n
and with the property that whenever z; € I; then (3.1.35) holds for v = n.
Consequently, the preceding discussion yields (3.1.34). O

For the sake of brevity we define the auxiliary functions h*(«) and W*(«)
by putting

h*(a) =V(a,q,a) and W (a) =W(a,q,a)

when o € M(a,q) C M and h* (o) = W*(a) = 0 for « € m. Here the reader
may want to recall (3.1.22) and (3.1.28). For the rest of the subsection we

present some bounds for these functions.
Lemma 3.1.8. Let 5 € R. For every prime p and 'y € N? one has

P H1/3

Uy(ﬁ) < TTM and Uy,p<ﬂ) < Tnlm

Moreover, whenever o € 9M(a,q) C M one finds that

q“wi(q) P? ¢wr(g)MH
1L+ nja —a/q| (14 nla —a/q|)(log P)’
4See the argument in Davenport [33, p. 21-22] or in [158, 7.43].

h* (o) < and W (a) <
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Proof. When |3 < n!, the bound for vy () follows observing that by (3.1.19)

and the limits of integration taken after (3.1.19) then
Ny —2/3
vy (B) < / y R (YR — Cy) T dy < P

My

The reader may find it useful to recall (3.1.17) in the above line. For the case
|3] > n~!, using the fact that By(y) is decreasing and integrating by parts we
have that

vy (B) < 187" By (My) < |80/,

which proves the statement. The case vy ,(f) is done in a similar way and
follows after applying (3.1.11). Combining these estimates and Lemma 3.1.5
we get the bounds for A*(«) and W*(«). O

3.1.6 Major arc contribution

In this subsection we show that the contribution of the set of narrow arcs 91 is
asymptotic to the expected main term. We prove then that the contribution
of the remaining arcs is smaller by combining major and minor arc techniques

and making use of Lemma 3.1.1.

Proposition 3.1.2. There exists 6 > 0 such that

/m h(a)*W () e(—an)do = Z Sy p(n)Jyp(n) + O(HtMtP3s—3k—5)’

where (Y, p) lies in the range of summation described at the beginning of §4.

Proof. We note first that the triangle inequality yields
h(a)® = h*(a)* < [h(a) = ¥ (Q)[(|h* (@)~ + [h(a) = B (@) "7).

Observe that by (3.1.10) and the definition (3.1.14) then whenever o € N(a, q)
one has that
(1+nlp)~" > gH " > qP!

and
8] < (6kq) " HY3n™' < (2-3%kq) ' Pn~!
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for n sufficiently large. Consequently, Lemma 3.1.2 applied to |h(a) — h*(a)]

and Lemma 3.1.8 applied to |h*(«)| in the above equation deliver
h(a)® — h*(@)® < ¢ wr(q)*P¥ (1 +n|g])~**, (3.1.36)

and by the same reason then whenever o € MN(a,q) with (p,q) = 1 for all
primes M/2 < p < M, Lemma 3.1.3 gives

W(Oz)t . W*(&)t < Mth—1/3q1+awk(q>t(1 +n|ﬁ|)_t+1. (3'1'37)

We also need a bound on the following quantity to exploit some orthogonality
relation when averaging over ¢q. Denote by N(g, P) the number of solutions of

the congruence
T(p1x1)* + T(pax2)® = T(psxs)* + T(psx4)*  (mod q),

where x; € [1,H'/?]? and M/2 < p; < M with ¢ € N. By expressing ¢
as the product of prime powers, using the structure of the ring of integers
modulo these prime powers and noting that the number of primes dividing ¢

is O((logq)/loglogq) we obtain
N(qg,P) < ¢ (MH)*(log P)*(¢" + P7"), (3.1.38)

where we also used the identity (3.1.11), and hence by orthogonality it follows
that

q
> W (B+a/q)|* < qN(q, P) < ¢"**(MH)*(log P)™*(¢"" + P"). (3.1.39)
a=1
Combining (3.1.36) and (3.1.39) one has that

| [y =@y weran < (P 3 g e

q<H/3
< (]'_AI']\J)tP3373k757

where we used (3.1.10) and Lemma 3.1.4. Before introducing the auxiliary
function W*(«) to replace W () we must ensure that the contribution of the

arcs with M /4 < ¢ < (6k)~'H'/? is small enough. By doing so we avoid having
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to approximate W («) for the cases when p | ¢ for primes p appearing in the
definition (3.1.3) of W(«a). Combining Lemma 3.1.8 with (3.1.39) one finds
that

DS /Ih*5+a/q|\Wﬁ+a/q\dﬁ

M/4<q<(6k) 1H1/5 a 1

<<(HM> P3373k+€ Z wk(Q) < (HM)tPBSf?;kfé’

M/4<q<(6k)~1H1/3

where in the last step we applied the definition (3.1.21). For the range ¢ < M /4
we always have (p,q) = 1 for all primes M/2 < p < M, so we can use (3.1.37)

and Lemma 3.1.8 to obtain

zz/ (a

q<M/4 a 1

W(a)' =W (a)’

< P3s—3kMth—1/3 Z q2+6wk(q)s+t < (]{]\4)tp3s—3k—57

q<M/4

where in the last line we used (3.1.10) and applied Lemma 3.1.4. By Lemmata
3.1.4 and 3.1.8 one has that

> Z / (@] (@) da

q<M/4 a 1 la—a/q|>(6kq)—1H/3n—1

< H2t/3—s/3+1/3MtP3s—3k Z qs+t+6wk(q)s+t < (HM)tPSS_Bk_(S.
q<M /4

Therefore, using the previous bounds, making a change of variables and com-
bining Lemmata 3.1.5 and 3.1.8 it follows that

/m h(a)* W (@)l e(—an da—ZGYp )Ty () + O((HM) PF~3+5).
(3.1.40)

The rest of the subsection is devoted to ensure that the contribution of the

remaining major arcs is smaller than the main term in the previous equation.
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Let R(q, P) be the number of solutions of the congruence
T(x1)" + T(x2)F = T(x3)" + T(x4)* (mod q),

where x; € [1, P]?. Applying the same argument we used in (3.1.38) for bound-
ing N(q, P) we find that R(q, P) < ¢ P*(q~* + P~!), and hence by orthogo-
nality it follows that

q
> Ih(B+a/q)* < qR(q,P) < ¢"*P?(q"' + P7). (3.1.41)
a=1
Moreover, observe that by a similar argument for the case k = 2 we get

D IhB+a/g) < g P g+ P, (3.1.42)

a=1

We consider for convenience the mean value
Iy = / |h(oz)|5’W(oz)|tdoz.
M\N

Our strategy for the treatment of this integral will be to bound W («) pointwise
via Lemma 3.1.1 and use some major arc estimates. For such purposes, we
define first Y («) for o € [0,1) by taking

T(a) = 1(q)(1 + njo—a/q|) ™

when o € M(a,q) C M and Y(a) = 0 otherwise. When a € Z and ¢ € N
satisfy 0 < a < ¢ < M* and (a, q) = 1, consider the set of arcs

M (a,q) = {a €[0,1): )a - a/q‘ < ql/ikn} (3.1.43)

and take 9V to be the union of such arcs. Note that then one has 9" C IN.
Observe that for a € M\ M, the bound in the right handside of (3.1.7) corre-
sponding to the diagonal contribution dominates over the one corresponding
to the non-diagonal contribution. Therefore, we can apply the same argument
that we applied in Proposition 3.1.1 to estimate the integral over this set.
When a € 9V then it is the bound corresponding to the non-diagonal term
the one which dominates. Let I, be the contribution of 9\ 91 to the integral
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I;. By making use of Lemma 3.1.1 and (3.1.12) we obtain that

[]/\4 <<Ht+t/24—5Mt/ |h(a)|5T(a)t/2doz<< Ht+t/24—5Mt([1 _|_I2)’
MA\N

where

. / (@) *2G () Y (@) da i=1,2
MAN

with Gi(a) = |h*(a)]* and Ga(a) = |h(a) — h*(a)|. In view of the definitions
(3.1.14) and (3.1.43) for D and M’ respectively, we make a distinction between
the ranges ¢ < (6k)"'H'? and (6k)"'H'3 < ¢ < M*. We also combine
Lemmata 3.1.4 and 3.1.8 with equations (3.1.41) and (3.1.42) and the bound
(3.1.5) to obtain

]’1 <<P3873kH7t/671/3 Z wk(q)th/2+17t/2k+6
qS(Gk)lel/S

+ p3s—3k Z wk(q>2q1—t/2k+s (q_l +P_1) < P3s—3k+sH—t/6k'
(6k)—1H/3<q<MF

Likewise, combining equations (3.1.41) and (3.1.42) with Lemmata 3.1.2 and
3.1.4 one finds that

I <<P3s—3k—2+sH—t/6+2/3 Z qt/2—t/2kwk (q)2
q<(6k)~1H/3

+ p3s—3k—2+e Z wk(q)2q3—t/2k <q—1 + P—l)
(6k)~1H1/3<q<MF

<<P3373k+€H7t/6k
where we made use of (3.1.10). Therefore we obtain that
[]/\/[ < (HM)tP?)sf?)kf(S’

whence the result of the proposition follows combining (3.1.40) with the pre-

vious estimates. O

Proof of Theorem 3.1.1 when k = 2, 3. Note first that Lemma 3.1.7 ensures
positivity for Jy ,(n) and guarantees that for (Y, p) in the range described
in the lemma then Jy ,(n) > P*H'3n~1. Similarly, Lemma 3.1.6 ensures the
positivity of Gy ,(n) and implies that for (Y, p) satisfying the local conditions
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described after (3.1.32) then &y p(n) > 1. As observed at the beginning of the
lemmas, the intersection of the sets of pairs (Y, p) satisfying those conditions

has positive density. Therefore, we find that

> Sy p(n)Jyp(n) > (HM) P *(log P)™".
Y,p

Propositions 3.1.1 and 3.1.2 then yield the bound R(n) > (HM)!P3=3%(log P)~,
which proves the theorem for k = 2, 3.

3.1.7 The case k = 4.

In this subsection we discuss the proof of the theorem for fourth powers. For

such purpose, it is convenient to introduce the exponential sum

fla) = Z e(az').

e A(P,PM)

Let R4(n) be the number of solutions of the equation

11
n=> T(px)*+81(y1> + -+ i),

i=1

where x; € W with M/2 < p; < M for 1 < i < 11 and y; € A(P, P") for
1 < < 46. Observe that the sums of three cubes on the right handside have
been replaced by the specialization 3y®. Note as well that orthogonality yields
the identity

R4(n):/0 W (a)™ f(81a)*e(—an)da.

Our goal throughout the subsection is to obtain a lower bound for R4(n) for
all sufficiently large n. Recalling (3.1.10) and (3.1.15) and using the table of
permissible exponents for k£ = 12 in Vaughan and Wooley [143] we find that

1
/|W(a)|11|f(81a)|46da<<H11+11/24—5M11/2/ |f(oz)|46da
m 0

< (HM)H p3i+an=—1/2-3 (3.1.44)

where Aoz = 0.4988383, and hence it follows that the minor arc contribution
is then O((HM)"P3?).
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We define a set of narrow major arcs B8 by taking the union of

PB(a,q) = {a €[0,1): ’04 —a/q‘ < %}

with 0 < a < ¢ < R and (a,q) = 1, where R = (log P)*/°, and consider
p =1[0,1) \ *B. In the next few lines we will combine all sort of major and
minor arc techniques to prune back to the set of narrow arcs . As observed
after (3.1.43), whenever a € 9t \ M’ then the bound in the right handside
of (3.1.7) corresponding to the diagonal contribution dominates over the one
corresponding to the non-diagonal contribution. Therefore, we can apply the
same argument that we applied in (3.1.44) to obtain that the integral over that
set is O((HM )" P3=0).

We next note for further purposes that Theorem 1.8 of Vaughan [139] yields

sup|f(8la)| <« P°*e, (3.1.45)

where p = 0.004259. As experts will realise, one could obtain a slightly bigger
p by applying the methods in [167]. For the sake of brevity though, we avoid
that treatment and make use of the weaker version of the estimate. We also
remark that such improvement in the exponent would make no impact in the
argument. Observe that using the same procedure as in (3.1.39) and (3.1.41)
we deduce that

Y IFBLUB+a/9)* < ¢ PP (g + P, (3.1.46)

a=1

Note as well that whenever o € 9 \ 9 then (1 + n|3|)%? > HY3¢!, and
hence Lemmata 3.1.3 and 3.1.8 yield

W(a) < MH3¢"%=w,(q)(1 4 n|B8))"2.

By the preceding discussion together with Lemma 3.1.1 and equations (3.1.45)
and (3.1.46) we obtain

L W@ 1) e < (AP S e w6+ P

q<M*
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Here the reader may find useful to observe that we applied the estimates
(3.1.7) and (3.1.12) to eight copies of W («) and the bound for W («a) deduced
above to just one of them. Likewise, we made use of the pointwise estimate
(3.1.45) to bound 34 copies of f(81a) and we used the other 12 to exploit the
congruence condition via (3.1.46). We get that the above sum when ¢ < P
is O((HM)HP34_5) via Lemma 3.1.4. Similarly, we use Lemma 3.1.4 and the
bound ¢P~! < PY" which follows after (3.1.10), for the range P < ¢ < M*
to obtain that such contribution is also O((HM)'" P3'=°). By the observation
made before (3.1.36), which is still valid for £ = 4, and Lemma 3.1.3 we find
that whenever o € 1 then

q wa(q)HM
(1 +n|B])(log P)’

W(a) <
Therefore, the application of this bound and (3.1.39) yield

/ W ()] £(810)[dar < (H M) P (log P) RS Fu(q)”
PIARY

q<R

+ (HM)" P¥(log P)™" ) " gFuu(q)".

q>R

Consequently, Lemma 3.1.4 and (3.1.21) imply that the above integral is then
O((HM)11P34(log P)_H_‘S).

In what follows, we will briefly describe the singular series associated to the
problem. There might be other approaches that would lead to more precise
asymptotic formulae, but for the sake of simplicity we avoid including the sums
of three cubes in the singular series. On recalling (3.1.4), it is convenient to

consider, for an integer m € N and a prime p the sums

Sm(@) =q7* Y Sia(q.81a)¢,( — a(n — m)), Tm(p) =Y Sm(p").

(a,9)=1

Observe that whenever 3 1 ¢ then we can make a change of variables to rewrite
Sm(q) as
q
Sm(q) = ¢ Z S1a(q, a)46€q( — a8_1_1(n - m)),
=1

(a,9)=1

where 81 ' denotes the inverse of 81 (mod ¢). Note as well that Lemma 3
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of [137] yields the bound S,,(q) < q712(¢)*%, which in turn further implies that

om(p) = 1+ O(p~?2) and delivers the convergence of the singular series

G (n) = i Sin(q) (3.1.47)

q=1

and its upper bound &,,(n) < 1. Here the reader may find useful to observe
that we implicitly used the multiplicativity of S,,(¢) and the expression of the

singular series as the product
Sm(n) = Ham(p)-
p

The estimate S,,(q) < ¢~ *"/%, which follows trivially via an application of
Vaughan [141, Theorem 4.2] also delivers, for @) > 1, the bound

Y ISnlg) <@ (3.1.48)

>Q

for some a > 0. Observe that by Lemmata 2.12, 2.13 and 2.15 of [141] one
gets for every prime p # 3 the lower bound o,,(p) > p~*7, where v = 3 when
p = 2 and v = 1 otherwise. Likewise, note that when m = n (mod 81) and

h > 5 orthogonality yields

h

Z Sm(?)l) _ 3745th,m(3h)7

=0

where M, ,,(3") denotes the number of solutions of the congruence
el 4+ 4zl = (n—m)/81 (mod 3"

with 1 < z; < 3". Therefore, the application of Lemmata 2.13 and 2.15 of [141]
gives 0,,(3) > 37%. Consequently, combining these lower bounds with the fact
that o0,,(p) — 1 = O(p~*?) we obtain &,,(n) > 1. Observe as well that the
preceding discussion yields &,,(n) > 0 for every m € N.

Before showing a lower bound of the expected size for the contribution of

the set of narrow arcs, we introduce for convenience the weighted exponential
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suim

1 1
w(B) = E:-ﬁxw%iﬁﬁgﬁyw@

Pl2n<g<n

where p denotes the Dickman’s function, defined for real x by
p(x) =0 when z < 0,

p(x) =1 when 0 <z <1,
p continuous for x > 0,
p differentiable for x > 1
zp' () = —p(x — 1) when z > 1.

For the sake of simplicity, we define the auxiliary function f*(«) by putting

[ (@) = ¢7'S(q,81a)w(81(a — a/q))

when a € PB(a,q) C P and f*(a) =0 for a € p. Then, it is a consequence of
Vaughan® [139, Lemma 5.4] that for o € 3(a, q) C ‘B one has

f(8la) — f*(a) = O(PR™®)

and
fHe) < ¢ V12P(1 +n|B)) 12,

Moreover, by the methods of Vaughan [141, Lemma 2.8] and the monotonicity

of p it follows that
P

(1 +n|B)H*

Finally, when m € N it is convenient to introduce K (m), defined as the number

w(f) < (3.1.49)

of solutions of the equation
m=T(pix1)* + -+ T(puxi)*

for x; € W and M/2 < p; < M. Combining the estimates mentioned before

®Observe that the condition (a,q) = 1 in Vaughan [139, Lemma 5.4] can be relaxed to
(a,q) = C for some constant C.
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(3.1.49) we obtain that

[pW(a) f(8la)®e(—an)da = Z K(m)[ﬁf*(oz) e( —a(n—m))da

m<1ln

+ O((HM)" P*(log P)~"179).

Observe that the main term on the right can be written as

S K(m)ZSm(q)/ w(818)%e( — B(n —m))ds.  (3.1.50)

m<1ln 4<R Bl<n~'R

By (3.1.49) we obtain that the integral on the above expression over the range
18] > n7'R is O(P**(log P)~?%). Therefore, an application of this observation
and (3.1.48) gives that the contribution of the set of narrow arcs P is

2. K(m)e’m(")/o w(818)%e(~B(n—m))di+O((HM)" P*(log P)~"'~7).

m<1lln

We further note that whenever P'?7 < x < n then

log x
—_— 1
p(linogP> >
so combining the positivity of &,,(n), orthogonality and the lower bound

S;(n) > 1 when m = n (mod 81) we obtain that (3.1.50) is bounded be-
low by

Z K(m)(n —m)'7/°.

m<11n/12
m=n (mod 81)

One can check via an application of Hensel’s Lemma® and Lemma 2.14 of
[141] that the set of numbers of the shape T(p;x;)* + -+ + T(p11x11)* with
pi,X; < 81 covers all the residue classes modulo 81. Consequently, by the

preceding discussion we find that
/ W ()" f(81a)*e(—an)da > (HM)" P*(log P) ™,
RY

which combined with the estimates obtained through the pruning process

6Here the reader may find useful to observe that the set of sums of three cubes modulo
27 are the residue classes not congruent to 4 or 5 modulo 9.
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yields Ry(n) > (HM)" P34 (log P)~11.

3.2 On squares of sums of three cubes’

In this new section we make use of the above analysis when £ = 2 to show
that almost every positive integer can be expressed as a sum of four squares

of integers represented as the sum of three positive cubes.

3.2.1 Introduction

It is often the case in additive number theory that there might be problems
involving the representation of integers that remain open, yet it can be shown
that almost all integers have a representation. Lagrange’s celebrated theorem,

proven in 1770, states that every positive integer n can be written as
n =%+ x5+ 15 + 23, (3.2.1)

where x; € NU {0}. Let € denote the set of integers represented as sums of
three positive cubes. In this memoir we will focus our attention on the problem
of solving equation (3.2.1) where the set of variables lies on the set €.

Not very much is known about 4. In fact, it isn’t even known whether it
has positive density or not, the best current lower bound on the cardinality of
the set being

N(X)=|En[L,X]| > X,

where § = 0.91709477, due to Wooley [174]. Under some unproved assump-
tions on the zeros of some Hasse-Weil L-functions, Hooley ( [70], [71]) and

Heath-Brown [63] showed using different procedures that

Z r3(n)* < X'

n<X

where r3(n) is the number of representations of n as a sum of three positive
integral cubes, which implies by applying a standard Cauchy-Schwarz argu-
ment that A(X) > X'7¢. This lack of understanding of the cardinality of

"This section is based on a published paper by the author [111] in the Quarterly Journal
of Mathematics.
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the set also prevents us from understanding its distribution over arithmetic
progressions, which often comes into play on the major arc analysis. In this
memoir, though, we use the classical approach for dealing with exceptional
sets involving Bessel’s inequality and we make use of an estimate for the mi-
nor arcs obtained in the previous subsection to prove that for almost every
positive integer n the equation (3.2.1) has a solution with x; € €. More pre-
cisely, let E(N) be the number of positive integers n < N for which (3.2.1)

fails to possess a solution with z; € €.

Theorem 3.2.1. For each € > 0 one has
E(N) < N(log N)~4/31+¢, (3.2.2)

The reader might want to recall from the previous section that for the
integers n = 33 - 2'% for j > 0 then by taking the equation modulo powers
of 2 one finds that for at least one of the variables, say i, one either has
x1 =4 (mod 9) or x; = 5 (mod 9). Therefore, z; cannot lie on €. In the
above theorem we are far from obtaining an upper bound of the expected size,
but as shown on the preceding discussion, the exceptional set of integers not

represented as in (3.2.1) has infinite cardinality, and in fact
E(N) > logN.

By using the natural polynomial structure given by ¢ and an estimate for
a mean value of some weighted exponential sums, we remind the reader that
in the previous section we proved via an application of the Hardy-Littlewood

method that every sufficiently large integer n can be represented as

with x; € €. In the setting of this paper, the constraint that prevents us from
taking fewer variables is the analysis of the minor arcs. Such analysis is based

on the use of non-optimal estimates of sums of the shape

Z a2, where a,, = {X eEN’: m=uaf+ a3 +a3, w923 € AP, P”)}

m<X
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with 7 > 0 a small enough parameter and
AY,R)={n € [1,Y]NN:p|n and p prime = p < R}.

Here, the reader may find it useful to observe that it is a consequence of
Montgomery and Vaughan [102, Theorem 7.2] that

card (A(P, P")) = ¢,P + O(P/log P) (3.2.3)

for some constant ¢, > 0 that only depends on 7.

In order to prove Theorem 3.2.1 we show that for almost every integer
the minor arc contribution is of smaller size than the expected main term.
We also approximate the generating exponential sums of the problem by an
auxiliary function over a set of narrower major arcs. Finally, we show via
Bessel’s inequality that for almost all integers the n-th Fourier coefficient of
such exponential sums can also be approximated on the wider major arcs. As
experts will realise, the power of log N saved in (3.2.2) comes from the choice of
the narrower major arcs and the fact that the error term in (3.2.3) only saves
a factor of log N. Without severely complicating the argument, this choice
seems inevitable for exploiting the information given by the variables x5 and
x3 lying on A(P, P") to ensure the convergence of the singular series and to
obtain suitable properties for it. Therefore, the power saving for the bound of
the cardinality of the exceptional set seems out of reach with these methods.

The application of Bessel’s inequality for bounding exceptional sets has
already been used by some authors before (see for instance Montgomery and
Vaughan [101]). There is another approach by Wooley which instead uses
an exponential sum over the exceptional set that often gives stronger upper
bounds for the cardinality of those sets (see Wooley [162], [169]). However, in
order to be able to use the latter method, one would need stronger minor arc
bounds for auxiliary 8-th moments together with near optimal bounds for a,,,
which are not available in the literature so far.

We devote the rest of the discussion to introduce a harder version of the
problem studied here. It is well-known that the numbers that cannot be written

as sums of three squares are the ones of the shape 4” - m for m = 7 (mod 8).
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Let

N={neN: n#7(mod9), n#4"-mforsomem =7 (mod38), v=>0}.

Then one would hope to have for almost all integers n € N a representation
n =z + 5+ 15

for some x; € €. If we seek to prove this statement using the circle method
approach then one should be able to obtain good enough minor arc bounds of
moments of exponential sums involving six variables. We remind the reader
though that we are just able to deal with minor arc bounds when we have eight
or more variables, and it seems out of reach to lower that number down to 6.
Likewise, the analysis of the singular series with just three variables looks very

challenging.

3.2.2 Preliminary definitions
Let N be a natural number and consider the parameters
P=[NYS|  M=pP"r H=PP,

Observe that then one has M3H = P2. Consider as well

H, — <%>1/3H1/37 Hy — (%)1/3]_]1/3’ Hy = (é>1/3H1/3'

For any vector x € R? set the function T'(x) = a3 + 23 + 23, which will be used

throughout the paper. Take the sets of triples

H:{yeNg: P/2<y1§P7 (y27y3)€A(P7Pn>2},

W= {Y eEN’: Hy <y <Hy (y2,43) € A(H&Pn)z}’

where 7 is a sufficiently small but positive parameter. Let n € N such that
N/2 <n < N. We define R(n) as the number of solutions of the equation

n=T(pix1)* + T(pax2)® + T(x3)* + T'(x4)?,
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where x;,x5 € W, x3,%x4 € H and M/2 < py,ps < M. Our goal in the next
subsections will be to obtain a lower bound for R(n) for almost all natural

numbers. For such purpose, it is convenient to define the weights
a, = ’{y eEH: x= T(y)}‘ and by, = ‘{y eEW: h= T(y)}),

and consider the exponential sums

h(a) = Z aze(ax?) and W(a) = Z Z bre(ap®h?).

z<3P3 M/2<p<M H<p<p

Observe that by orthogonality it follows that

We will make use of two Hardy-Littlewood dissections in our analysis, and
these we now describe. Let 1 < X < P%®. When a € Z and ¢ € N satisfy
0<a<¢q<X and (a,q) =1, consider

M(a,q) = {Oz €[0,1): ‘a— a/q) < qgn}

We take the major arcs 2(X) to be the union of the arcs M(a, q). For the

sake of simplicity we write
M = M(P°), N = M((log P)7),

where 7 = 18/31. We also define the minor arcs as m = [0, 1) \ 9.

Next we introduce the auxiliary functions that play a leading role in the
discussion of Subsections 3.2.3 to 3.2.6. For a € Z and ¢ € N with (a,q) = 1,
let S(q,a) denote the complete exponential sum associated to the problem,

which we define by

S(q,a) = Z eq(aT(r)?).

r<q

Consider the functions

113



where F(x) = T (x)? and F,(x) = ST (px)?, and the sets of integration taken
are

S:{xe[O,P]3: P/2§x1§P}

and
SWZ{XGR?’Z Hy <z < Hy, 0§$2,933§H3}-

Let a € [0,1) and choose 8 = a — a/q. Recalling the constant ¢, mentioned
in (3.2.3), define

V(a,g,a) = ¢°S(g,a)u()  and  W(a,g,a)= Y Vyla,q,a),
M/2<p<M

(3.2.4)
where V,(a,q,a) = ¢7*S(q,a)civ,(8). For the sake of brevity, we define the
auxiliary functions h*(a) and W*(a) by setting

h*(a) =V(a,q,a) and  W*(«a) = W(a,q,a)

when o € M(a,q) C M and h*(a) = W*(«a) = 0 for a € m. Before describing

the outline of the memoir, it is convenient to introduce
F(a) = h(a)*W(a)?* — h*(a)*W*(a)?.

In Subsection 3.2.3 we approximate h(a) and W («) by the functions h*(«)
and W*(«) respectively when a € 9t. Making use of these approximations
we bound the integral of F(a)e(—an) over M in Subsection 3.2.5. In the
second part of that subsection and Subsection 3.2.6 we show that the upper
bound for the integral of the same function over 9t \ 91 still holds for almost
all integers. We obtain such result by estimating the integral of |F(a)|* and
applying Bessel’s inequality. Subsection 3.2.4 is devoted to the study of the
singular series. In such analysis we give a lower bound of the singular series
for almost all integers, which combined with the lower bound for the singular
integral computed in Subsection 3.2.6 provides a lower bound for the major arc
contribution. We also combine the major arc estimates obtained throughout
the memoir with the minor arc bound derived in the previous subsection to
show in Subsection 3.2.6 that the minor arc contribution is smaller than the

major arc one for almost all integers.
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3.2.3 Approximation of exponential sums over the ma-

jor arcs.

Based on previous work by the author we briefly provide some technical lemmas

to approximate the exponential sums over the set of narrower major arcs.
Lemma 3.2.1. Let o € N(a,q) with a € Z, g € N and (a,q) = 1. Then one
obtains the formula

ha) = V(a,q,a) + O(P*(log P)"~'*¢).

Proof. This is a consequence of Lemma 7.3 of [113]. The reader may check
that the exponential sum h(«) here corresponds to gg m,(a) with the choices
@ = P, m =1 and constants C; = 1/2, Cy = 1 and C5 = 1. ]

Lemma 3.2.2. Let a € N(a, q) with a € Z, ¢ € N and (a,q) = 1. Then,
W(a) =W(a,q,a) + O(HM log P)">°).
Proof. Observe that

W(a) = Z W,(a), where W,(a) = Z e(aT(px)?).

M/2<p<M xeW

We also apply Lemma 7.3 of [113] to W,(«). The reader may check that W,(«)
here corresponds to gg,(«) with the choices Q = H 1/3 and m = p and the
constants Cy = (1/2)1/3, Cy = (2/3)1/3 and C3 = (1/6) 3, Consequently, it

transpires that
Wy(a) = Vy(a.g.a) + O(H (log P+,

which delivers the result. O]

The following series of lemmas make use of the work done in the above sec-
tion and the previous chapter to give upper bounds for the auxiliary functions

that play a role in the main term of the contribution of the major arcs.

Lemma 3.2.3. Let § € R. Then one has that

p? H

U(ﬁ) < Tn|5| and Up(ﬁ) < m
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Proof. For each y € R?, consider Cy = y; + y3. Define the auxiliary functions

Ny,p

vy (B) = / "By(e(Bdy  and  uy,(8) = / By, ()e(By)dy

My M}HP

where By (7), By ,(7) and the limits of integration taken are

1 _ —2/3 pP3 2 2
By(V) = 67 1/2 (71/2 - Cy) / , My = (? + Cy) , Ny = (P3 + Cy)
nd 1 —1/2(.1/2 —-2/3 p° 2
By,(v) = @7 (7 - pr) , My, = (T + Opy>
and 2l ,
Ny,p = (T + pr) .

By a change of variables we find that

v(ﬁ):/ vy (B)dy and vp(ﬁ):/ vy »(B)dy.  (3.2.5)
y€l[0,P]? y€[0,H3]?

Observe that Lemma 3.1.8 yields the pointwise bounds vy (3) < P(1+n|g])~!
and vy ,(8) < HY3(1 4 n|B])~L. The result then follows applying these esti-

mates trivially to the above integrals. O]

Lemma 3.2.4. Let a € Z and q € N with (a,q) = 1. Then, one has

S(q,a) < ¢*/**=. (3.2.6)
Moreover, when p is prime and | > 3 one finds that

S(p',a) < Ip°/2e. (3.2.7)

When | = 2 then S(p*,a) < p° and for the case | = 1 we obtain the refinement

p

S(p,a) = p*Sa(p, a) + O(p?), where Sa(p,a) = Z ep(ar?). (3.2.8)

r=1

Proof. Equations (3.2.7) and (3.2.8) follow from Lemmata 2.3.1 and 2.3.2 of

the previous chapter. The bound for the case [ = 2 also follows from Lemma
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2.3.1. We remind the reader of the estimates

d(q) < ¢, w(q) < logq/loglogg,

where the functions d(q) and w(gq) denote the number of divisors of ¢ and
the number of prime divisors of ¢, respectively. Combining such bounds with
the multiplicative property of S(q,a) and the estimates for S(p',a) discussed
before we obtain (3.2.6). O

The next lemma gathers the previous results to provide an upper bound

for the auxiliary functions h*(«) and W*(«).
Lemma 3.2.5. Leta € Z and q € N with (a,q) = 1. Take o € M(a, q). Then,

q—1/2+€P3
1+ n|p|

q—1/2+eHM
(log P)(1 +n|B])

Proof. This follows from Lemmata 3.2.3 and 3.2.4 via equation (3.2.4). O]

(o) < and W (o) <

3.2.4 Treatment of the singular series

In this subsection we discuss some convergence properties of the singular series
and we analyse the local solubility of the problem. As a consequence, we derive
a lower bound for the singular series for almost all integers. For such purposes,

it is convenient to define, for ¢ € N, the sums

Sule) = Y (47°5(q,0)) eg(—na), S(n) = Salq)

a=1
(a,9)=1

and for each prime p, the infinite series

o(p) = Sulp).

=0

Lemma 3.2.6. One has that

the singular series &(n) converges absolutely and &(n) < n®. Also, when
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@ > 0 one gets

qu/Q\S )| < (nQ)° and Z|S )| < nfQY2 (3.2.9)
q<Q q>Q
Moreover, for any constant v > 0 there exists a set A, C [1, N] satisfying
|A,| < N(log N)~¥ and such that for every n € [1, N]\ A, one obtains

S(n) > (log N)™

Proof. Recalling (3.2.8), consider the exponential sum

Sua(@) = > (47 52(q.a)) "eq(—na).

a=1
(a,q)=1
By Lemma 3.2.4 one has that

Sn(p) = Spa(p) + O(p~*?). (3.2.10)

Observe that an application of the same lemma yields S, (p') < [*p~'*¢ when
[ >3 and S, (p?) < p~2. One can also deduce from equation (4.27) of Vaughan
[141, Theorem 4.3] that whenever p f n then S, »(p) < p~*2. Therefore, the

combination of the previous estimates gives

ZIS )| < p¥

Likewise, when p | n, then an application of the aforementioned bounds for
S, (p') and the estimate S, 2(p) < p~', which is an immediate consequence of
Vaughan [141, Lemma 4.3], lead to

ZIS )| <p

Therefore, by the preceeding discussion and the multiplicative property of

Sn(q), one gets the convergence for G(n) and the upper bound

&) < [J(+Cp™) [ 1+ Cop™") <07
pin pln
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for some constants C,Cy > 0. Similarly, one finds that
> 8. < p7t,
1=1

where ¢ = 1 if pfn and £ = 1/2 if p | n. Consequently, the combination of the

above estimates yields the bound

Do dSu@) < [Ja+ ™) [T+ Cp™?) < (nQ)".

q<Q p<Q <@
pin pln
The second estimate in (3.2.9) follows observing that as a consequence of the
above equation then
S 1Su(g)] < QY2
Q<q<2Q
whence summing over dyadic intervals we obtain the desired result.

We will devote the rest of the subsection to prove the lower bound for the
singular series. By equation (4.27) of Vaughan [141, Theorem 4.3] and (3.2.10)
then whenever p f n one has S,(p) < p~3/2.
proof® of [141, Theorem 4.5] that S, 2(p) > 0 for p | n, which, combined with
(3.2.10), yields S,(p) > —Csp~3/2 for some C3 > 0. Consequently, using the
bound S,(p') < I*p~*¢ for | > 2 mentioned after (3.2.10) one gets that in
both cases then o(p) > 1 — Cyp~>/? for some C,; > 0, and hence there exists a
constant C' > 0 for which

We can also deduce from the

&(n) > [ o). (3.2.11)

p<C

In order to give a more arithmetic description of o(p) we define for each h € N
the set

4
Map") = {Y € [1p"2: Y Ty =n (mod p") },
i=1
and M, (p") = | M., (p")|. Observe that orthogonality yields the identity

h

> Sa(p) = p ML ("),

=0

and hence o(p) = limy_,oo p~ 1" M, (p"). For further discussion, it is relevant to

8See the argument just before [141, Theorem 4.6]
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introduce the set

M) = {Y e Ma@): piyia, p1T()].

where y; = (y1.1,Y1.2,¥13), and M (p") = |[M;(p")|. By Lemma 4.2 of [113]
we have that whenever p # 2,3 then M*(p) > 0 for all n. Consequently, a
standard application of Hensel’s Lemma leads to M, (p") > p''*~V which
yields o(p) > p~'!. For the cases p = 2, 3, it is convenient to define the set

Maa(p") = {T(x) : x € (Z/p'Z)", (e1,p) =1}.

A slightly tedious computation reveals that M3 3(27) is the set of residues not

congruent to 4 or 5 modulo 9. Therefore, one has that
A= {x2 (mod 27), € M373(27)} - {0, 1,4,9,10,13, 19,22}.
Consider the set B={y € A: (y,3) = 1}. Observe that then
A+ B = {1, 2,4,5,8,10,11,13,14,17,19, 20, 22, 23, 26}.

Consequently, by Cauchy-Davenport (see [141, Lemma 2.14]) we find that then
M} (27) > 0, whence another application of Hensel’'s Lemma gives the bound
M,,(3") > 311"=3) and hence o(3) > 373,

The rest of the discussion will be devoted to the analysis for the prime
p = 2. Take v > 0 to be the exponent for which 27||n and let 6 = [(y—1)/2].
A routine application of Hensel’s Lemma reveals that M3 3(2") consists of all
the residue classes modulo 2". Therefore, when v < 2, one has that M*(8) > 0,
whence another application of Hensel’s Lemma would yield o(2) > 2733, For

the case v > 3 then whenever i > 7y + 2 one can check that the congruence
22 4 22 + 22 + 22 = n (mod 2") (3.2.12)
is soluble with solutions x; = 2%y;, where y; is defined modulo 2"~ and
Y2+ 2+t + 2 =2"%n (mod 2"2) (3.2.13)

with 21 y;. Note that (3.2.13) has a solution modulo 8 with 2t y;, and hence
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by Lemma 2.13 of [141] there are at least 23("=20=3) x 249 golutions to (3.2.12).

By the same lemma, one has that the number of solutions to
234 23 + 28 = 2; (mod 2M)

is bounded below by 22"~V Consequently, we obtain M, (2") > 21h=7-16
which delivers o(2) > 277,

To finish the proof we take A, C [1, N] to be the set of numbers with
27 > (log N)V. Observe that |A,| < N(log N)~". Then, by the preceding

discussion and (3.2.11) it follows that whenever n ¢ A, one has
S(n) > (logN)™.

]

3.2.5 Mean values of the error term over the major arcs

Before proving an estimate for the first and second moment of F(a) over I
and 901\ N respectively we will present some major arc type bounds that will
be used later on the proof. For such matters, it is convenient to introduce the

auxiliary multiplicative function ws(q), defined for prime powers by taking

p_“_”/6 whenu>1land 1 <v <6
wy(pH) = 4 pt whenu=0and 2 <v <6 (3.2.14)
p1/? when v =0 and v = 1.
Lemma 3.2.7. Let a € Z and q € N with (a,q) = 1 and take o € M(a, q).
Denote p = o — a/q. Then,

¢ wa(q) P?
h L ——
(@) < T3
and for |B| < (12¢)"*HY3n~' and ¢ < M /4 we have that

q wo(q) HM
(log P)(1+n|Bl)’

W(a) < (3.2.15)
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Proof. Lemmata 3.1.2 and 3.1.5 of the previous subsection yield the bounds
ha) < g wa(q) PP (1 +n|B)) ™" + P*q"Fws(q)

whenever o € M(a, q). Observe that (1 + n|8|)~t > ¢P~! when a € M(a, q),
and so the first term on the right side of the above equation dominates over
the second one. Likewise, Lemmata 3.1.3 and 3.1.5 of the previous subsection

deliver
W (o) < ¢ wa(q)MH(log P)~ (1 + n|B|)~" + MH*¢"**ws(q)(log P)~"

for the range described just before (3.2.15). Noting that (1+n|3|)~! > ¢H /3
we find that the first term also dominates over the second one in the above

equation. The preceding discussion then provides the lemma. O]

Lemma 3.2.8. For ¢ € N and every Q > 0 one finds that wo(q) < ¢~ /5.

Moreover, one has

Z wy(q)? < QF and Z wy(q)*T < 1
<@ q<Q
for any o > 0.

Proof. Both estimates follow from the definition (3.2.14) and the fact that

wsy(q) is multiplicative. O

Combining the previous technical lemmas, we provide bounds for the L!-
norm of F(a) over the set of arcs 91 and the L:norm of the same function

over M \ M which are good enough for our purposes.

Proposition 3.2.1. One has that
/ | F(a)|da < (HM)?(log P)*/>73+=, (3.2.16)
n

Proof. Recalling Lemmata 3.2.1 and 3.2.5 it follows that for a € M(a,q) C N
then

h(a)? — h*(a)? < PS(log P)T’HE((log Pyl 4+ V21 + n|ﬁ|)’1). (3.2.17)
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Likewise, by Lemmata 3.2.2 and 3.2.5 we have that for a € 91(a, ¢) C 91 then

W(a)? = W*(@)? < (HM)*(log P)"***((log P)"™" + ¢ (1 + ng)) ).
(3.2.18)

Denote by N(g) the number of solutions of the congruence

T(p1X1)2 = T(P2X2)2 (mod q),

where x; € [1, H'/3]? and M/2 < p; < M. By expressing ¢ as the product of
prime powers, using the structure of the ring of integers of those prime powers

and noting that the number of primes dividing ¢ is bounded by ¢°, we obtain
N(q) < ¢ *(HM)?*(log P) 2,

and hence orthogonality delivers
q
> W (B+a/q)]” < qN(q) < ¢"(HM)*(log P) . (3.2.19)
a=1

Integrating over the major arcs and applying (3.2.17) and (3.2.19) one gets

A’h(@f _ h*(@)z‘\W(&)\zda < (HM)Q(log P)37—4+5 Z qil

q<(log P)™

+ (HM)Q(IOg P)T—3+5 Z q—1/2 < (HM)2(10g P)37'/2—3+E‘

q<(log P)"
Similarly, using Lemma 3.2.5 and (3.2.18) we obtain
/memmﬂwwwmm<wMﬂmmW“ﬂ
n
Equation (3.2.16) then holds combining the previous estimates and the triangle
inequality. O]

Observe that the error term in Lemmata 3.2.1 and 3.2.2 when we approxi-
mate h(a) and W (a) by h*(a) and W*(«) respectively is non-trivial only for
the set of small major arcs 1. For the wider major arcs, we obtain instead an

almost all result via Bessel’s inequality.
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Proposition 3.2.2. One has that
/ |F(a)|*da < PS(HM)*(log P)~*-27/3+<.
M\N
Proof. 1t is worth noting first that
[F(e)]* < [h(@) W (a)|* + [B* (@)W ()]

For bounding the above integral we make use of standard major arc techniques
and we exploit the extra number of variables that we get by taking squares.
Before going into the proof, it is convenient to define T.(«) for a € [0,1) and
e > 0 by taking

T.(a) = ¢Fwz(g)(1 +nla —a/q))™

when o € M(a,q) C M and T.(a) = 0 otherwise. Using Lemma 3.2.7 we find
that

/ ()" W (a)|*da < P22 / W (a)[*Y () da.
M\N MN

Observe that combining Lemma 3.2.8 with equation (3.2.19) we obtain that the
contribution of the arcs with ¢ > M/4 or ¢ < M/4 and |3| > (12¢)*HY*n~*
is O((HM)*P5°). Let I’ be the contribution to I of the arcs with ¢ < M/4
and |B] < (12¢)"'H'Y3n~'. Then Lemma 3.2.7 yields

I' < P2(HM)*(log P)~ / W (@) 2T, (0) day,
MmN

whence using Lemma 3.2.8 and (3.2.19) again we get that
[/ < p()(HM)4<log P)7472T/3+8'
On the other hand, an application of Lemma 3.2.5 gives the estimate

| @@ < P og )2
M\N

which concludes the proof. ]
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3.2.6 Singular integral and Proof of Theorem 1.1

We briefly introduce the singular integral, give upper and lower bounds for it
and discuss the size of the exceptional sets of the integers n with large minor
arc contribution and for which the n-th Fourier coefficient of F(«) over 9T\ 9N

is large as well. Consider
J(n) = Z/ Jy p(n)dY, (3.2.20)
Y
P

where we define the collection Jy p(n) of singular integrals by

Jvp(n) = / Vep(B)e-nB)s and Vap(®) = [T o) [ 5

4
—00 i=1 =3

The range of integration taken above is the set of tuples Y = (y1,...,y4) with
y1,y2 € A(Hs, P")? and y3,y4 € A(P, P")2. Likewise, p runs over pairs of
primes (py, p2) with M /2 < p; < M. Here the reader might find useful to recall
(3.2.5) and to observe that Lemma 3.2.3 guarantees the absolute convergence

of the above integrals.

Lemma 3.2.9. One has that
J(n) < (HM)*(log N) 2.

Proof. An inspection of the proof of Lemma 3.1.7 of the above subsection
reveals that the positivity and the upper bound for Jy ,(n) deduced there
remain valid subject only to the condition s+t > 2. Consequently, on making
the choices k = s = ¢t = 2 here we obtain 0 < Jy ,(n) < P *H?/*, whence
applying this estimate trivially to (3.2.20) gives the required upper bound.
Likewise, whenever one has M /2 < p; < 51M /100 for ¢ <t and y; < P/2 for
t+1 <17 < s+t then the lower bound obtained in that lemma also holds as
long as ((3/8)k8+ (1/8)kt) P3% < n. Therefore, on considering such range here
we get that Jy ,(n) > P~*H?3. Observe that the set of tuples on that range
has positive density over the set without the restrictions. Consequently, the
preceding remark and the positivity of Jy p(n) deliver the lower bound stated

at the beginning. O

We remind the reader of the definition (3.2.4). Note that then the combi-
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nation of Lemma 3.2.3 and equation (3.2.9) with a change of variables yields

/sm W (@)’ W*(a)’e(—an)da = &(n)J(n) + O((HM)*N). (3.2.21)

For the rest of the subsection we introduce the exceptional sets which arise in
both the major and the minor arc analysis and we give bounds for the cardi-
nality of them. Let § > 0 and let £(N) denote the set of integers satisfying
N/2 <n < N and with the property that

/ h(a)*W (a)?e(—na)da > (HM)?P~°/2,
Likewise, define £(IN) to be the set of integers N/2 < n < N for which

F(a)e(—na)da > (HM)?*(log P)~2727/9, (3.2.22)
MmN

Proposition 3.2.3. With the above notation, one has that
E(N)| < N(log N)~27/9%,

and there exists some 6 > 0 for which |Es(N)| < N'79.

Proof. We obtain these two bounds via a routine application of Bessel’s in-
equality. For such matters, observe first that Proposition 3.1.1 gives the esti-

mate

/ |h(@)W (a)|*da < (HM)* P52,

for some § > 0. Define the Fourier coefficient ¢(n) of the product of the

generating functions on the minor arcs by

Note that Bessel’s inequality yields

n)* < /\h o)|'do < (HM)* P52

N/2<n<N

whence the bound on |E5(N)| follows from last equation. Similarly, we intro-
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duce the Fourier coefficient

a(n) = o F(a)e(—na)da.

Then by Proposition 3.2.2 and Bessel’s inequality we get

Z la(n)|* < / | F(a)Pdo < PS(HM)*(log P)~4727/3+

N/2<n<N M\N

which yields the bound for |E(N)| stated at the beginning of the proposition.
O

Proof of Theorem 3.2.1. Take n € N with N/2 <n < N and n ¢ E(N)U
E(N). Recalling the definitions before (3.2.22) and combining Propositions
3.2.1 and (3.2.21) we obtain

R(n) :/h(a)QW(a)Qe(—om)da—i-/mh*(a)QW*(a)ze(—an)da

+ /m}"(a)e(—om)doz = &(n)J(n) + O((HM)*(log N)7272'r/9+€).

Now fix a parameter v < 27/9. Then applying Lemmata 3.2.6 and 3.2.9
we find that whenever n is as described above with the additional condition
n ¢ A,(N) then one has

R(n) > (HM)*(log N)~>7".
Observe that by Lemma 3.2.6 and Proposition 3.2.3 the cardinality of the set
of integers N/2 <n < N with n ¢ E(N)UE(N) U A, (N) is O(N(log N)™).

Consequently, summing over dyadic intervals and observing that we can take

v to be as close to 27/9 as possible we obtain the desired result.
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Chapter 4

Uniform bounds in Waring’s

problem over diagonal forms

4.1 Introduction!

Waring’s problem (first resolved by Hilbert) asserts that for every k& € N there
exists s = so(k) such that all positive natural numbers can be written as a
sum of s positive integral k-th powers. Likewise, the problem of representing

a sufficiently large natural number n in the shape
n=af+- -+t (4.1.1)

with ; € S, where S is a given subset of the integers, has also been studied
for particular cases. However, little has been written about Waring’s problem
when one considers specific sparse sets, and apart from the set of prime num-
bers, not much can be found on the literature. It is then rare to encounter
examples of sparse sets with a structure fundamentally different in nature in
which Waring’s problem along the lines of equation (4.1.1) is solvable.

For a general set A C N, denote by G 4(k) the least positive integer s such
that for all sufficiently large natural numbers n, the equation (4.1.1) possesses
a solution with x; € A. If such a number does not exist, define it as co. Let

a > 0 and consider sets A4, C N well distributed on arithmetic progressions

IThis chapter is based on a submitted paper [112] by the author.
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and with the property that | A, N [1, N||> N®. Then, on denoting
W(ka C“) = S‘}‘lp {GAa<k)}7

one would hope to have W (k, &) < oo. In what follows we describe a particular
family of sets satisfying the above property for which we expect the previous
uniform bound to hold, but first we introduce, for convenience, some notation.
For fixed k,l,t € N, let x = (x1,...,7;) € N, consider the function T}(x) =
rt + ...+ 2! and take the set

T, = {Tt(x) X € Nt}.

In this memoir we restrict our attention to the analysis of the solubility of

(4.1.1) for the choice § = 7; with ¢ lying in the following two regimes:
(i) When t = C(k)l for any fixed integer-valued function satisfying

C(k) > Log(k(k + 1)).

Work of Wooley [164] then yields the lower bound |7; N [1, N]|>> N'=#/¥ for
some constant § > 0. The reader may notice that once we fix k, the above
bound is uniform over the family of sets 7;, whence in view of the preceding
discussion we expect to have G, (k) < G¢ (k) for all ¢ in this regime with G (k)
being a constant depending on k and C. As will be discussed afterwards, the
lower bound for the cardinality of the sets available is not strong enough to
prove such a statement, and we end up showing something weaker.

(i) When ¢ > £ (logl+log(k(k+ 1)) +2) then work of Wooley [164] yields
the stronger lower bound |7;N[1, N]|>> N'=7/** for some absolute constant v >
0 at the cost of taking more variables. Were the sets 7; to have positive density,
the argument would be considerably simplified and a pedestrian approach of
the circle method would suffice. We use though the estimate available for the
cardinality of these sets to derive a bound for G, (k) that only depends on k.

For the rest of the introduction we discuss each of the two regimes described
above and provide some motivation underlying their choice. As experts will
realise, an application of the Hardy-Littlewood method delivers the solubility
of (4.1.1) for S = T; when ¢t = C(k)l and s is large enough in terms of & and
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. We denote by Sc(k,l) the minimum s with such a property and consider

Po(k) = sup {So (k. 1)},

1>2

which does not necessarily have to be finite. We also define the constant
0, = exp(1 —2r/I) (4.1.2)

for each » € N and note that then combining the corollary to Theorem 2.1
of Wooley [164] and a standard argument involving Cauchy’s inequality one

obtains the lower bound
|7 N [1, N]| > N7, (4.1.3)

where §; = exp (1 —2C (k)) just depends on k. As previously mentioned, the
estimate (4.1.3) is uniform once we fix k, whence the discussion made above

motivates the following conjecture.

Conjecture 1. Let k € N. There exists a positive integer-valued function
C : N — N such that Po(k) < oo.

This conjecture seems to be out of reach with the methods available in the
literature for any value of k. However, in this paper we make some progress
by using an argument which permits us to prove a weaker version which we
describe next after introducing first some notation. For s € N, the choice of ¢

described above and any r > 0, consider the equation

S T
n = ZTt(Xi)k—i-fo, (4.1.4)
i=1 i=1

where x; € N* and x; € N. Let S¢(k,[,r) denote the minimum number such
that for s > Sc(k,l,7), the equation (4.1.4) has a solution for all sufficiently

large n and take

Po(k,r) =sup{Sc(k,l,7)},

1>2

which, as before, does not necessarily have to be finite. We define R¢ (k) to be
the minimum 7 > 0 such that Po(k,r) is finite. After the preceding discussion

we are now equipped to state the main theorem of the paper.
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Theorem 4.1.1. Let k > 2 and consider any positive integer-valued function
C(k) with the property that

C(k) > max (4, 3 log(k(k + 1)) + 3/2).

Then one has the bound
Ro(k) < 4,

and for every r > 4 one finds that Po(k,r) < k*+O(k). Moreover, Rc(2) < 2.

We should emphasize that one could obtain the more precise bound
Po(k,r) < k(k+1)

by introducing suitable weights in the exponential sums that we make use of
and exploiting the information provided by such sums on the major arc analy-
sis. We have omitted providing that discussion to make the exposition simpler.
The reader might as well want to observe that Rq(k) = 0 is equivalent to Con-
jecture 1, whence the statement containing the relevant information in the
above theorem is the upper bound on R¢ (k). As was foreshadowed earlier in
the introduction, the approach taken herein further establishes a lower bound
in the number of representations of the expected size, the diminishing ranges
approach failing to achieve such an endeavour.

Let G(k) = Gn(k) be the smallest number such that for all s > G(k), every
large enough natural number can be written as a sum of s positive integral k-th
powers. Vinogradov [153], Karatsuba [86] and Vaughan [139] made progress

to achieve upper bounds for G(k), the best current one for large k being

log log k
< #{bei s st 12 0(EE) ) (an

due to Wooley [167]. Note that as a consequence of this bound one trivially
has
Re(k) < k(logk + loglog k + O(1)).

The reader then might want to observe that Theorem 4.1.1 improves this bound
substantially. It is also worth noting that if Conjecture 1 were true for any

fixed k, there would exist some s = s(k) with the property that for any [ > 2,
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every sufficiently big enough integer n would have a representation of the shape

n = XS: Tt(Xz)k
i=1

with x; € Nt. Observe that the right side of the above equation would consist
of sums of C' positive integral [-th powers gathered in groups and raised to
the power k for some constant C' = C(k) > 0 depending on k. This problem
seems then even harder than the problem of proving that every sufficiently
large integer can be written as the sum of Cl positive integral [-th powers,
which would be a big breakthrough in view of (4.1.5).

Before describing the other regime for ¢ analysed in the memoir, we note
that as a consequence of the aforementioned work on G(k), it follows that
whenever t > to(l) with

(logl+loglogl + 2+ o(1)) (4.1.6)

DN | =~

to(l) =

then 7; has positive density, which greatly simplifies things (see, for example
Briiddern, Kawada and Wooley [20, Theorem 1.5]). With the current state of
knowledge, this turns out to be the threshold for which we can guarantee to
have a lower bound of the shape |7; N [1, N]| > N'7¢. Therefore, for fixed
k and [ large enough, the cardinality of the sets A; = T¢ ) N [1, N] with
&o(k,1) = [1/2(logl+log (k(k+1)) +2)] is not known to satisfy |4, > N'~¢,

the best lower bound known being
‘Al| > lel/k(k+1)le7

which is a consequence of (4.1.3).

Theorem 4.1.2. Let k,l > 2 and take £ > &o(k, 1) and s > so(k) with so(k)
satisfying so(k) = k*+O(k). Then every sufficiently large n can be represented

S
_ k
n= g x;,
i=1

as

where x; € Te.

The reader may want to observe that even if the sets 7¢ are not known
to satisfy the estimate [7¢ N [1, N]| > N'~¢, the bound on the number s of
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variables needed does not depend on [. This suggests that one should search
for ideas which don’t just make use of the polynomial structure of the sets
Te in order to prove such result. Experts in the area may also notice that
one could prove a weaker version of the theorem by combining Corollary 1.4
of Wooley [177] with a pointwise bound over the minor arcs derived from
Lemma 5.4 of Vaughan [141]. This strategy though would entail the restriction
s > (3/2)k* + O(k). We instead use a similar idea than the one we employ for
the minor arc treatment in the proof of Theorem 4.1.1 that avoids relying on
such pointwise bounds and enables us to win k(k + 1)/2 variables. It is worth
mentioning that one could also introduce suitable weights in the exponential
sum that we make use of to obtain a more precise error term in the expression
for so(k).

Back to equation (4.1.1), the case when the set S is taken to be the prime
numbers has been of interest to many mathematicians. Among others, Hua
first ( [73], [74]) and then Thanigasalam ( [132], [133]), Kumchev [92], Kawada
and Wooley [88], and Kumchev and Wooley ( [93], [94]) have worked to give
upper bounds for H(k), where H(k) is defined as the minimum number such
that for every s > H(k), the equation

Y

has a solution for all sufficiently large n satisfying n = s (mod K (k)), where
K (k) is a constant defined in terms of K (k) to ensure appropiate local solubility
conditions (see [93] for a more precise definition of K (k)). We note that the

best current bound for large k is
H(k) < (4k —2)logk — (2log2 — 1)k — 3

due to Kumchev and Wooley [94].

At the same time, some authors have been trying to find sparse sets with
minimum density such that the problem of representing every sufficiently large
positive number as a sum of k-th powers of elements of the set is still soluble
with strong upper bounds for the number of variables needed. This other
approach in Waring’s problem has been studied by Nathanson [103], where
he used the probabilistic method to prove that for all s > G(k) + 1, there
exist sets A with card(A N [1, N]) ~ c¢N'=Y/s*+ such that (4.1.1) is soluble
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on A. The result was partially improved by Vu [154], when he showed under
the condition s > k*8* the existence of a set A C N with the property that
card(A N [1, N]) = ©(N**(log N)*/*) such that R4(n) < logn, where R4(n)
denotes the number of solutions of (4.1.1) with the variables lying in A. In
a subsequent paper, Wooley [170] proved the same result for s > T'(k) + 2,
where T'(k) is bounded above by an explicit version of the right-hand side of
(4.1.5). However, though the size of the sets is near optimal, the arguments
used by the authors are probabilistic, so they don’t give a description of those
sets. Therefore, the approach of this paper might be the first one in which by
giving an explicit family of sets with similar density, one tries to find a uniform
bound for the number of variables needed to solve (4.1.1), as discussed at the
beginning of the introduction.

Theorems 4.1.1 and 4.1.2 are proved via the circle method, and the exposi-
tion is organised as follows. We bound a mean value via restriction estimates
in Section 4.2 and we expose the key argument which permits us to estimate
mean values of a suitable exponential sum over the minor arcs uniformly on /.
Section 4.3 is devoted to a brief study of the singular series. In Section 4.4 we
approximate the generating function for the problem over the major arcs. We
give an asymptotic formula for the integral of the product of some exponential
sums over the major arcs in Section 4.5 and we use it to complete the proof of
Theorem 4.1.1. We have included a small note in Section 4.6 that deals with
the case k = 2. In Section 4.7 we slightly modify the exponential sum taken
in Section 4.2 and use a similar argument to obtain a suitable estimate for the
contribution of the minor arcs in the setting of Theorem 4.1.2. We combine
such work with a standard major arc analysis to prove the theorem.

For the rest of the paper, we fix positive integers [ > 2 and k > 2. For the
sake of simplicity concerning local solubility, we assume that ¢ > 4[, though
most of the results throughout the paper don’t require this restriction. For
ease of notation we also write T'(x) instead of T3(x). The main objective of
Theorem 4.1.1 is to prove a non-trivial uniformity bound for Sc(k,l,r), and
thus we just focus our attention in large values of [ in terms of k. As mentioned
above, even if we provide explicit bounds for Po(k,r) and C(k), the relevant
part of the result is the estimate on Rc(k). For such purposes, we haven’t

included an investigation of the behaviour of Po(k,r) and C(k) for small k.
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4.2 Minor arc estimate

We will begin by displaying an upper bound for mean values of an exponential
sum which will be of later use in the analysis of the minor arcs in the setting of
both Theorems 4.1.1 and 4.1.2. This will be a straightfoward consequence of
the work of Wooley [177] on Vinogradov’s mean value theorem with weights.

Let r € N, let Y > 0 be a real parameter and consider the set
S,(Y) = {xll boodal m e AYYY), (1<i< r)}, (4.2.1)

where
AY,R)={ne€[,Y]NN:p|n and p prime = p < R}

and 7 is a sufficiently small but positive parameter. Note that then the corol-
lary to Theorem 2.1 of Wooley [164] and a routine argument using Cauchy’s
inequality yield

S, (V)| > Yo, (4.2.2)

where 6, was defined in (4.1.2). In order to make further progress we need to
introduce first some notation. Let n be a positive integer and take X = n!/*
and P = X'/, Define for a € [0,1) and « € [0, 1)* the exponential sums

fle.8) = Y e(a®), fla,S§,(V) = Y elmz+... +apb).

€S- (Y) z€8(Y)
(4.2.3)
For future purposes in the analysis, we consider the mean value
J0(Y) = / £ (e 8.(Y))[* dex, (4.2.4)
[0,1)*

which by orthogonality counts the solutions to the system
bl =l (1<j<k),

where z; € S.(Y).

Proposition 4.2.1. Let s > k(k + 1)/2. Then one has that

Jﬁﬁ)(Y) < |ST(Y)|25Y_lk(k+1)/2+lAT+€,
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where A, = 6,k(k+1)/2.

Proof. Define the weights a, = 1 if x € S,(Y) and 0 otherwise. Then, we can
rewrite f(a, S, (Y)) as

fla,S.(Y)) = Z aze(one + ... + oga®).

z<rY!

Therefore, combining Corollary 1.4 of Wooley [177] with (4.2.2) and the trian-

gle inequality we obtain
Js(ch) (Y) < |ST(Y>|28’ST(Y)|_k(k+1)/2YE < ‘ST(Y)‘QSy—lk(k+1)/2+lAr+s’

which yields the desired result. ]

Before introducing the main ingredients for the minor arc analysis, we
recall from the introduction that whenever ¢ > ¢y(l), where ¢y(l) was defined
in (4.1.6), then 7; has positive density. We deliberately avoid this situation by
considering [ sufficiently large in terms of k. The difficulty of the Conjecture 1
then lies on the fact that 7; is not known to have positive density, and the best
lower bounds available on the cardinality of the set are not strong enough.
Moreover, any approach making use of the fact that T;(x)* is a polynomial
of degree kl and applying a Weyl estimate for the corresponding exponential
sum or any multivariable version of Vinogradov’s Mean Value Theorem (see
Theorem 1.3 and Theorem 2.1 of [108]) would entail a restriction in the number
of variables that would depend on the degree of the polynomial.

We make though some progress by obtaining a uniform bound in [ of a
suitable exponential sum over the minor arcs. Our argument here is motivated
by the treatment of Vaughan [141, Chapter 5], and it requires the estimate
in Proposition 4.2.1. For such purposes, we introduce first some notation.

Consider a positive integer-valued function C'(k) and set
t=C(k)l, t1=C(k)l — L.
We take the parameter

Pri =1 —k(k+1)8,/2 =, (4.2.5)
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which for the sake of concision will be denoted by ¢j. Observe that whenever
C(k) satisfies the lower bound included in the hypothesis of Theorem 4.1.1
then one has ¢ > 1/2 — e > 0. We also define the constants

Cy = (k(k + 1)25+14%) 7%, C, = min ((QZk)—l/l, (k(k + 1)2’““1’@)‘””“),
(4.2.6)

and the natural numbers
P =|CiP|, P,=|CyP|. (4.2.7)

For ease of notation, we denote &, (P;), and S;(FP2) by Si, and S, respectively.

It is then convenient to define, for m € S,, the exponential sums

fm(a) = Z e(a(z +m)*) and Fla) = Z fm(a).

€S meSs

In order to make further progress we make a Hardy-Littlewood dissection.
When 1 < @ < X we define the major arcs 9(Q) to be the union of

Q
M(a,q) {oz €[0,1): |aa—a/q| < qn} (4.2.8)
with 0 < a < ¢ < Q and (a,q) = 1. For the sake of brevity we write
m = M(X), N = M(P'/?), P = M(log P)

and we take m = [0,1) \ 9t and n = [0,1) \ 9 to be the minor arcs.

Proposition 4.2.2. Let o« € m. Then one has
Fla) < |8;]|Sy| X —pr-1/klk=1)+e

where g1 was defined in (4.2.5). Moreover, for s > k(k+1)/2 we obtain the

mean value estimate

/|f(04)|2sd0é < |81‘23|S2|23X—k—g0k+e'

As experts will realise throughout the proof, one could obtain a similar
result for the analogous Vinogradov generating function by using ideas of the

proof of Theorem 5.2 of Vaughan [141]. We have ommited such analysis for
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the clarity of the exposition.

Proof. For every m € S, consider v(m) = (y1(m),...,vk—1(m)), where the

entries taken are

%WUZ@G)m“% (1<j<k-1). (4.2.9)

Observe that then for every x € S; one obtains the relation

a(z +m)* = v*V(z) . y(m) + az® + am”,

kfl)

where we adopted the notation v~ (x) = (x,..., 2% 1). It is also convenient

to define for s € N the set of (k — 1)-tuples of natural numbers
Nz{mhumwﬁz1§m§&W,ﬂ§i§k—D}

By using the above relation we find that

S lmle) = 7| 3 alm)e(n - y(m)

meSa meSy neN

2
, (4.2.10)

where on denoting
X(n):{xGSf: T4+l =, (131‘3;{_1)}
the coefficient a(n) is defined as

a(n) = Y ela(zf+...+2b)). (4.2.11)

xeX(n)

We devote the rest of the proof to apply a version of the large sieve in-
equality (Lemma 5.3 of Vaughan [141]) to the right side of (4.2.10). For such
purpose, we shall consider the spacing modulo 1 of {v(m)},,. Take z,y € S,
with « # y. Note that in view of (4.2.6) then one has

z,y < X/2k. (4.2.12)

Observe that applying Dirichlet’s approximation to each o € m we obtain
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a € Z and q € N with (a,q) = 1 such that 0 < a < ¢q and
o —a/ql < ¢ ' X',

where X < ¢ < X*!. Note as well that by the choice of v;(m) in (4.2.9) we
find that

[ka(z = y)l| = [l () = 2 (W)]-

Then by the above discussion we obtain the lower bound
Ika(z —y)|| > [[ka(z - y)/a]l - (2q)7" X7

Note that the only instance in which the first term on the right-hand side of
the above equation can be 0 is when y = = + nq(q, k)~ for some n € N with
n # 0. However, q(q, k)~ > X/k, which would contradict (4.2.12). Therefore,

by the preceding discussion we get

lka(z =yl = (29)7",

which delivers ||yx_1(2) — vr_1(y)|| > X %! and provides the spacing condi-
tion that we were seeking to prove.

Applying Lemma 5.3 of Vaughan [141] to (4.2.10) we obtain the upper
bound

D 1 fm(@)?* < XFEDEN " a(n)?. (4.2.13)

meSs neN

Note first that by bounding the coefficients a(n) trivially one gets

> fula)? < XHED2 8D (),

meES2

where Js(’lffl_l)(Pl) was defined in (4.2.4). Then combining the above equation

with an application of Cauchy’s inequality we obtain

Flo) < 827 | fml(@)]* < [Sof* I X028 (P, (4.2.14)

mESs

and hence for s > k(k — 1)/2 then Proposition 4.2.1 delivers

F(O[) < |81H82‘(X5t1]€(k—1)/2’82‘_1>1/2$X5.
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Therefore, fixing s = k(k — 1)/2 and recalling (4.2.2) one gets
Fla) < 8[| /KD,

where @1 was defined in (4.2.5).
For the second claim of the proposition we combine (4.2.13) and Cauchy’s

inequality in the same way as in (4.2.14) and we integrate over m to get
/ ’./—"(Oé)’QSdOé < ’82‘2571Xk(k71)/2js(§)1 (Pl)
m

An application of Proposition 4.2.1 and the estimate (4.2.2) to the above line
then yields, for s > k(k + 1)/2, the bound

[IF@Fda < SIS ox o,

from where the second part of the proposition follows. n

Observe that the argument just makes use of the fact that 7, = Ty, + T,
where |7, N[1, N]| and |7;N[1, N]| are appropriately large. Therefore, it could
also be applied to other problems for sets with a similar property that don’t
necessarily have a polynomial structure. We conclude the investigation of the
minor arcs by applying Weyl differencing to derive a bound for the exponential
sum

flay= > e(aT(z)"), (4.2.15)
Ty (z)< P!
where in the above sum z € N!. For ease of notation, we avoid writing the

dependance on t. Note that then one can rewrite f(a) as

fla)= Z fx(a), where fyx(a) = Z e(aT(x,2)") (4.2.16)

and where we took the parameter Py = (P! — Tt_l(x))l/l.

Lemma 4.2.1. Let a € [0,1) and suppose that there exist a € Z and q € N
such that (a,q) =1 and |a — a/q| < ¢~2. Then

217kl

fl@) < P*(g '+ P! +qP ™M)
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Proof. Observe that the polynomial 7'(x,z) is monic and of degree kl on x.
Note that the implicit constant in Weyl’s inequality (Vaughan [141, Lemma
2.4]) does not depend on the coefficients which are not the leading one. There-

fore, an application of such inequality to fx(«) delivers

91—kl

fxle) < P (g7t + Pt +qPM)”

which yields the above estimate by combining the bound Py < P and (4.2.16).
O

4.3 Singular series

Throughout this section we will always assume that ¢t > 2[. Define for a € Z

and ¢ € N with (a,q) = 1 the complete exponential sums

q

S(q,a) = Z eq(al(r)*)  and Sk(q,a) = Zeq(ark). (4.3.1)

1<r<q r=1

Note that by orthogonality we can express S(q,a) as

q
S(Qa a) = qil Z Sl(Q: u)tSk(CL a, _u>7
u=1

where

Q

Sk(q,a, —u) = Z eqlar® —ur).

r=1
Because of the quasi-multiplicative structure of the exponential sum, we will
focus on the case ¢ = p*, where p is a prime number. Then, with the above

notation one has that
S", a) = p" VS (p", a) + E(", a), (4.3.2)

where
p'-1

E@"a)=p™" Y Si(p" w)'Sk(p", a, —u).
u=1
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We estimate E(p",a) by using classical estimates for the sums S;(p", u) and

Sk(p", a, —u). Applying then Theorems 4.2 and 7.1 of Vaughan [141] we obtain

ph—1 h—1
E(ph’ a) < pfh/kJrE Z pth(lfl/l) (u,ph)t/l < ph(tfl/kft/lJrl)Jre Zpd(t/lfl)
u=1 d=0
< pht—h/k—(t/l—l)-‘rs‘ (433)

In order to provide more explicit bounds for the exponential sum S(q,a) it is

convenient to introduce first the multiplicative function wy(q) defined as

wp(p"* ) =p™ ' whenu>0and 2 <v <k,

uk+v) —u—1/2

w(p =kp when v > 0 and v = 1.

Then, by Lemma 3 of Vaughan [137] we obtain

whence combining (4.3.2) and (4.3.3) with the quasi-multiplicative property of
S(q,a) we get
q'|S(g; a)| < wi(q). (4.3.5)

For future purposes in the memoir, we note that by applying the definition of
wg(q) and multiplicativity then we obtain for @ > 0 and s > max(4, k+ 1) the

bounds

> wi(g)? < [ 1+ C/p) < @, > quile) < J[ (1+C/p) < @~
q<Q p<Q q<Q p<Q

(4.3.6)
Before defining the singular series, we need to consider first the exponential

sum
q

W(ga)= Y eglar®), (4.3.7)
(=1

where a € Z and ¢ € N with (a,q) = 1. Here the reader might want to observe

that one can express the sum W (p", a) in terms of Sy(p",a) and Sy(p"*, a),
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and hence one can deduce the estimate

o(q) " W (g, a)| < wy(q) (4.3.8)

by just applying multiplicativity and the bound (4.3.4). In order to make

further progress, it is worth defining

Su(a) = > (475(q.a)) (47 Sk(q, @) (0(a) "W (g, @) eg(—an).

a=1
(a7Q):1

We also consider for convenience the series

S(n) =Y Su(q), o(p) = Sulp"), (4.3.9)

q=0 h=0

where p is a prime number. We can provide a more arithmetic description of

o(p) by considering C, = [1,p"* x [1, p"]*!, defining the set
4 s
M, (p") = {(y,X) €Cp: ptinye, n= ny + ZT(Xi)k (mod ph)}
i=1 i=1

and introducing the counting function M, (p") = | M, (p")|. For each prime p
take 7 > 0 such that p” ||k and

7+ 1, when p>2or when p=2and 7 =0,
v = (4.3.10)
7T+2, when p=2and 7 >0.

Lemma 4.3.1. Suppose that s + 3 > p%l(k:,pT(p — 1)) when v = 7+ 1, that
s+3>27"2 when vy =7+2 and k > 2, and that s > 2 when p = k = 2.
Suppose as well that t > 4l. Then one has M,(p") > 0.

Proof. 1t is worth noting first that Lemma 2.15 of Vaughan [141] implies that
T(x)=2'+---+2l=m (mod p")

is soluble for all m € N. The result follows then using the previous remark and

observing that under the conditions described above, the same lemma delivers
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a representation
3 s
ny + sz =n (mod p")
i=1 i=1

with pt ;. O

Proposition 4.3.1. Let s > max(1,k — 2). Then one has that

=[[w. (4.3.11)

the singular series &(n) converges and &(n) < 1. Also, for Q > 0 we obtain

the estimate

Z ¢""%1S,(q)| < @°. (4.3.12)

Moreover, if s satisfies the conditions of Lemma 4.3.1 then &(n) > 1.

Proof. The application of (4.3.4), (4.3.5) and (4.3.8) delivers
Sn(ph) < phwk(ph)s+4’

whence combining such bound with the definition of wy(q) we obtain the esti-

mates
ZIS M < p?, th/’ﬂs ) < p! (4.3.13)

Therefore, by the multiplicative property of S, (q) we get (4.3.11) and

Q
YISl < [T +cp?) <1,
=1

p<Q

which delivers the upper bound for &(n). The estimate (4.3.12) follows in a
similar way.
Observe that expressing S, (p") as the difference of two complete exponen-

tial sums and using orthogonality we get

D Sup?) = My (p")p "o (p") 72, (4.3.14)
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We use Lemma 4.3.1 and the fact that if m with (m,p) = 1 is a k-th power
modulo p? then it is also a k-th power modulo p" for h > 7 to obtain the
lower bound M, (p") > plt*+3)(=7)  Combining such lower bound with the
above expression and (4.3.9) we find that o(p) > p~?***3). Therefore, by the
preceding discussion and equation (4.3.13) we get &(n) > 1. O

We next define an analogous singular series that arises in the analysis of
the major arc contribution in Theorem 4.1.2. This series will be in nature
quite similar to &(n), so we will skip some details for the sake of brevity. For

such purposes, consider
q

Y (¢7'S(g,0)) ey(—an). (4.3.15)

a=1
)=1

Observe that using (4.3.5) then we have
S (") < pwi(p")’. (4.3.16)

Moreover, for any prime p and A € N and combining (4.3.2), (4.3.3), (4.3.4)

and (4.3.5) we can rewrite S/, (p") as

ph

= Y (p"Sk(",a)) ey (—an) + E(p"), (4.3.17)

a=1
(a,p)=1

where the first term is the analogous sum for the original Waring’s problem

and the error term satisfies
E(ph) <<ph—h/k—(t/l—1)+£wk(ph)s—l.

We define next the aforementioned series
= Si(a), o'(p) = SH(")

where p is a prime number. We can provide a more arithmetic description of
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o'(p) by considering the set
M) = {X €L prans, piT(xi), n=D T(x)" (mod p")},
i=1

where x; = (711, ...,71,), and taking the counting function M (p") = | M (p")|.
For each prime p take 7 > 0 such that p™ ||kl and v = v(p) = 27, + 1. Before
stating the following lemma, recall (4.3.10).

Lemma 4.3.2. Suppose that s > Iﬁ(k,pT(p — 1)) when v = 7+ 1, that
s> 272 when v =1+ 2 and k > 2, and that s > 5 when p = k = 2. Suppose
as well that t > 4l. Then one has M (p”) > 0.

Proof. Tt is worth noting first that since v > v then Lemma 2.15 of Vaughan
[141] and the fact that if b € N with (b, p) = 1 is a k-th power modulo p” then
it is also a k-th power modulo p” imply that

T(x)=a,+---+2zl=m (mod p*)

with p 1 z; is soluble for all m € N. The lemma follows using the previous
remarks and observing that under the conditions described above, Lemma

2.15 of Vaughan [141] delivers a representation

with pt ;. O

Proposition 4.3.2. Let s > max(5, k + 2). Then one has that

&) =[]o).

the singular series &'(n) converges and &'(n) < 1. Also, for @ > 0 we obtain

the estimate

Q
S d 8L (g)] < @ (4.3.18)
g=1

Moreover, if s satisfies the conditions of Lemma 4.5.2 then &' (n) > 1.
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Proof. Equation (4.3.16) and the multiplicativity of wg(q) yield
Z|S’ )| <p? th/kw’ )| < p! (4.3.19)

which imply the convergence, the upper bound for the singular series and
(4.3.18). For obtaining the lower bound for &'(n) we observe that Lemma
4.3.2, an application of Hensel’s Lemma and the argument used to derive
(4.3.14) allow one to obtain ¢’(p) > p~***~ whence combining such estimate
with (4.3.19) we then get &'(n) > 1. O

Scholars in the area will realise that one could use (4.3.17) and the bounds
available in the literature for the singular series in the original Waring’s prob-
lem (see [141, Theorem 4.5]) to obtain the estimate &'(n) > 1 for the range
s > max(4,k + 1). One could also deduce (4.3.18) but with an extra factor of
n® in the right side of the bound for the same range (see [141, Lemma 4.8]).

4.4 Approximation of some exponential sum

over the major arcs

In this section we approximate f(a) on the major arcs by some auxiliary
function. For such purpose it is convenient to introduce first some notation.
Let « € [0,1) and a € Z, ¢ € N with (a,q) = 1. Denote f = o — a/q and

consider the aforementioned function U(«, q,a) = ¢;,47"S(q, a)u(S), where
B) =k mMe(Bm), =D 4+1/)T@/D)7Y,  (44.1)
m=1

and S(q,a) was defined in (4.3.1).

Proposition 4.4.1. Let ¢ < P and o, a,q, 5 as above. Then one has

fla) =Ul(a,q,a) + O(qP (1 + n|A])).

Proof. Before embarking on our task, it is convenient to consider for each
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r € N! and r € N the sums

KB) = Y eBT®Y),  B)= > L
T(X)Spl 0<z<x
x=r (mod q) z=r (mod q)

Observe that by sorting the summation into arithmetic progressions modulo ¢
we find that

Fla) =" eq(aT(x)*) Ky (B). (4.4.2)

r<q

For each r € N write r = (r;_y,7;), where r;,_; € N~ Then recalling the
definition of Py after (4.2.16) and using Abel’s summation formula we find
that

ZBH e(AT(x, Py) Z/ x—e (BT(x, 2)) By, (2)dz,

where x € N1 runs over tuples satisfying Ty _;(x) < P! — 1 and
x =1, (mod q).

Consequently, combining the formula B,,(z) = z/q + O(1) and an application

of integration by parts one gets
-1 —t+1 pt—1
)=q Z/ e(BT(x,2)")dz+ O(q~" P (1 +n|B])).

We have included a brief discussion of the next step in the argument since
it involves a technical detail which was not required before. Note first that

Abel’s summation formula combined with the above equation yields

=0 2 Bres (P (Pao)

P(x 0)
_qIZ/ 8zt . (26-1)Br,y (20-1)dz-1

+0(q¢ P (L +nlB))),

where x € N2 runs over tuples satisfying T;_»(x) < P! withx = r;_» (mod q)
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and

Px,z_y
I(z4) = / e(ﬁT(x, 21, zt)k)dzt.
0

Observe that combining the Fundamental Theorem of Calculus and the ex-

changeability of derivation and integration we find that

0
[ — —sz 1 )
(Zt 1) < 8zt,1 V2t — +7’L‘ﬂ|

021

whence another combination of the formula B,, ,(z) = z/q + O(1) and inte-

gration by parts yields
K (B)=q° Z / e(BT(x, 2t—1, 2¢)F)dzi_1dz + O (g7 P71 (1 + n|B]),
< Jc

where C is the set of pairs (z;_1,2) € R3 satisfying T(x, z_1, z) < Pl We

repeat a similar argument for the rest of the variables to obtain

K:(B) = ¢ 'wi(B) + O(q~ P (1 +nlf])), (4.4.3)

where () here denotes the integral version of u(f), which we define by
ui(B) = / e(ﬁT(x)k)dx,
T(x)<P!

where x € R’.. Observe that by several changes of variables, one can rewrite

ui () as
B) =k~ ' Vk=1e(B B(w, X)dXd
ui(B) /o w e( w)/EM (w, X) w,

with

B(w,X) = a7 --x}ilfl(wl/k —xy — . — )Y

and M C R'! is the corresponding set determined by the underlying inequal-
ities. Consequently, combining the formula for the Euler-Beta function and

subsequent changes of variables we get
u1(B) = cryua(B),  where us(f) = k:l/ w'/ M e(fw)dw.
0

We devote the rest of the proof to compute the error term when we ap-
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proximate us(f) by u(5). We believe that working with u(f3) instead makes

the analysis a bit more transparent and less tedious. Consider the function

Gy)= >yt

1<y<y

and note that the Euler-Maclaurin formula (see Vaughan [141, (4.8)]) yields
G(y) = kit + 0(2(v)),

where Z(y) = 1+ 4*/*=1. Observe that then Abel’s summation formula, inte-

gration by parts and the previous discussion yield

u(B) = it'n"e(fn) — 2mif /n i='y"Me(By)dy + O(Z(n)(1 + nl8]))
0

= us(B) + O(Z(n)(1 +n|A))).

The lemma then follows combining the above approximation with (4.4.2) and
(4.4.3). 0

Note that the error term in the above proposition differs from the trivial
bound by a factor of P¢~'(1+n|S|)~!, and this saving is gained by fixing ¢t — 1
variables in the expression for K,(/) and using a one-dimensional argument.
The saving obtained in Proposition 4.4.1, however, is not enough for our choice
of the major arcs when [ is large enough. Likewise, the possible approaches
involving the use of all of the variables don’t seem to improve the error term

substantially. We devote the rest of the section to provide an upper bound for

u(p)-
Lemma 4.4.1. Let |B| < 1/2. Then one has

Pt

u(f) < e

where vy, = min(1,t/kl).

Proof. When || < n~! one finds that

u(ﬁ) < th/kl—l < Pt,

m=1
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which yields the required bound for that particular range. When |3 > n~!
then denoting M = ||3]|7!], we observe that

M
Z mt/kl_le(ﬁm) < |B|_t/kl-
m=1

For the remaining range we combine partial summation and the monotonicity

of m¥k=1 to obtain

Z mt/kl_le(ﬂm) < |B|_1(|B|1_t/kl +nt/kzl—1) _ |B|_t/kl + Pt|5|_1n_1,

m>M

which delivers the required estimate. O

4.5 Treatment of the major arcs and proof of

the main theorem

In this section we prune back to the narrower set 3 of major arcs and deduce
an asymptotic formula for the contribution of such set. In view of the weak
bound obtained in Proposition 4.4.1 and the discussion made after it we are
forced to introduce k-th powers of natural numbers and prime numbers, whose
behaviour is much better understood, to provide strong enough estimates over

M. For such purposes, it is convenient to present first some notation. Let
X, =27 2k) VDX,

Consider the exponential sums

X1<x<2X p<X

the weighted sums

v(B) = Z kLR te(Br), w(B) = Z ket kY log z) te(Bx),

Xk<z<(2X1)F 2<z<n
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and the functions

V(a,q,a) = q 'Se(g,a)v(B)  and  W(a,q,a) = o(q)" "W (g, a)w(B),

where Si(q, a) and W (g, a) were defined in (4.3.1) and (4.3.7) respectively. For

the sake of simplicity we further define the auxiliary functions

) =U(a,q,a),  g¢" (@) =V(a,q,a), h'(a)=W(a,qa) (45.1)
when a € M(a,q) C M and f*(a) = ¢g*(a) = h*(a) = 0 for & € m. We
recall for convenience that U(«,q,a) was defined just before (4.4.1). Before

providing an asymptotic formula for the major arc contribution it is convenient

to consider for any set B C [0, 1) the integral

Rus(n) = /% F(0)* g(e)?h(a)e(—an)da,

and to define the singular integral as

J(n) = / w(B) v(B)2w(B)e(—Bn)db.

Here the reader might want to observe that as a consequence of orthogonality

then J(n) equals

Z k4 (@1mamawa) VP (log 23 log 24 71y§/kl_1 coeylH

where the sum is over xq,..., x4, y1,..., Yy, satisfying
rTr+...tx4t+yy1t+...tys=n

with

XF<ay 20 < (2X))F, 2<ux3,24<n and 1<y;<n (1<j<s).

It is worth observing that then one obtains the lower bound

J(n) > P X*n " (logn)>. (4.5.2)
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Proposition 4.5.1. Let s > max(1,k — 2). One has that
Ron(n) = &(n)J(n) + O(P*X"*n""(logn) ). (4.5.3)
Moreover, if s satisfies the hypothesis of Lemma 4.3.1 then
Ron(n) > P**X*n"(logn) 2

Proof. Observe that Lemma 6.1 of Vaughan [141] for the choice of X; made
yields that whenever a € 9t then

g(@) = g"(a) < ¢"**. (4.5.4)
Likewise, Lemma 6.2 of Vaughan [141] delivers the bound
v(B) < X(1+nlB),
whence combining such estimate with (4.3.4) we get
g (a) < wp(q) X (1 +n|p]) " (4.5.5)

It is also worth noting that for any ¢ < X, the number N (q) of pairs of primes
(p1,p2) with p¥ = p& (mod ¢q) and py, ps < X satisfies

N(q) < X?(log X) "2~

Consequently, by orthogonality we find that
q
Z|h(a/q+5)|2 < X?*(log X)2¢°. (4.5.6)
a=1

Combining the previous discussion with Lemma 4.2.1 we obtain

Rom(n) < P20 (14) " wi(q)?) < P2 X 40,

q<X

where in the last step we applied (4.3.6). The reader might want to observe
that the bounds available for the exponential sums of k-th powers are robust

enough to enable us to prune back to a set of narrower major arcs. It becomes
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transparent that in view of the weak estimates for f(«) available whenever
a € M\ N, the use of such Weyl sums in this setting seems inevitable. Before
moving on, it is convenient to observe that whenever a € 91 then equations
(4.3.5), (4.4.1) and Proposition 4.4.1 deliver f(a) < wy(q)P*. Likewise, ob-
serve that (4.5.4) and (4.5.5) yield the estimate g(a) < wi(q) X (1+n|3|)~! for
the same range. Consequently, combining the previous discussion with (4.3.6)
and (4.5.6) we obtain

Ryp(n) < P X"'n " (log P)2((log P)™** Y qui(g)*? + D wilg)**?)
q<log P q>log P
< P X (log P)~27°.
In order to make further progress in the analysis, we note that

h(a) = W(a,q.a) + O(Xe~VIES)

for some C; > 0, which is an immediate consequence of Lemma 7.15 of Hua
[73]. Observe as well that Proposition 4.4.1 delivers

f(Oé)s o f*(a)s < PstflJrs
whenever o € . Combining these estimates with (4.5.4) we find that
[ 17(@)glalhia) = £(@) g’ (@ (0 da < PX I e VR,
B

Observe as well that (4.3.12) and the estimate for v(3) stated before (4.5.5)

deliver the bounds

Sisual <@ [ [w(A)2d8 < X*n~Yq(log P)~!

=0 181> (log P)g~1n~1

for any Q > 0 and ¢ < log P respectively. Consequently, the above estimates

and a change of variables yield
/ f*(Oé)sg* (a>2h*(a)2€(—an)d@ = 6(n>J(n) + O(PStxéln—l(lOg P)7276)’
B

whence the preceding discussion and the pruning bounds for Rymm(n) and
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Rangp(n) deliver the main result of the proposition. The second part of the
proposition follows combining (4.5.2) with (4.5.3) and Proposition 4.3.1. [

We now gather all the work done previously to prove Theorem 4.1.1 by

using the following quantitative version.

Proposition 4.5.2. Let s > 4k — 3 and H = k(k + 1). Then, one has the

lower bound
1
/ Fla) fa)*gla)’h(a)’e(—an)da > |Si |7 |S: [P P X*n "  (logn) 2.
0

Proof. 1t is worth observing that the estimate over the minor arcs on Propo-
sition 4.2.2 and the trivial bounds for f(a), g(«) and h(«) yield

/!f(a)|H|f(Oé)\s!g(a)|2|h(a)lzda <SS PIX T (45.7)

for some 6 > 0. In order to compute the major arc contribution it is convenient

to define for each m € N the counting function

Q(m):‘{(x,y)ESf{xSZH: m = ZH:yz—l—zz H
=1

Observe that with the previous notation one finds that

:ZQ(m e(am

Moreover, using (4.2.6), (4.2.7) and the definitions of S; and S, described after
those equations we have Q(m) = 0 for m > n/2. Therefore, Proposition 4.5.1
yields

/5m F(a)¥ f(0)*g(a)*h(0)e(—an)da = 3 Q(m)Ron(n — m)

m<n/2
> S17|So[F P X (logn) 2.
(4.5.8)

The combination of the equations (4.5.7) and (4.5.8) concludes the proof. Here
the reader might want to observe that the choices for 'y and C5 guarantee that

we get the expected lower bound. O
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Proof of Theorem 4.1.1. Note that the integral in Proposition 4.5.2 counts
the number of solutions of equation (4.1.4) with certain multiplicities. Conse-

quently, for all » > 4 we have
Sc(k,l,r) <k(k+1)+4k — 3,

which delivers the same bound for Po(k,r) and yields Ro(k) < 4. As experts
will realise, we could have avoided including the extra 4k — 3 copies of f(«) by
introducing suitable weights for each of x and m in the definition of F(«a) to
exploit the information given by such variables in the analysis of the singular
series. However, we have prioritised the simplicity of the exposition over the

preciseness of the upper bound for Po(k,r).

4.6 The case k =2

We briefly sketch the proof for R4(2) < 2. For the rest of the exposition then
we take t = 4l. Let

X/2<x<X

and on recalling (4.2.3) consider the mean value

1
[ lat@)Pir(a, s
0
which by orthogonality counts the solutions to the equation
o1+ Yt s = a5+ ys

with X/2 <z; < X and y; € S;. Observe that by a divisor function argument,

the number of solutions of

ity =ys + i

is O(n|S;|?), and hence the contribution of the subset of solutions satisfying
T = 79 is O(n'/?*%|8|?). Likewise, the number of solutions of the above

equation with z; # x5 is O(n°|S;|?), whence equation (4.2.2) and the above
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estimates deliver
1
/ ()1 f (o, Sp)[*dar < nMPHE[S” + nf S|t < n| Sy,
0

Define M, = M(P7) and m, = [0, 1) \ M, for some small enough 7 > 0. Then,

combining the above estimate with Lemma 4.2.1 one gets
[ V@S0 g(a) Pl ) Pda < IS P

The reader might want to observe that in order to ensure local solubility and
the convergence of the singular series, one should take 3 copies of f(«) instead
of just 2 since we only have two Weyl sums of degree 2 available. The rest of
the analysis of the major arcs is done using the estimates obtained throughout
the memoir. This argument then yields P;(2,2) < 7. As experts will realise,
one could prove the bound Py(2,2) < 5 by introducing suitable weights in the
definition of f(a,S;) to simplify the singular series analysis and just use one
copy of f(a). We have avoided discussing such refinement here for the sake of

brevity.

4.7 Proof of Theorem 4.1.2

We combine the work of previous sections with slightly different ideas employed
in the minor arc analysis to give a proof of Theorem 4.1.2. We first introduce
an exponential sum restricted to elements in a convenient set that will provide
the saving needed for the minor arc contribution. On recalling the parameter
&o(k, 1) defined before Theorem 4.1.2, we write £ = &y(k, 1) for ease of notation

and consider
G=E—1,  Cy= 2k +1)) Mg

Recalling (4.2.1) as well, take P; = C3P and set S = S, (P3). It is then

convenient to consider for P/2 < p < P prime the exponential sums

fole) =) e(a(z +p")) and  Gla)= > fia)

z€S P/2<p<P
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Proposition 4.7.1. Let a € [0,1) and let M > 0 be a parameter with M < P.
Denote by myy the set of a with the property that « = f+a/q witha € Z, ¢ € N
and (a,q) = 1 satisfying |B] < (2kqX)™', ¢ < 2kX and such that whenever
q < M one has |3] > Mg *n~!. Then for each o € my; one gets

Q(a) < ‘S|P1+€M71/k(k71)X6§1/27

where &¢, was defined in (4.1.2). Moreover, for s > k(k + 1)/2 we obtain the
mean value
|g(0€)’28d04 < ’8’23P23M71X7k+A51+6’

mas

where Ag, = 0g, k(k +1)/2.

Proof. Recalling the notation used in the proof of Proposition 4.2.2 we find

that
SR = Y | ame(n ()

P/2<p<P P/2<p<P mneN

2

where N here denotes the set
X(n):{XESS: 4. 2l =0, (1§z’§k—1)}

and the coefficient a(n) is defined in the same way as in (4.2.11). We intro-
duce for further convenience the number ¢; = ¢(g, k). Before going into the
discussion for the spacing modulo 1 of {7(p')},, the reader might find useful
to observe that for fixed h € Z with (h,q;) = 1, the number of solutions L of
the congruence

2! = h (mod q)

satisfies L < ¢f. Therefore, we can partition the primes into L classes P; such

that for any pair of distinct primes pi,py € P; with pi = ph (mod ¢;) then
p1 = p2 (mod q1).
Next observe that by the choice of v(p') made in (4.2.9) we find that

Ika(py = )l = ll7-1(p1) — -1 (P2

Then using the hypothesis on || described above we obtain

—_

1 _
[ka(pl — ph)|| = [[ka(p — ph)/qll — 54 L> 54 !
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provided that p; # pe (mod ¢ ).
When ¢; > P one cannot have pairs of distinct primes p;, po € P; with the

property p; = pa (mod ¢;), whence we always have

IYe—1(P1) = ema ()| > X7 (4.7.1)

Whenever M/k < ¢; < P then we partition each of P; into L; classes P;; with
the property that no pair of distinct primes belonging to P;; are congruent
modulo ¢; and with L; satisfying the bound L; < Pgq; ! Consequently, the
same argument leads to the estimate (4.7.1) for distinct py, pa € P;;. Finally,
when ¢; < M/k one has ¢ < M, whence whenever p; = p, (mod ¢;) then the

condition on 3 described in the proposition yields

-1 (1) = vr ()l = k(s — py)Il = |BlIk(py — pb)| > P~ Mn7"

We combine Lemma 5.3 of Vaughan [141] and the above discussion to obtain

the upper bound

S f(@) < XHEDRP(g+ M) aln (4.7.2)
P/2<p<P neN
pEP;

for ¢ in any of the ranges described above. Bounding the coefficients a(n)

trivially one gets

S hla) < XHEDRPg 4 M) Y (),

P/2<p<P
pEPj

where Js & (P3) was defined in (4.2.4). Then combining the above equation

with an application of Cauchy’s inequality we get

| ( )|25<<P25 1+€Z Z |fp |25<<P2s+5Xk:(k: 1/2M 1JS/211)(P)7

J P/2<p<P
pEP;

and hence for the choice s = k(k — 1)/2 then Proposition 4.2.1 delivers

g(a) < ‘S|P1+€M_1/k(k_1)X551/2.
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For the second claim of the proposition we combine (4.7.2) and Cauchy’s

inequality in the same way as above and we integrate over m,; to obtain
/ G(a)[Pda < PxHeM— X022 18 (py),
mar
An application of Proposition 4.2.1 to the above line then yields
/ |Q(a)|28doz < |S’23P28+5M71X7k+A517
mas

from where the second statement follows. O]

In the rest of the section we deliver a lower bound for the major arc contri-
bution. We will work with the auxiliary functions f(«), S/ (q), u(8) and f*(«),
defined in (4.2.15), (4.3.15), (4.4.1) and (4.5.1) respectively but replacing & by
t whenever such parameters appear in any of the definitions. We have avoided
making such distinction in the notation explicit for the sake of simplicity. For

future purposes we define the singular integral as

1/2

Jl(n) :/ w(B)%e(—pn)ds.
~1/2

Lemma 4.7.1. Suppose that s > 2. Then,

Jun) =¥ (KT /R T (s /R ™+ O(B(n) )

where B(n) = n=t + n=¢/H,

Proof. We will proceed by induction. We consider for convenience the function

o(7) = M = y)HL

When s = 2 then orthogonality yields

i) =72 3 om) =172 [ oty + 0 ()
= k7T (&/k1)T (28 /K1) /M1 + O (n®*/M=1B(n)),

where we used the fact that ¢(7) has at most one stationary point on the
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interval (0,n). By using the inductive hypothesis we obtain

Joi(n) =k Z m&H=L g (n — m)

=k757I0(€/1k) T (s€ /K1)~ Zm JE=1 (g — ) s6/kL-1
+ O(n(s+1 5/kl—lB(TL>).

Applying the same argument we used for the case s = 2 we find that
Z mg/klfl(n . m)s{/klfl _ n(s+1)£/klfl ()\s + O(B(n))),

where A\, = T(s&/kDT(E/EDT((s + 1)£/kl)_1, whence combining the above

equations we obtain the desired result. O

In order to make further progress it is convenient to consider the set of

major arcs M, = M(PY2+), where 9 was defined in (4.2.8) and where we
take ¢ = 1/1000. Likewise, we define the minor arcs n, = [0, 1) \ 9,. Note that
using equation (4.3.5) and Proposition 4.4.1 we obtain for v € 9N, the bound

f(Oé)s o f*((X)S < Psgfs/2+aw + P§71/2+ka<q)371u(ﬁ>sfli
Consequently, whenever s > k + 2 then Lemma 4.4.1 gives

|f(a)3 ( ) |dOé<<PS£ 5/24+(s+2)1+1 —1+Psg 1/2+L -1 Z quy. q> -1

q§P1/2+L

< Psf—(in—l’

where in the last step we used (4.3.6). Observe as well that (4.3.18) and Lemma
4.4.1 deliver the bounds

> IS @] < @V, / [u(B)dB < P*n~!q’ PmO02)
) |B|>P1/2+L —1p-1

whenever s > max(5,k + 2) for any Q > 0 and ¢ < PY?* respectively.
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Therefore, Lemma 4.7.1, the above estimates and a change of variables give

fla)e(—an)da = Cien®/M=1& (n) + O (n*/H-170), (4.7.3)
N,

where Chye = k%c,T(§/1k) T (s§/kl)~" and ce; was defined in (4.4.1). It
seems worth observing that when s > 4k then Proposition 4.3.2 yields the
lower bound &’(n) > 1. Likewise, Proposition 4.7.1 delivers

/ |g(o‘)]k(k“)da < ’Slk(kJrl)Pk(k+1)71/27LX,k+A§1+€
n,
< ’Sllc(chrl)Pk(k+1))<7k,57
whence using (4.7.3) and the ideas of the proof of Proposition 4.5.2 to derive

a lower bound for the major arc contribution and combining such bound with

the above minor arc estimate we obtain
1
/ G(a)** D f(a)se(—an)da > |S|FEHD prrtD+st (og p)—kk+D =1
0

which concludes the proof of Theorem 4.1.2.
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Chapter 5

Mixed third moments of the

Riemann zeta function

5.1 Introduction

Investigations concerning the asymptotic evaluation of moments of L-functions
date back to the early work of Hardy-Littlewood (1918) establishing the second
moment of the Riemann zeta function (see, for instance Titchmarsh [134, The-
orem 7.3|), which was followed by the proof of an asymptotic formula for the
fourth moment due to Ingham [80]. In view of the above historical note and
for gaining preciseness in the upcoming discussion it seems worth defining, for

k € N the moment .
My(T) = / C(L/2 + it)*dt.
0

Despite the efforts invested in the investigations pertaining to higher order mo-
ments to the end of establishing analogous evaluations, the extensive work done
in this direction has been thus far conjectural, the articles earlier mentioned
still comprising the only unconditionally proven formulae. Such examinations
were initiatied by Conrey-Gosh [26] in their paper concerning the asymptotic
evaluation of M;5(T"), followed by a memoir of Conrey-Gonek [27] accomplishing
an analogous conjectural formula for the eighth moment, and were indepen-
dently culminated with the incorporation of Random Matrix theory to the

scene, which ultimately led to the asymptotic relation

M(T) ~ ¢xT(log T)**
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for precise explicit constants ¢, by Keating-Snaith [89], such an especulation
having been further refined in the work of Conrey et al. [25].

Little attention has been paid hirtherto to the problem of introducing fixed
coefficients in the imaginary parts of the zeta factors comprising the moments,
and we anticipate that such an endeavour will be the main object of study
in the rest of the thesis. For the sake of transparency it seems desirable to

present for positive real numbers a, b, ¢ > 0 the mixed moment

Lope(T) = /OT C(1/2 + ait)C(1/2 — bit)((1/2 — cit)dt. (5.1.1)

Investigating the above is partially motivated by the desire to examine a
broader set of examples in search of similar, or perhaps dissimilar but nonethe-
less interesting phenomena to that occuring in a recent paper of Conrey-
Keating (see [28]) in connection with the arithmetic stratification of subva-
rieties examined by Manin [44]. We have deferred the fourth mixed moment
analysis to a later occasion, it entailing some extra complications that have
not been surmounted by the author hirtherto.

We shall primarily focus on the integer coefficient case, albeit a result
concerning irrational coefficients will be presented. In the former case, it is
worth anticipating that the error terms obtained in the main theorem may be
substantially sharpened subjected to the validity of a weaker version of the

abc conjecture that we shall now describe.

Conjecture 2. Let a,b,c € N be fired natural numbers and ni,ns,n3 € N.

Denote

_ a b, c

Then, if D # 0 one has the lower bound

D> n‘f(nlngng)*lﬁ,

where the implicit constant is universal and does not depend on the parameters

a,b,c.

The reader shall rest assured that a statement of the abc conjecture in
conjunction with a succint proof showing how to derive Conjecture 2 from

the aforementioned conjecture will comprise a short separate section in this
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chapter. Equipped with the above considerations, we have reached a position

from which to announce the main result of the present chapter.

Theorem 5.1.1. Let T > 0 and a,b, ¢ € N with the property that (a,b,c) = 1.

Then, whenever a < ¢ < b one has the asymptotic evaluation
Iopo(T) = 0gpcd + Eqpo(T),
where 045 > 1 is a computable constant and
Bapo(T) < T1-1/2041/2¢ | 3/4ta/de
If Conjecture 2 holds, the above error term may be refined to

Ea b C(T) <<T1/2+a/(a+c)+5 + T5/4—c/4a
+ (log T')? (T3/4 | T3/A-a/det(a0)/2e | T3/4_a/4b+(a,b)/2b). 5.9

Describing the prolix history of upper and lower bounds of moments is
hardly the point of this introduction. Nonetheless, it has been thought per-
tinent to devote a few lines to such an endeavour for the sake of illustrat-
ing the exposition. Lower bounds of the shape M (T) > T(logT)* were
already established for integral & by Ramachandra [117], such a result be-
ing extended to positive rational numbers in the work of Heath-Brown [60]
and accomplished for real £ > 0 under the assumption of RH by Ramachan-
dra [116]. The history of upper bounds is somewhat more recent, the best un-
conditional result improving earlier work of many others accomplishing sharp
estimates of the shape My (T) < T'(log T)k2 for the range 0 < k < 2 by Heap-
Radziwill-Soundararajan [57], whence in particular the preceding discussion
yields Mjo(T) < T(log T)** unconditionally.

The reader might observe that in view of the above considerations it tran-
spires that under the above assumptions on the integer coefficients in Theorem
5.1.1 there is no power of log T factor in the main term and some cancelation
is exhibited. It is apparent that the instance when the coefficients at hand are
rational numbers may be easily reduced to the context of the above theorem
via a simple change of variables. It is also widely known in the community that
the functions ((1/2+ ait), ((1/2+ibt) and ((1/2+ict) with a, b, c € R having

the property that a, b, ¢ are linearly independent over QQ are poorly correlated
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and barely see each other. Such a consideration may then lend credibility to
the belief that the integral (5.1.1) should exhibit substantially more cancel-
lation in the case when the corresponding coefficients satisfy the preceding
condition. Confirming and quantifying this belief is, inter alia, the purpose of

the upcoming theorem.

Theorem 5.1.2. Let T" > 0 and a,b,c € R be algebraic numbers linearly

independent over Q. Then one has
Iopo(T)~T.

Considerations of space and time preclude us from providing an effective
bound of the error term underlying the preceding formula or exploring the
above problem whenever the coefficients are either linearly dependent but in
irrational ratio or trascendental numbers, but we nonetheless announce our
intention to return to these topics on a future occasion.

The approach which will be employed on this first chapter to prove Theorem
5.1.1 shall make use of the so-called approximate functional equation of the
Riemman zeta function for each of the factors involved in the integral at hand.
As experts may anticipate, such a procedure leaves one in the concomitant
situation of having to analyse eight integrals of twisted Dirichlet polynomials,
seven of which contain a twisting factor. In the investigation of the remaining
one, one then makes a distinction between the diagonal and the off-diagonal
contribution arising from such a term. It should be noted that the examination
of the diagonal one pertaining to the rational case shall not present any major
obstacles and will be of a more elementary number theoretic flavour.

On the contrary, the off-diagonal one will be somehow more problematic.
As experts may notice, having a decent control of such a contribution amounts

to understanding the number of solutions to the equation
nbn§ —n$ = D (5.1.3)

for a fixed (and possibly large) integer D € Z, such an endeavour being quite
hard as shall be elucidated promptly. We should note first that as was previ-
ously observed in Conjecture 2, the assumption of the abc conjecture delivers
the lower bound

D > n7 1% (ngn3) 1.

166



Such a robust estimate already improves the unconditional error terms ob-
tained herein, but does not suffice to enlarge the range of the parameters
a, b, ¢ for which one may assure the validity of the corresponding asymptotic
formula with the set of tools employed in the present memoir.

As may become apparent shortly, it seems pertinent to draw the reader’s
attention to the work of scholars concerning gaps between perfect powers. We
should mention that in a series of papers, Sprindzuk [129], [130] on improving

upon work of Baker [2], showed that whenever n, m € N are fixed then one has
|z — ™ > (log X)°™™  where X = max(z",y™)

for some fixed §(m,n) > 0. The above inequality then lends credibility to the
expectation that one may utilise the same circle of ideas involved in the proof of
such theorems to deduce analogous unconditional estimates for the difference
D in (5.1.3), but probably not better ones, such discussion being hardly the
purpose of this memoir. In view of the previous comments, it transpires that
the conditional bound (5.1.3) seems completely out of reach and illustrates
the difficulty of the problem at hand. It should be noted though that even
an improvement of the shape n] for some small 7 > 0 would hardly have an
impact in the corresponding error term. As noted above, it would certainly
not enlarge the range of the parameters a, b, ¢ for which one can assure the
validity of the asymptotic formula at hand.

We will surmount the difficulties associated with the analysis of the off-
diagonal term by employing a trick, only valid for the range of parameters a <
¢ < b considered herein, at the cost of unconditionally obtaining a relatively
weak error term which may be refined when one further assumes Conjecture
2.

The estimation process for rest of the integrals containing twisted factors
will amount to the delivery of bounds for oscillatory integrals of sufficient
strength. Those will present various different levels of complexity accord-
ingly, most of them essentially requiring a straighforward application of a basic
lemma only depending on the derivative of the argument of the integrand at
hand (see Titchmarsh [134, Lemma 4.2]). It may be worth noting that there
is a term whose analysis is slightly more elaborate and entails combining both
the aforementioned lemma and an analogous one depending instead on the

second derivative of the function at hand (see Titchmarsh [134, Lemma 4.4]).
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Likewise, there is an additional integral whose examination further requires
employing a stationary phase method type lemma of the strength of that of
Graham and Kolesnik [46, Lemma 3.4] for the purpose of exploiting the extra
cancellation stemming from some averaging process of the corresponding main
term when assuming Conjecture 2, which would have otherwise been missed
had we just applied the sequel of basic lemmata mentioned above.

A tedious intrincate analysis might have led one to obtain an asymptotic
formula for the diagonal contribution comprising lower order terms of the shape
of those at the end of (5.1.2) instead, such an approach hardly being the point
herein in view of the error terms stemming from the off-diagonal analysis. It
is nonetheless worth observing how the approach taken in this chapter ulti-
mately delivers formulas encapturing divisibility relations between the coeffi-
cients a, b, c.

The proof of Theorem 5.1.2 shares a large intersection with that of Theorem
5.1.1 and primarily differs from that of the latter in the simplicity of the
diagonal contribution, it being a consequence of a succint application of Baker’s
theorem on linear forms in logarithms. It should be noted that the analysis
pertaining to the off-diagonal contribution will be the essentially the same and
will ultimately deliver weaker error terms primarily because of the absence of a
spacing condition, as is the case in the integer setting. The examination of the
rest of the integrals will therefore be the same save for the instance in which
Conjecture 2 is further assumed in the integer case.

On a different note, we shall also include a theorem concerning the asymp-
totic evalution of the above integral whenever a = ¢ < b. We should remark
that under such circumstances there is a slightly different behaviour underlying

the anticipated formula.

Theorem 5.1.3. Let a < b be positive integers satisfying (a,b) = 1. Then one

has the asymptotic formula
Lopa(T) ~ C((a+b)/2)TlogT.

As would have probably been anticipated by experts, the above formula
has an extra factor of logT, as opposed to the corresponding one cognate
to Theorem 5.1.1. In view of the difference in nature of both formulas, it

transpires that the set of techniques employed in the course of the proof of
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the latter theorem may not be applicable herein, the arguments utilised in this
new setting having their reliance on a more recondite framework of ideas.

It is worth mentioning nonetheless that many of the technical tedious argu-
ments underpinning the proof of both Theorem 5.1.1 and the previous one will
share common ground, whence the bulk of work that has to be done for this
new result shall be considerably reduced. The analysis of the diagonal term
appertaining to the corresponding integral without twisting factor, though
slightly different in nature, shall be analysed as is customary via a conven-
tional parametrization of the underlying diophantine equation and shall not
present any major obstacle. It is then the examination of the off-diagonal one
which departs from the analysis in the previous setting and exhibits some nov-
elty in its treatment, the estimates ultimately obtained having their reliance
on an astute application of Roth’s theorem in diophantine approximation in
conjunction with an intrincate analysis.

As may be apparent at first glance, the ineffectiveness of the error term in
the asymptotic formula at hand comes from the ineffectiveness in Roth’s theo-
rem. Nonetheless, we feel obliged to remark that the corresponding exponent
of 2 + ¢ in the alluded theorem shall play a crucial role in the argument to
the extent that analogous versions containing effective information about the
corresponding constant thereof at the cost of increasing the aforementioned
exponent at hand shall not find success when applied herein. It may be worth
announcing that the assumption of Conjecture 2 would not have strengthen
our result, and find it noteworthy that Roth’s theorem ultimately delivers the
same conclusion than that obtained on the aforementioned assumption of the
abc-conjecture in this context.

For the sake of improving the exposition of ideas it has been thought per-
tinent to divide our line of argumentation into several lemmata. We begin our
journey by presenting some preliminary manoeuvres which shall be employed
throughout the entire chapter. Shortly after we succintly show how one may
easily derive Conjecture 2 from the abc-conjecture. It seems convenient to men-
tion that in Section 5.4 we reduce the problem at hand to that of computing a
sum of eight integrals of products of various twisted Dirichlet polynomials. As
we anticipated earlier, each of the integrals may exhibit a different behaviour.
For the purpose of describing our ideas in a rather succinct manner, it seems

desirable to organise the computations by gathering each of the integrals that
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present similar behaviour into groups and analysing those in various different
lemmata accordingly. To the end of not providing the definitions of such inte-
grals all at once and avoiding killing the reader’s patience, it has been thought
preferable to define those right before stating each of the lemma concerning
their analysis. Section 5.5 is then devoted to the analysis of the diagonal and
off-diagonal contribution arising from the term contaning no twisting factor,
both for the integer case and for the instance when the coefficients are lin-
early independent over Q. In Section 5.6 we essentially apply the most basic
lemma for bounding oscillatory integrals to four of the terms involved in the
formula at hand. In contrast, the analysis of the integral performed in Sec-
tion 5.7 departs from the preceding one in that the stationary phase method
is instead utilised in conjunction with a more sophisticated process to obtain
conditional stronger bounds, the unconditonal examination of such an integral
only requiring the application of basic lemmata. The investigation of the cor-
responding integrals in Section 5.8 only has its reliance on the aforementioned
basic lemmata, but nonetheless ends up being somewhat more intrincate and
elaborated. The section at hand concludes with the proof of Theorems 5.1.1
and 5.1.2, and Theorem 5.1.3 is discussed and proved in Section 5.9.

5.2 Preliminary lemmata

As a prelude to the analysis of integrals of unimodular functions, it has been
thought convenient to include a sequel of lemmata concerning the estimation
of such integrals which shall be employed henceforth throughout the memoir,

and these we now describe.

Lemma 5.2.1. Let F(z) be a real differentiable function with the property
that F'(x) is monotonic and either F'(x) > m >0 or F'(z) < —m < 0 in the

interval o, B]. Then one has

B
/ eF @)y < i
o - m

Proof. See Titchmarsh [134, Lemma 4.2]. O

Lemma 5.2.2. Let F(z) and G(z) be real differentiable functions with the
property that G(x)/F'(x) is monotonic and either F'(x)/G(z) > m > 0 or
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F'(z)/G(xz) < —m < 0 in the interval o, §]. Then one has

B ) 4
/ G(z)eF@dr < —.
a m
Proof. See Titchmarsh [134, Lemma 4.3]. [

Lemma 5.2.3. Let F(x) be a real and twice differentiable function with the
property that either F"(x) > r > 0 or F"(x) < —r < 0 in the interval [a, f].

Then one has
7 xr < .
/a ‘ ! \/;

Proof. See Titchmarsh [134, Lemma 4.4]. O

Lemma 5.2.4. Let F(x) be a real function satisfying the conditions of the
previous lemma and let G(x) be a differentiable function with the property that
G(z)/F'(x) is monotonic and |G(x)| < M. Then,

S8M
G 1F(x dr < -
/ VT

Proof. See Titchmarsh [134, Lemma 4.5]. O

Lemma 5.2.5. Let g(x) be a real function with four derivatives in the interval
la, B]. Suppose that in addition |¢"(x)| > Ao > 0 and that there ezists some
xg € [a, B] with the property that ¢'(xo) = 0. Finally, assume that there exist

constants A3 and Ay for which
199 ()] < s, 9 ()] < N

with x© € [a, 5]. Then

B o() im/4+ig(xo)
/ e\ dx = V2WW—FO(R1+R2),

where

Ry = min <m’ A;1/2) + min (ﬁ’ A;1/2>

and

Ry = (B — a) A2 + (B — a)A3\, 2.
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Proof. See Graham and Kolesnik [46, Lemma 3.4]. O

It also seems appropiate to consider the function
x(s) = 257 'r¥ sec(sm/2)T(s) 71, (5.2.1)

which as the reader may notice plays a role in the functional equation of ((s).
For the integrals containing a twisting factor, the following basic standard
technical lemma concerning the asymptotic expansion of the function x(s)

will be required.

Lemma 5.2.6. Let s € C. Then, whenever —mw +6 < arg(s) < m— 4 for some
fized 6 > 0 one has

s

(s) = (2—”)8_1/2m<1 £O(ls ™). (5.2.2)

S

Consequently, for t > 0 one further has

R 0]
and | o it .
x(/2=it)= () "1+ 0(3)
as t — 00.

Proof. We recall Stirling’s formula (see [158, Chaps. 12 and 13]), which estab-

lishes the asymptotic relation
1 -1
logF(s):(s—1/2)logs—s+§10g27r+0(|3| )

for the range described at the beginning of the statement of the lemma. It

therefore transpires that

re = () () (14 o0s).

e

which then yields (5.2.2). In order to compute the second formula it might be

convenient to observe first that

(1/2 + it)_it _ e—itlogt+wt/2—1/2 (1 + O(t_l)),
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and that )

cos ((1/2 + it)m/2)
Therefore, the above equations in conjunction with (5.2.2) for the choice s =

1/2 + it yields the second statement at hand. The third one is deduced in a

similar way.

_ 26i77/47t7r/2(1 + O(tfl)).

]

5.3 A weak version of the abc-conjecture

As was foreshadowed in the former introduction, giving a short account of why
the classical abc-conjecture implies Conjecture 2 is the purpose of the present

note. To this end, it seems worth stating first such a well-known conjecture.

Conjecture 3. [abc conjecture] Given € > 0 there exists a constant C. with
the property that for every triple of pairwise coprime integers (a, b, c) satisfying
a+b=c, one has that

max(lal, 0] i) < C-( T »)

pl(abe)

Lemma 5.3.1. Let a,b,c € N be fixed. If Conjecture 3 holds then one has the
inequality
a—1l—¢e, —1 -1

a b, c
In{ —nang| > n{"""ny ng -, ni,ng,ng € N

whenever the absolute value in the left side of the above equation is non-zero.

Proof. We write
b, c

for convenience and take
A = ged(D, ng,nins).
Observe that then the triple

(N1, No, N3) = (n§A~ 1 nhnsA~t, DAY
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comprises pairwise disjoint integers, whence an application of Conjecture 3
delivers the inequality

1+e

N1 < max(Ny, N, [Ns]) < < H p)

p|(N1N2N3)

It may be worth observing that

H S H D= H p < nyngng| DI,

p|(N1N2N3) p|(n¢nn§DA-1) pl(ninang DA=L)

whence a combination of the above equations yields the desired conclusion.

5.4 Initial manoeuvres

As was outlined above, we will demonstrate how the problem at hand shall
be reduced to that of computing integrals of products of twisted Dirichlet
polynomials, but before accomplishing such an endeavour it is desirable to
define first

D(s) = — 4.
()= >, — (5.4.1)
n<q/t/2m
where s is a complex variable, and
P(t) = D(1/2+it) + x(1/2 +it)D(1/2 — it) (5.4.2)

for t € R, where x(s) was defined in (5.2.1).

Lemma 5.4.1. With the above notation, one has
T
T o(T) = / P(at)P(—bt)P(—ct)dt + O(T**(log T)). (5.4.3)
0

Proof. We begin by using first the approximate functional equation for the
Riemann Zeta function (see Titchmarsh [134, (4.12.4)]), namely

C(1/2 +it) = P(t) + Ot~ 4).
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For the sake of simplicity we further define for n € Z the function

Ca(t) = C(1/2 + mit).
By using the above approximation formula one readily sees that

T

Iopo(T) = / P(at)P(—bt)P(—ct)dt + E(T),

0

where the error term E(T') in the above line satisfies
E(T) < TY* + E\(T) + Eo(T),

and the terms F;(7T") and E5(T') are defined by the relations

E\(T) = / V2 (G (0] + 1Co(D)] + 1)) dt
and
Ey(T) = / (GO + ICDIC-O] + ICDC-c)] ).

We use Cauchy’s inequality in conjunction with the asymptotic formula for
the second moment of the Riemman Zeta function (see, for instance Titch-
marsh [134, Theorem 7.3]) to obtain

T 1/2
E(T) < (1ogT)1/2</ \§(1/2+it)]2> < TY?logT.
0

Likewise, integration by parts combined with another application of Cauchy’s

inequality and the aforementioned formula delivers
T T t
Ey(T) < 1+ T—1/4/ 1C(1/2 + it)]? +/ t—5/4/ 1C(1/2 + is)|*dsdt
0 1 0
T
< T34 log T + / t~Y4logtdt < T**(log T).
1

The combination of the above estimates yields the desired result. O

In view of the above lemma it transpires that establishing the asymptotic

evaluation which we seek to deliver amounts to compute eight integrals of

175



products of twisted Dirichlet polynomials. To the end of not providing the
definitions of such integrals all at once it has been thought preferable to de-
fine those right before stating each of the lemma concerning their analysis.
Nonetheless, we content ourselves by mentioning that we shall write the inte-

gral in (5.4.3) as a sum of six terms, and thus obtain

6
Lipo(T) =Y Li(T) + O(T**(log T)). (5.4.4)

j=1
We also find it desirable anticipating that both I5(7") and I4(7") will be the
sum of two integrals both of them symmetric on b and ¢, the analysis of which
shall not utilise the fact that b > ¢. As will become apparent shortly, those
terms will depend on a, b, ¢, but we won’t make such a dependence explicit on

the notation for the sake of concision.

5.5 Diagonal and off-diagonal contribution of

the non-twisted term

As the heading suggests, we devote this section to the analysis of the integral
that contains no twisted factor. It will become apparent that such a term
will both provide the main contribution to the asymptotic formula at hand
and will containt the recalcitrant character of the play earlier mentioned in
the introduction. In order to make progress in such an endeavour, it has
been thought pertinent to introduce first some notation which will be used
henceforth. We write m to denote a triple (n1,ns,n3) € N3, and we consider

the variables

ny=mi/Va, ny=mna/Vh, ~nh=ns/Ve (5.5.1)

and the parameters

N, = 2rmax(n?,n?,n?) and P, = ninons.
We also define for further convenience
T1 = T/27T

176



and write
Ba,b,c = {n € N3 5] S CLTl, N9 S le, ng S CTl}. (552)

We consider the aforementioned integral

T
L(T) = / D(1/2 + ait)D(1/2 — bit)D(1/2 — cit)dt
0
~ Y p /T (%)itdt
nEBa,b,c " Nn n(f
We make a distinction between the diagonal contribution, which will amount
to the contribution of triples with the property that n¢ = nin$, and the off-

diagonal one to obtain
L(T) = Ji(T) + Jo(T), (5.5.3)

where in the above equation one has

T bonc\ it
W)= Y (T - NP2, BT =Y P;W/ <%> dt.
n€Bap.c neB e Na T
n‘f:ngng n‘f;éngng
(5.5.4)

For ease of notation we may omit writing n € B, in the subscripts of the
sums throughout the rest of the chapter. We further recall that the present

section shall focus on the instance when
a<c<hb. (5.5.5)

The following proposition will be devoted to the estimation of Jo(7) for the

general case of positive real coefficients.

Lemma 5.5.1. With the above notation one has that

Proof. As will be apparent shortly, it may seem appropiate to define, for con-
venience, the number
b/a c/a
Ny = L”2/ ”3/ ]

for each tuple (ng,n3). We split the corresponding sum into the case when n4
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differs from N, . by at least 2, in which case we shall simply integrate and apply

the triangle inequality, and the instance when n, is close to IV, . to obtain

Jo(T) < Jo1(T') + J22(T),

where
La(T) = > Pylog (nf/njns)| ™! (5.5.6)
[n1—Npo|>1
and
Lao(T)= >  PB'° / ei“ogm%n%/”‘ﬂdt’. (5.5.7)
1~ Ny ol <1

We should remark that in the above summation we omitted writing the con-
dition n{ # nin§ for the sake of concission, and take this as an opportunity
to announce that henceforth we shall avoid writing such a restriction in every
sum cognate to the off-diagonal contribution. The reader may find it worth

observing that whenever n; < NN, . then

b,,c a
by IMans — nil _ Indng" =4
[log (nyn§/ni)| < —po and [log (nans/nf)| = b/a, c/a
213 Ng N3
(5.5.8)
It then transpires that in view of the above relation one may deduce the
estimate
—1/2 N1/2
nl b,c
Z c/pha < Z b/a_ c/a
Nip./2<n1<2Np . [log (n2n3/n1)| 1<|r|<Np e |75 / n3/ — Npe — 7|
[n1—Np |>1
1/2
< Y 2= < NPlogT. (5.5.9)
1<r<N,..

It seems appropiate to denote Jo1(7") the contribution to J51(T") of tuples

in the range considered in the above line. Then, the preceding equation in
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conjuntion with (5.5.6) delivers

J271’1(T) < (log T) Z n;1/2n;1/2N;£2
ning<Te/?
< (logT) Z n;1/2+b/2an;1/2+c/2a
ning<T/?
na<gTa/2¢

wherein we used (5.5.5). The reader may also find it worth noting that
whenever n; is outside of the range considered above then it transpires that
llog (n{/nbng)| > K > 0 for some positive constant K, and hence the contribu-
tion of these cases will amount to O(73/4). Therefore, the preceding discussion
yields

Jo1(T) < T34, (5.5.10)

We next shift our focus to the analysis of Jo5(T), it being convenient to

introduce first for each number r € {—1,0, 1} the sums

T
Joo,(T) = Z (712713)71/2(]\75,,0 + 7’)71/2 / eitlos (”3”5/(Nb,c+r)a)dt‘.

no <01} n
ng<y/cly

(5.5.11)
We introduce a large but fixed parameter M > 0 and divide the range of

summation to obtain
J2,2,T(T) < Fl,r,M(T) + F2,r,M<T)7

where the above terms are defined by means of the formulas

~1/2-b/2%a ~1/2- 1
Fl,r,M (T) = Ty 1/2 b/2an3 1/2—c/2a . |
et o (o (o 7 77

and
Foom(T)=T Z n;1/27b/2an;1/2*c/2a.

max(ng,n3)>M

The reader may find it useful to observe that by summing over ny and ng
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accordingly, one obtains
FQ,T,M(T> < TMl/ch/Za.

Moreover, it transpires that Fi, p(7") does not depend on 7', whence there

exists a constant C'(M) with the property that
Fy(T) < C(M),
The preceding discussion then yields
Jao(T) < TMY?=¢/? + C(M),
whence on fixing M and letting T — oo one readily sees that

T—o00

lim |J2,?ZET)| <<M1/2fc/2a.

We recall the reader of the condition a¢ < ¢ and let M — oo to the end of
deriving the expression Jo5(7T") = o(T"), which in conjunction with the above

analysis yields the desired result. O

Lemma 5.5.2. Ifa,b,c € N the bound
JQ(T) < T3/4 +T1+1/20—1/2a
holds unconditionally. If one assumes Conjecture 2 then one further has
JQ(T) < T1/4+3a/4c+8,

Proof. As a prelude to our discussion we begin by anticipating that we shall
make use of the analysis pertaining to Jo1(7") in the above lemma and modify
that of Jy2(T) to the end of deriving sharper estimates under the above as-
sumptions. We divide the range of summation in (5.5.11) in accordance with
(5.5.8) to obtain

Jopr(T) < Fi(T) + F5(T),
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where the above terms are defined by means of the formulas
Fl(T> _ Z ngfl/Zfb/&zngfl/ch/Qa,

n2n3<T

and
T Z —1/2 b/2a —1/2 ¢/2a.

n2n3>T
It may be worth clarifying that in the above analysis we bounded the integral

in (5.5.11) by the inverse of the corresponding logarithm and applied (5.5.8)

subsequently in conjunction with the fact that
|n2n3 ni| > 1,

the same integral appertaining to the second range of summation being esti-
mated by the length of the interval of integration.

Summing over ny first yields

F]. (T) << T1+1/2b—1/2a Z n3—1/2—c/2b << T1+1/26_1/2a'

nz<T1/e

Likewise, an analogous computation in the same spirit reveals that

FQ(T) < T1+1/2b—1/2a Z n;1/2—6/2b+T Z n;1/2—0/2a < T1+1/20_1/2a’

n3<T1l/¢ n§>T

thus yielding the bound
Joo,(T) < TLH1/2e-1/2a

whence the above estimate in conjunction with (5.5.7) delivers
Joo(T) < T'HH/2e=1/%

as desired.

Before making further progress in the proof, some observations shall be
addressed. We find it convenient to draw the reader’s attention to the above
inequalities and point out that the assumption a < min(b,c) was crucially

utilised therein, an analogue argument not being applicable in other circum-
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stances. It is also worth noting that if @ = 1 then we may obtain a sharper
estimate which would ultimately deliver an error term O(T'/4+1/4¢) by making
use of the corresponding inequality njn§ < T'/2 in the above setting, such a
refinement not having any impact whatsoever in the overall error term of the

lemma at hand.

The reader may notice that if we further assume Conjecture 2 we can
improve the error term arising from the estimation of J, »(7") substantially. To

this end it seems appropiate to note first that such a conjecture yields
[nSn§ — (Noe +1)°| > Nyt engtngt,  re{-1,0,1}.
We use the previous estimate and (5.5.8) to obtain the bound
| log ((Nye + 1) /mhns)| " < (Nyenans) '™, re{-1,0,1},
and insert it in (5.5.7) to get

Joo(T) < T° Z n§/2+b/2ané/2+6/2a<<T1/4+3a/4c+a Z /22
ngn§<<Ta/2 n2<<Ta/2b

< T1/4+3a/4c+a 7

as desired, and wherein the above line we used the inequality
1/2 —3b/2c < —1

stemming from (5.5.5).
[

Equipped with the estimate provided by the above lemma we have ascended
to a position from which to obtain an asymptotic formula for I;(7") in the
integer case, and this we now provide. It should be noted that this will amount
to computing the contribution stemming from the diagonal term, and thus

requires performing an analysis of a different nature.

Proposition 5.5.1. Let a,b,c € N satisfying (a,b,c) = 1. On recalling
(5.5.4), one has

J1<T) — Ua,b,cT + O((log T)2(T3/4 + T3/47a/4c+(a,c)/20 + T3/4fa/4b+(a,b)/2b))’
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where o > 1 1s an explicit constant which shall be defined shortly. Therefore,

the asymptotic formula
L(T) = 0ap T+ R(T),
where
R(T) < TH1/2e-1/2a 4 (150 T)z(T3/4 4 T3/4—a/det(ac)/2e | T3/4—a/4b+(a,b)/2b)’

holds unconditionally . If one further assumes Conjecture 2 then the summand

T1H1/2e=1/20 in the above error term may be replaced by T'/4+3a/4cte

Proof. It seems worth recalling (5.5.3) and writing
Jl(T) = Ua,b,cT - J3(T> - J4<T),

where we define

J3(T) =T > P2 L(T)= > N.P'? (5512
n%:ngng neBy e
a_,b,c
max(nf,nh,n5)>vT1 ny=nong

wherein the constant o, is defined by means of the formula

Oabe = P'° (5.5.13)

a_pbyc
nl—n2n3

The reader shall rest assured that the convergence of the above series will be
justified promptly. It appears at first glance that a straight substitution of the

/ ang/ * into the corresponding equations thereof already delivers

identity ny = ng
error terms of the shape O(T%/4t%/4¢). Nonetheless, it seems appropiate to
remark that such an approach does not further exploit the property of the
product nn§ at hand being a perfect a-th power. To remedy this situation
and obtain an estimate superior to that stemming from the aforementioned
cheap analysis, say of the shape O(T3/ 4(log T)Q), it has been thought preferable
to parametrize the equation at hand in a suitable manner, and this we now

describe.
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To this end, some notation will be required. We write

as = a/(a,b), by="b/(a,b), (5.5.14)

a
(a,b)(a,c)
It might be worth noting that the property of the parameter A being an integer

a3 =a/(a,c), c3=c/(a,c), A=

stems from the coprimality condition (a,b,c) = 1. We begin by analysing first
the instance when ay # 1 # a3. The main idea underlying the parametrization
process will have its reliance on the classification of the divisors d|ny (and
similarly for n3) according to whether the number d® shall or not be a perfect
a-th power. It may be appropiate to momentarily pause our explanation and
clarify that such a condition amounts to the number d being a perfect as-th
power. If instead d does not satisfy such a priviledge, some divisibility relation
between both d and ng should then hold, and exploiting such a dependence
among the divisors of both ny and ng shall ultimately lead to sharper estimates.

In order to put these ideas into effect we begin by writing, as we may,

as—1 az—1

— a2 U __ .03 v
Ng = T4 H d,, ng =1 1
u=1

v=1

where d,, and f, denote squarefree numbers with the property that (d,,, d,,) =
1 whenever u; # us and similarly for f,. In view of the above definitions, we
find it convenient to note that a 1 ub whenever 1 < u < as — 1. It might
as well be noteworthy to observe that for fixed u satisfying the above line of

inequalities, there is a unique solution to the congruence
ub + a,c =0 (mod a), 1<a,<az—1.

By the preceding discussion it transpires that for fixed v then there is some
1 <wv < asg— 1 satisfying f, = d, with v = a,, as above, a concomitant aspect
of the coprimality condition (a, b, c) = 1 being that (a,c)|u and (a, b)|a,. The
reader may find it desirable to observe that an analogous argument may be
employed to deduce, for v, the existance of some 1 < u < ay — 1 with the
property that d, = f,. Therefore, we have thus far reached a position from

which to assure that one may parametrize the triples satisfying the equation
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at hand by means of the relations
no=r2r§ Py, ny =1y [[ &Y, na=rp [[dY, (5.5.15)

where we defined for convenience

A-1 A-1
Pd _ H d;b](a,c)Jrcaj(a,b))/a’ Md _ H d]'(a,c)Jraj(a,b)’ (5516)

J
j=1 j=1

the latter parameter being introduced for prompt convenience and wherein
gba + ajes = 0 (mod A), 1<j<A-1, 1<a; <A-1

Combining the above equations one then finds that

O_a’byc _ Z (a2+b2 (a3+03 /2 ZP 1/2 1/2

72,73

where d runs over the tuples described above, the convergence of the series
being justified by the inequalities as+by > 3 and az+c3 > 3 in conjunction with
the fact that the exponents cognate to the corresponding factors d; involved
in the above sum are smaller than or equal to —2.

We will first analyse the term J3(7"). It might be worth noting that in view
of (5.5.5) and the underlying equation satisfied by the triple n then one has
n} = max(n}, nh,ns), whence in the analysis of J3(7') it is always the case that
ny > vaTi. We then plug the above parametrization into (5.5.12) and sum

over ro first to obtain

J3(T) -7 Z rQ—(a2+b2)/2r3—(ag+83)/2pd—1/2Md—1/2

7‘2 2rg3 Pg>\/aT1
<<T3/4—a2/4b2+1/2b2 E Pd—l/bz-l—a2/2b2Tg—ag/2+cga2/2b2—cg/b2 Md—1/2

143 Pa<+/aT1

+T Y R p N, (5.5.17)
43 Pa>+/aT1

In order to bound the first summand, which we denote by J;51(T") for con-
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venience, it might be worth considering first the case when
—a3/2—|—03a2/262 —Cg/bg > —1. (5518)
Under such circumstances, it transpires that

J1(T) < To/Amas/destifzes N7 pritfeatas/en y /2, (5.5.19)
Py<vaTy

The reader may find it desirable to observe that the exponent of the factor d;
involved in the term M, Y2 is at most —1, the exponents appertaining to the
rest of the factors being at most —3/2. It also seems appropiate to note that

in the above sum then

Pd—l/cg—i-ag/ch < 1+T_1/263+a3/403.

It shall be noted that the previous estimate encompasses the cases when the
exponent cognate to the term of the left side is both non-negative and negative.

The preceding discussion then yields
Js 1 (T) < T3/4=0/4et1/2e (100 T 4 T3/4(log T). (5.5.20)
If, on the contrary, condition (5.5.18) does not hold then

J3,1 (T) < T3/47a2/4b2+1/2b2 (log T) Z P(;l/b2+a2/2b2 M;1/2’
Pg<+/aTi

and an argument reminiscent of the above yields
Js1(T) < T4 (log T)? 4 T3/4=/4+1/22 (100 T')2, (5.5.21)

It might be pertinent to clarify that the extra factor of (logT") has been added

to encompass the case when the left side of (5.5.18) is —1 as well.

Likewise, we denote by J32(T") to the second summand of (5.5.17). An
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analogous argument to the one employed to bound J5;(7) then reveals that

Joa(T) ¥/ sl esttfaes 7 prtfestas/io /2
Pg<+/aTy
—1/2 3 r—1/2
+ T Z PP M
Py>/aTy

It seems appropiate to note that in the first summand of the above equation

one has
Pd—1/03+a3/263 < 1+T_1/203+a3/4C3,

whilst in the second one it transpires that
PP < TV

Therefore, the above observations in conjunction with the discussion following
(5.5.19) yield the bound

J372<T) <<T3/4(10gT)+T3/4_a/4c+1/2c3(10gT),

a combination of the preceding estimates delivering
Jg(T) < T3/4(10g T)2+T3/4—a/4c+1/QC3 (10g T)+T3/4_a/4b+1/2b2 (log T)2 (5522)

as desired.

We next focus our attention on the term Jy(7) in (5.5.12). We shall use the
parametrization employed in the analysis of J3(7') herein as well, and announce
that the argument on this occasion will be morally equivalent. Then, as was
noted above, one necessarily has that the tuples involved in the sum in the

definition of Jy(7") have the property that n; > max(ng, n3), whence

J(T) < Z T§3b2faQ)/2r§3037a3)/2P3/2M[;l/Q’

TSQ 7“;3 Pyg<+/aTy
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Summing over ry first we find that

J4(T> < T3/47a2/4b2+1/2b2 Z ngCg/2b2*c3/b2*a3/2P§2/2b271/b2Mdfl/2
7“§3Pd§x/aT1

= JB,I(T)>

where the reader may find it useful to recall that Js(7") denoted the first
summand in the equation (5.5.17). Consequently, (5.5.20) in conjunction with

(5.5.21) and the above line of inequalities yields
J4<T) < T3/4(log T)2 + T3/4—a/4b+1/2b2 (log T)2 + T3/4—(l/40+1/263 (10g T),

as required, and concludes the proof thereof.

If instead either as = 1 or ag = 1 then the parametrization of the underlying
equation will then be

__ a2 __ .03
Ng =757, ng =Ty,

whence an insightful inspection of the above proof reveals that one may follow

the same argument to reach an analogous conclusion.

]

We complete this section with an application of Baker’s theorem on linear
forms in logarithms to discard the existence of non-trivial diagonal solutions
of the underlying equation whenever the coefficients are linearly independent

over Q, thereby delivering the conclusion I;(T') ~ T for such cases.

Proposition 5.5.2. Let a,b,c € R\ {0} be algebraic numbers linearly inde-

pendent over Q. Then there are no solutions to the equation
n$ = nbng, niy,ne,n3 €N, (ng,ne,ng) # (1,1, 1). (5.5.23)

Consequently, one has that

L(T) ~T.

Proof. The second statement follows from the first by recalling (5.5.3) and
(5.5.4) and noting that then

J(T) =T —2r,
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which in conjunction with Lemma 5.5.1 delivers the desired result.

We shift our focus to the first assertion then and begin by assuming the
existence of a triple (n1, ns, n3) with the above property. In particular, this en-
tails the linearly dependence of logn,logns, logng and 27z over the algebraic
numbers. Therefore, an application of Baker’s theorem already establishes
the linearly dependence over QQ, which in turn yields the existence of rational

numbers rq, 79, r3 € Q satisfying
nit = ny’ng’.

We may assume without loss of generality that r; # 0. Moreover, an exami-

nation of (5.5.23) and the preceding equation reveals that
(ng,m3) # (1,1). (5.5.24)
Therefore, combining both of the equations then delivers the relation
nblera/ripglaTrsin (5.5.25)

It seems pertinent to observe that in view of the linear independence over the
rationals of the coefficients a, b, ¢ then the exponents in the above line are non-
zero. It therefore transpires by (5.5.24) and the preceding observation that
then

no # 1 # ng.

We apply, as we may, Baker’s theorem again to obtain a rational number
r4 € Q having the property

nyt = ns.

Combining the above line with that of (5.5.25) yields an equality between the

corresponding exponents, namely,

4T3 + To
a7

b+C7’4:< .
1

which contradicts the linear independence of the coefficients.
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5.6 Simple bounds for integrals of unimodular

functions

The following lines will be devoted to provide estimates for some of the integrals
involved in the main term of (5.4.4) and pertaining to both Theorems 5.1.1,
5.1.2 and 5.1.3 via a straightforward application of Lemma 5.2.1. The results
in this section shall be obtained for positive real coefficients a,b,c > 0. For
the purpose of making further progress it seems appropiate to define, for pairs

of positive real numbers r, s > 0 the integral
1
Yyuu(T) = / D(1/2 + ait)D(1/2 + irt)D(1)2 — ist)x(1/2 — irt)dt.
0
Equipped with this definition we consider
L(T) =Y2c(T) + Yo (T). (5.6.1)

Likewise, we further define the pairs of functions

f3(t) = D(1/2 + ait)

and

Fa(t) = x(1/2 + ait) D(1/2 — ait),

and the integral

L(T) = /OT D(1/24bit) D(1/2+4cit)x(1/2—bit)x(1/2—cit) f;(t)dt, j € {3,4}.

We should note that in the next sequel of lemmata we further assume that
a < c for future use despite not being required for the proof of Theorems 5.1.1
and 5.1.2.

Lemma 5.6.1. Leta,r,s > 0 be real numbers with the property that min(r, s) >
a. Then
Yo, s(T) < T**(log T).

Moreover, whenever a < ¢ < b one has

max (1o(T), I;(T), L(T)) < T**(log T).
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Proof. We begin our proof by analysing first Y5, (T"). We use the approxima-
tion formula for x(1/2 — rit) contained in Lemma 5.2.6 to express the above

integral as

T
Y'st(T) _ e*iﬂ/4 Z Pn1/2/ ein(t)dt+O(T3/4 10gT),

neBa,r,s Nn

where the function F;(t) is defined by
Fy(t) = rtlogrt — rt(log 2m + 1) — tlog(nins/n3).

It also seems appropiate to differentiate the above function and recall (5.5.1)

to obtain

Fy(t) =rlogt + % log s — gloga - glogr — rlog2m — log(n'ny /ny).
The reader may find it useful to observe that then Fj(¢) is an increasing func-

tion. In view of the fact that r > a, it then transpires that
/ !/ / / r a
Fy(Ny,,) >(r — a)log (max(n}, nj, ny)) + 3 logr — 2 log a,

whence by monotonicity the same holds in the interval [Ny, T]. Note that for
triples (n1,n9,n3) bounded by a fixed constant then the corresponding contri-
bution to Ya, 4(T) would then be O(T"/?) by Lemma 5.2.3. For triples with
one of the components being large enough then an application of Lemma 5.2.1
suffices to deduce that the cognate integral is O(1). The preceding discussion
yields
Yors(T) < T*logT+ Y P <T**1ogT,
neBa,r,s
which delivers the first part of the statement. It might be worth noting that
recalling (5.6.1) and applying the estimates for Y, .(T") and Y5 . ,(7) obtained
herein one gets
IL(T) < T¥*(log T).

As earlier mentioned, the term I3(7") will exhibit a similar behaviour,
whence in the interest of not repeating ourselves we will try to be as expe-

ditious as possible. We employ the approximation formula in Lemma 5.2.6 to
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obtain

—i Y. P, 1/2/ Wt 4 O(T* " og T),

nGBa b,c

where the function F3(t) is defined by the equation
Fy(t) = btlog bt + ctlogct — (b + c)t(log 27 + 1) — tlog(n§nins).
As was noted above, it might be convenient to compute its derivative
Fi(t) = (b+c)logt + blogb + clogc — (b + ¢) log 2m — log(n{nins).
We observe that then Fj(¢) is monotonic and

b
Fi(Ny) > (b+ ¢ — a) log ( max(n}, ny,ny)) + = logh + = logc -3 loga

2

in the interval of integration at hand, wherein the reader may find it useful to
recall (5.5.1), whence in a similar fashion as above, Lemmata 5.2.1 and 5.2.3
yield

I(T) < T¥*1og T.

In order to estimate I4(7") we use as customary the corresponding approx-

imation formulae in Lemma 5.2.6 to obtain

I _ —z7r/4 Z P- 1/2/ iF4(t)dt+O(T3/4logT),

nEBa b,c

where the function Fy(t) is defined by

Fy(t) = btlog bt + ctlog ct — atlog at — (b+ ¢ — a)t(log 27 + 1) — t log(nsns/n?),
and its derivative,

Fj(t) = (b+c—a)logt+blogb+clog c—alog a—(b+c—a) log 27 —log(nns /ng).
We observe that then Fj(t) is monotonic and

b
F{(Ny) > (b+c—2a)log (max(n}, ny,ny))+alogn+ log bt logc——loga
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whence Lemmata 5.2.1 and 5.2.3 then yield
I4(T) < T**1og T,

as desired. O

5.7 A refinement assuming Conjecture 2 via

the stationary phase method

The investigation of the integral I5(7"), which shall be defined promptly, is
slightly more intrincate and different in nature from the previous ones. It seems
appropiate to assure the reader that the analysis involved in this section will
be both unconditional and conditional, as opposed to what the above heading
may have probably suggested. By proceeding in a routinary manner we shall
ascend to a position from which an application of Lemmata 5.2.1 and 5.2.3 will
already suffice to obtain sufficiently strong unconditional bounds. Nonetheless,
an estimate superior to that obtained in the unconditional analysis can be
pursued via the stationary phase method if one further assumes Conjecture 2,

and this we have included in the discussion. We consider then, for convenience
T
I(T) = / D(1/2 — ait) D(1/2 — bit) D(1/2 — cit)x(1/2 + ait)dt,
0

and gather the unconditional work done concerning the estimation of such a

term in the following lemma.

Lemma 5.7.1. Let a < ¢ < b with a,b,c € Ry and let I5(T) be defined as
above. Then the estimate
15(T) < T3/4+a/4c

holds unconditionally.

Proof. We begin the discussion by employing as customary Lemma 5.2.6 to

approximate x(1/2 + ait) and express the above term as

T
I(T) =™* Y P,,;W/ 5Ot 4 O(T**log T), (5.7.1)

’nEBa,b,c Nn
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where the function Fj(t) is defined by the relation
Fs(t) = —atlogat + at(log 2 + 1) + tlog(ninsns).
We find it desirable to compute its derivative
Fi(t) = —alogt — aloga + alog 27 + log(n{nins), (5.7.2)

whence on denoting ¢, = 27m1n2 n3/ /a it transpires that Fi(c,) = 0. We
apply Lemmata 5.2.1 and 5.2.3 in conjunction with Lemma 5.2.5 to the integral
n (5.7.1) to obtain

I5(T) =2mia™" Z ng/Qa—l/Qng/Qa—l/Q (nq nb/anc/a/a) (5.7.3)
Np<cn<T
+O( 3 P,;l/2min(|F5’(Nn)|—1,N;/2))
Np/2<cn<2Np,
+o( X P min (R TV ) + 0T,
T/2<cn<2T

The reader shall rest assured that further details about such an application
will be delivered promptly. It may first be useful to observe that in the pre-
ceding lines we implicitly applied Lemma 5.2.5 for the range 2N,, < ¢, < T/2

2Cn
/ PRION
cn/2

and estimate the remaining parts of the integral in (5.7.1) employing Lemma

to the integral

5.2.1. Observe that then the error term arising from such remaining parts
is O(1). Likewise, if N,, < ¢, < 2N,, and ¢, < T/2 then Lemma 5.2.5 is
applied with the choices « = N,, and § = 2¢,. If instead T/2 < ¢,, < T and
2N,, < ¢, then the latter lemma shall be employed by taking a = ¢, /2 and
f = T. If on the contrary one has 4N,, > T then « = N, and § = T will
suffice to obtain the desired result. Finally, whenever either N,,/2 < ¢,, < Ny,
or T < ¢, < 2T then a combination of both Lemmata 5.2.1 and 5.2.3 will
provide a contribution which will be absorbed in the error term of the above
equation.

We focus our attention on the main term of (5.7.3), which we denote by
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P(T). By bounding the exponential sum on P(T) trivially we then find that

P(Ty< Y 0?72 min (TY2, Tny "y /)
ng/ang/a<<T

< P(T)+ B(T),

where
_ ml/2 b/2a—1/2 c/2a—1/2
P(T)=T >y ng :
ny/ *ng/* <VeTt

and

PQ(T) - T Z nz—b/2a—1/2ngc/2a—1/2'

ny/ “ng/* > /Ty

We shall begin our investigation examining first P;(7"). Summing over nz we
obtain

Py(T) < Ttatie ™ 200020  pd/atafic, (5.7.4)

nQS(CTl)a/Qb

Likewise, by summing first over ny for convenience in the equation defining
Py(T') we have

P(T) < T Z n;c/Za—1/2+T3/4+a/4b Z n;l/Q—c/2b<<T3/4+a/4C.

ng/ > /Ty ng/* <VeTy
(5.7.5)

It is worth noting that whenever a = ¢ then one always has ng < /cTh,
whence in this particular instance there is no first summand on the right side
of the above equation. We find it desirable to stress that this is the only point
in the proof wherein the fact that a = ¢ could have added an extra factor of
log T" had we not made a suitable division of the sum pertaining to P(T"), the
rest of the arguments in the proof being valid for both of the situations at
hand.

The reader may observe that the above argument could have been employed
after a straight application of Lemmata 5.2.1 and 5.2.3. We invoked Lemma
5.2.5 herein because one may obtain non-trivial cancellation when averaging
over the triples n if one further assumes Conjecture 2, and this will be pursued
in a subsequent lemma.

In order to bound the first error term in (5.7.3), we find it convenient to

denote F;(T') to the contribution to the sum in the aforementioned error term
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of tuples satifying n, = max(n},nj, n4) respectively for each 1 < ¢ < 3. It
seems appropiate to begin our discussion analysing E;(7). To this end we
define, for each (ns, n3), the parameter Ny = ng/ “n<" We note for further use
that using this notation then the range of summation N, /2 < ¢, < 2N, in
the first error term of (5.7.3) is equivalent to n;/2 < Ny < 2n,, and that on

recalling (5.7.2) one has that
F:(N,) = alog Ny — alogn;.

We apply the same argument as the one deployed in (5.5.9) and the subsequent

equations to deduce

—1/2

Z Z 1/2
Ny /2<n, <2N, [log (Nl/nl 1<r<Ny
[n1—Ni|>1

We note that min (|Fg(N,)| ™, 1/2) < N?if |ny — Ny| < 1 and combine

such an observation with the precedlng discussion to obtain

Yoo D> BMPmin (B (NG LN

n2,n3 Ni/2<n;<2N;

< (logT) Y 0y Png PN < T logT) Y nyVong '

N1<2+vaTh no<+/bT}
n3<+v/cl1

< T3*(logT).

The reader may note that for n; outside of the range considered above then
|F{(N,)|™! < 1, whence the contribution to the above sum arising from such
tuples is O(7°/*), and hence

E(T) < T**logT.

We next focus on the term E(T"). It seems appropiate to observe first that
when b > 2a then in view of (5.7.2) one has

F}(Ny) = log(nin}>*ng) + alog(b/a).

It therefore transpires that whenever either n; or n3 are sufficiently large then

196



one may bound such a contribution to Fy(T) by O(T%/*), the instance when
both of the entries are bounded being estimated by means of the trivial ob-
servation Na/? < T2, which in turns yields the bound O(T3/4) for such a
contribution. Suffices it then to consider the case b < 2a. To this end it seems

worth defining for each (ny,n3) the parameter

N, = nclz/(2a b) c/ (2a—b) (b/a)a/ (2a— b)
We write C' = 2¢/(2¢=b) and denote

In

2

— [C_lNQ, CNQ],
the assertion that ny € Iy, being then equivalent to the inequalities
Np/2 < ¢, < 2N,.

We now apply the same argument as above to get the estimate

Y. D> PYPmin (JF(Na) T NP

ni,n3  n2€ln,
[ng—Na|>1

< (logT) Y ny Py PN, < T34 (log T). (5.7.6)
NogT

The reader may find it worth observing that the restriction on N in the above

inequality stems from the fact that

N2 = N9 < 4/ bT1

Again, whenever n, is outside of this range then |F}(N,)|™' < 1, whence

by the preceding discussion we get
Ey(T) < T3*1ogT.
The term FE3(T) is analogous to F5(T'), whence a similar analysis delivers
Es(T) < T3*(log T).

We finally analyse the last error term in (5.7.3), and find it desirable to
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announce that the nature of the discussion will not be dissimilar to the pre-
ceding one. We begin by noting for convenience that whenever 7/2 < ¢,, < 2T
then TY? « nb/a ¢/* « T. We consider A, = aTlyn, bay, ns
customary that the inequality 7'/2 < ¢, < 2T is equivalent to

=¢/% and observe as is

A1/2 S nq S 2A1

It transpires that for each pair (ng,n3) then the same arguments utilised on

previous occasions deliver

Y w3 A <<A1/2<1ogT>
Al/QSTLlSZAl 0<r<Ai
[n1—A1|>1

We also note, for convenience, that
ny P min (|FL(T)|, TY?) < TY2A;Y?

when |n; —A;| < 1. Then, combining the above discussion with the observation
that the constraint n; < v/aT} and the condition |n;—A;| < 1yields A; < T2
and A}/Q < T1/2A1_1/2, we obtain

Sonn ST i (BT )

n2,n3 A1/2<n1<2A
<<T1/2(logT) Z n;1/2n;1/2A;1/2
ngn§<<T“
<<(logT) Z n;1/2+b/2an§1/2+c/2a<<(logT)T1/2+a/2b Z n;1/27c/2b
ngn§<<Ta n3</cl

< T13/4-|—(2a—c)/4b(10g T)2 < T3/4+a/4c.

The preceding discussion in conjunction with (5.7.4) and (5.7.5) then delivers

the desired conclusions. O]

Lemma 5.7.2. Let a,b,c € N with the property that a < ¢ < b and let I5(T)

be defined as above. Assuming Congjecture 2 one further has

_[5(T) <<T3/4<lOgT>2+T3/4+(2a—c)/4b(10gT)2+T3/4—a/4b+1/2b2(10gT)2
+ T3/4—a/4c+1/203 (log T) + T1/2+a/(a+c)+€.
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Proof. We should note that the analysis of I5(7") under the assumption of
Conjecture 2 will follow the same line of argumentation as in the above lemma,
the only difference in the proof having its reliance on the analysis of the main
term P(T) in (5.7.3), and this we now pursue.

We denote for convenience by M;(T') to the contribution to the main term
P(T) of tuples with the property that n, b/a n3/ “/a is not an integer. Likewise, let
K1(T) be the contribution of tuples for which ng/ ang/ “/a is a natural number.

Note first that the sum over ny is a sum of a geometric progression, whence
—1 T )
’ ng/ “ng/ o)

In order to progress in the estimation it might be worth considering a natural

Ml(T) < Z ng/Za—1/2n§/2a—1/2m1n<H -1 b/a g/a

b/a_c/a
ny Mg

LT

number M, . with the property that
|n2n3 MI?C’

is minimised. We denote for further convenience D = njn§ — M. Then one

may apply the mean value theorem to obtain

|/ en”|| = 1Mz, + D)o — My | < DAL,

whence the inequality
|D| > My 175 (ngns) ™",

which in turn is a consequence of Conjecture 2, yields the estimate
(M + D) = My| > (nang) ™',

which delivers

H —1_b/a_c/a

a”ny “ng <<(n2n3)1+5.

Combining (5.7.3) and the preceding discussion one gets

a— c/2a— . T
Mi(T) < Z ng/2 1/2n3/2 12 1in ((n2n3)1+5’ nb/a_nc/“)'
2

ng/ang/a<<T1

We shall divide the sum into parts for convenience. We denote by M (T")
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to the contribution to M, (7)) of tuples satisfying ngn$*t < T Then one has
that

M (T) < T* Z n;/2+b/2ani1))/2+c/2a
ng+bng+cSTa
« Tb+3a)/2(atb)+e Z ng(a+c)/(a+b) < TV/2+a/(ate)te,
n3 ST”’/(0«+C)

Likewise, let M;o(T") denote the contribution to M;(T") of tuples with the

a+b, a+c
2 N3

property that 7% < n . Then one readily sees that

—-1/2—b/2a —1/2—c/2a
Ml,g(T) <T Z ny 1/2—b/2 n; 1/2—c/2
Ta<ngngte
<« Tit(a=b)/2(a+b) Z n;(a+c)/(a+b) +T Z n3—1/2—c/2a
ns ST“/(“JFC) Ta/(ate) <ng

< T1/2+a/(a+c) )

Next we turn to analyse the term K;(7") and write for convenience
K\(T) = Ki11(T) + K1(T),

where K 1(T) is defined as the corresponding sum over the tuples satisfying
ng/ ang/ ‘< aTll/ > and in K 12(T") we sum over tuples with the property that

n*n* > T Then in view of (5.7.3) one has

Ki.(T) < T'? Z ni/znglﬂn;l/?

(any)*=nlng

n1<vT1
The reader may find it useful to recall (5.5.14) and note that we have reached
a position from which to utilise the parametrization (5.5.15), whence following
an analogous argument of the flavour of those displayed therein enables one to

obtain

Y

Ki,(T) < T1/2 Z rébgfaz)/Qré%fag))/gP;/QM;UZ

7“32 r§3 Pg<a/Ti
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Summing over ry first we find that

Kl,l(T) < T3/47a2/4bg+1/2b2 Z ngCg/2b2*c3/b2*a3/2P§2/2b271/b2Md71/2
33 Pa<av/T1

< J371(CL3T),

wherein we recall to the reader that J3,(7") was defined as the first summand
in the last line of inequalities in (5.5.17). Consequently, (5.5.20) in conjunction

with (5.5.21) and the preceding equation yields
K1,1<T) < T3/4(log T)2 4+ T3/4—a/4b+1/2b2 (log T)2 + T3/4—(l/40+1/263 (10g T),

as required.

Likewise, one has that

KioT)<T Y 0Py Png ' < Jy(1),
(any)*=nln

n1>v/T1

where J5(T") was defined in (5.5.12). Consequently, combining (5.5.22) and the

preceding line delivers
KLQ(T) < T3/4(10g T>2 + T3/4—a/4c+1/2(:3 (log T) + T3/4—a/4b+1/2b2 (log T)2
and

P(T) <<T1/2+a/(a+c)+a+T3/4(10gT)2+T3/4_a/4c+1/203(10gT)
+ T3/4—a/4b+1/2b2 (log T)2

The desired result will follow combining the above estimates with the ones

from Lemma 5.7.1.
]
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5.8 An intermediate estimate and proof of The-

orem 5.1.1

We find it desirable to note, as was anticipated in the introduction of the chap-
ter, that the difficulty of the analysis of the terms I4(7"), which shall be defined
shortly, may be regarded in between that of I5(7") and the one performed in
Lemma 5.6.1. Whislt Lemma 5.6.1 essentially required a straighforward ap-
plication of Lemma 5.2.1, the examination of I5(7") entailed employing a sta-
tionary phase method type lemma of the strength of that of Lemma 5.2.5 for
the purpose of exploiting the extra cancellation stemming from the averaging
of the main term when assuming Conjecture 2. In contrast, the application
of Lemmata 5.2.1 and 5.2.3, as shall be shewn promptly, will already suffice
to obtain a suitable bound for the term I(7"). Without further delay, we an-
nounce that the results in this section shall be obtained under the assumption
a,b,c € Ry and define I4(7) by means of the sum

[6(T) = Yé,b,C(T) + Yfi,C,b(T)v (5'8'1)

where for tuples (r, s) € R the above summands are
T
Yo.s(T) = / D(1/2—ait)D(1/24rit)D(1/2—sit)x(1/2+ait)x(1/2—rit)dt.
0
Lemma 5.8.1. Let r,s € Ri such that r > a and s > a. Then one has
Yo.rs(T) < T4 (log T)™ + T%/*(log T,
wherein T =1 if s=a and 7 =0 if s > a. In particular, it transpires that
IG(T) < T5/4—c/4a —|—T3/4(10g T)

whenever a < ¢ < b.

Proof. The approximation formulae for x(1/2—rit) and x(1/2+ait) in Lemma
5.2.6 then yield

T
Yoro(T)= > P,'° / e Wdt + O(T**log T), (5.8.2)
nEBayb,c Nn,

202



where the function Fj(t) is defined by
Fs(t) = (r—a)tlogt+rtlogr —atloga — (r —a)t(log 2w + 1) + tlog(nin;/nj),
and its derivative,
Fi(t) = (r —a)logt + rlogr — aloga — (r — a) log 2w + log(nin3/nj).
We may discard first the case N,, = 27n?/a, since then
F§(Np) > (r —a)logn] + slognj

and a customary application of Lemmata 5.2.1 and 5.2.3 would yield the con-
clusion that the contribution to (5.8.2) corresponding to tuples satisfying such
a condition is O(T®/*). If instead N,, = 27n2/s then

F§(Np) > (r+ s —2a)logng + alogny,

and an analogous application of Lemmata 5.2.1 and 5.2.3 would imply that that
the contribution to (5.8.2) corresponding to tuples satisfying such a condition
is O(T3/%).

If N,, = 2mn3/r and r > 2a then an analogous argument reveals that
Fi(Ny) > log(nin3) 4+ alog(r/a).

The analysis when a < r < 2a requires some extra reasoning. We define for

. _ —a_ —s\1/(r—a
convenience the parameter c,, = 27 (a“r "nyny “ng 5) A

, which the reader
may check that satisfies F(c,) = 0. It seems worth noting that applying
Lemma 5.2.3 one may deduce that the integral over [Ny, T] N [c,/2,2¢y] is
O(c,lz/ 2). Likewise, the integral over the complement of the latter intersection
in [Ny, T] would then be O(1) by Lemma 5.2.1. It may also seems appropiate

to remark that were the previous intersection non-empty then one would have
Cn KT,
which would in turn imply the inequality

ny < Cnd/mpl/TT el (5.8.3)
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for some constant C' > 0. We find it desirable to denote by Mg(7") to the contri-
bution of such intersections to g, s(7"). We further divide such a contribution

into the one corresponding to tuples with the property that
Cynl/mnl/T < T2, (5.8.4)

where C; = C(27)"/2, which will be denoted by Mg ,(T), and Mg(T), that
shall denote the contribution stemming from the complement of such tuples,
the set of which will be denoted by means of the letter J5. For the sake of

concision we write J; to denote the set of tuples satisfying the inequalities
(5.8.3) and (5.8.4). One then has

M1 (T) < Z ) Z —1/2—a/2(r— a)n2—1/2+T/2(r—a)n3—1/2—s/2(r_a)

neJg neg
< Tlfa/Qr Z n;1/2+a/2rn;1/2+s/2r
nln sgTa— /2
< Tl—a/2r+(2a—r)(a+r)/4ar Z ng1/275/2a < T5/4_r/4a(10g T)T,
n3<+/cTy

where 7 was defined in the statement of the lemma. The reader should find it
worth noting that in the second line we employed the inequality (5.8.3) when
summing over ns.

The analysis of Mg2(T'), though similar in nature, will depart from the
previous procedure in that we will instead utilise the bound ny < /b7 in due

course. We thus obtain

M62 << Z P 1/2 1/2 < Z —1/2—a/2(r—a) 2—1/2—}—7"/2(7"—(1)n3—1/2—s/2(7’—a)

neJz neJ
<<T1/4+7"/4(7’—a) Z nl—l/Q—a/Q(r—a)n3—1/2—s/2(7‘—a).

ngns>Te—"/2

It seems appropiate to remark that in the above lines we utilised the fact that
by definition the tuples in J» satisfy (5.8.3) and the converse of the inequality

(5.8.4). Therefore, summing over n; in the second line of inequalities and
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recalling the assumption 2a > r one gets

M6,2 (T) <<T5/4fr/4a Z n;1/2*5/2a
ns <<T(2a7'r)/25

+ T1/4+r/4(r—a) Z n;l/?—s/?(r—a)
n§>>Ta_’"/2

<<T5/4—r/4a(10g T)’T + T3/4+(2a—r)/4s'

The reader may find it worth observing that in view of the aforementioned

assumption, it transpires that
r—a<a<s,

whence the exponent of ngz in the above sum is smaller than —1, such an remark
justifying the subsequent line of argumentation thereof. We pause our analysis
to examine and compare the bounds already obtained. It may be worth noting
that

3/44+ (2a—r)/4s = (2a —r)/4s+r/da—1/2+5/4 —r/4a

_rls—a) 4;3“(3 ~9 | 5/4—r/da < 5/4—r/4a,

where we used the fact that » < 2a and s > a. The preceding estimates then
yield the bounds

max (Ms1(T), Mso(T)) < T+ (log )",

as desired. The second statement follows by recalling (5.8.1) and applying the
result obtained above for Ys, (1) and Yg.. (7). O

Proof of Theorem 5.1.1. After the prolix discussion held above, it just
suffices to complete the proof by observing that the theorem at hand will
follow combining Proposition 5.5.1 with Lemmata 5.4.1, 5.6.1, 5.7.1, 5.7.2 and
5.8.1 and equation (5.4.4). It might be worth noting that

5/4 —c/4a =1/2 —c/4a — a/4c+ 3/4 + a/4c
= —(c—a)*/dac+ 3/4 4 a/dc < 3/4 + a/4ec.
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Therefore, it transpires that the error term 73/4t%/4¢ stemming from Lemma
5.7.1 dominates over that of T°/4¢/4* arising after an application of Lemma

5.8.1. Likewise, the reader may find it useful to observe that
1/4+43a/4c < 1/2+4a/(a+ c)

whenever a < ¢, whence the term T7/2te/(ete)+e qominates over T'1/4+3e/4cte
the latter arising after an application of Proposition 5.5.1 under the assumption
of Conjecture 2.

Proof of Theorem 5.1.2. We depart from the proof of the above theorem
in that we employ Proposition 5.5.2 instead of Proposition 5.5.1, the rest of
the argument being analogous save the absence of the necessity in the use of
Lemma 5.7.2.

5.9 An application of Roth’s theorem on dio-

phantine approximation

As was previously mentioned, the prelude of the examination of I, ,(7") will
comprise the same strategy of approximating each of the zeta factors individ-
ually. It should be noted that the majority of the integrals arising from that
departure has already been investigated in previous sections. We thus shall
devote this new section to succintly discuss the ones that exhibit a different be-
haviour and find it desirable to announce that the arguments employed herein
are dissimilar to those appertaining to the analysis of Theorem 5.1.1. For the
sake of concision we shall not give account of the details cognate to arguments
already presented in the course of the proof of Theorem 5.1.1 and thus refer
the reader to previous discussions involving those. We begin our journey as is

customary with the formula

6
Lipa(T) =Y L(T) + O(T**(log T)) (5.9.1)
j=1
in (5.4.4), wherein the I;(T") were defined at the beginning of each of the above
corresponding sections. We recall (5.5.2) and obtain as in (5.5.3) the identity

L(T) = Sup(T)T + Jo(T) — Ju(T), (5.9.2)
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where

Ses(T)= > P2 L(T)= > N.P'?

nEBa,b,a neBa,b,a
n‘f:ngng n‘f:ngng
and _—
_ n na it
LT = Pn1/2/ (ﬂ) dt.
no
nGBa’b’a Nn 1
n‘ll;éngng

Lemma 5.9.1. With the above notation one has

¢((a+0)/2)

L(T) = 5

TlogT + Jo(T) + O(T).

Proof. We begin the discussion by observing that the solutions of the under-
lying equation in both S, 4(7") and J4(7T) can be parametrized by means of the
expressions

b a
T :mgmg, N9 :m2, ng = ms.

Making use of the above we obtain

1 —(a logT —(a
Sap(T) = Z ms 1m2( e = i Z mg( o

mims<valy ma<(aTy)l/2b
+0(1) —b Z (log ma)my 072,

mo<(aTy)l/20

which then yields

(((a+b)/2)

San(T) = 5

log T+ O(1).

Likewise, we employ the parametrization at hand in the way alluded above to

get

J4(T)<< Z mg‘%b—a)/2m3<<T3/4+1/25_a/4b Z m;1/2_1/b+a/2b<<T.
mgmggx/aTl m3<+/al}

Combining the preceding equations with (5.9.2) delivers the desired result and
completes the proof. O

The reader may have noticed that one could have further refined the above

analysis to obtain lower order terms in the asymptotic formula at hand. As
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may become apparent shortly, these improvements though would have been

wrought in vain due to the poor understanding of J5(7") that we have.

Lemma 5.9.2. One has that

Jo(T) = o(T'logT).

Proof. Tt seems pertinent to define, for each tuple (ng, n3) for which ng/ “ng is

not an integer, the number N, , = Lng/angj, and on recalling (5.5.6) and (5.5.7)

we write, as was done therein,
Jo(T) = Jo1(T) + Jo2(T).
We find it worth alluding to (5.5.10) to the end of obtaining the bound
Joi(T) < T34,

In order to analyse Jo5(T") we observe first that

T
Joo(T) < Z n;1/2_b/2an§1 / eitlog(nsng/n) gy | (5.9.3)
1Ny <1 "

We also note that Roth’s theorem on rational approximation [119] implies
that for each pair (ns, ng) with the property that ng/ * is not an integer and for

every fixed € > 0 then the inequality

C'(g,n2)

b/a
ny n3 — Npa| > s
n3

(5.9.4)
holds, where C’(g,ny) only depends on € and ny. Therefore, the above estimate

in conjunction with (5.5.8) delivers the lower bound

a a 0(67 n2)

} IOg (ngn3/]\7b’a)| 2 W (595)
3
The reader may observe that the same inequalities hold whenever Ny, £ 1 is
replaced by N, as well. For the purpose of organising our argument rather
neatly it seems pertinent to denote L;(7") the contribution to Jo2(T") of tuples

satisfying C'(g,n2) " 'n3™ < T. Likewise, we write Ly(T') for the contribution
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of tuples with the property that C(g,n5)"'n3™ > T. Then by the preceding

discussion it transpires that

Li(T) < Z C(e, ng)_1TLQ_l/z_b/Qa?’L;)J“E <T Z n;”?‘b/?“ < T,
C(enz)~tn3te<T na<vbT1

where we estimated the integral in (5.9.3) by the inverse of the corresponding
logarithm and (5.9.5).

In order to make further progress we find it desirable to introduce the
parameter /N, which the reader should think of as being large but fixed. We
also write

C.(N)= min C(e,n2)

1<no<N

for further convenience. We then estimate the integral on the right side of
(5.9.3) by the trivial bound 7" and thus obtain

L(T)<T Y 07000 < T(Lya(T) + Laa(T)),

C(a,ng)—1n§+s>T

where
Lp(M) = 3 n" "0t and  Lyp(T) = D ni'
nazll (NYT) (240) <ng<r/a
ngém (Ce(N)T) <nz<vaTi

By summing over ny and ns we obtain the bound
Loy (T) < NY2 2100 T (5.9.6)
Likewise, for fixed 0 < € < 1 one finds that
Lyo(T) < elog T + log C-(N). (5.9.7)

It is of great importance to emphasize that the implicit constants cognate
to the above bounds for Ls(T") and Lo (7)) do not depend on neither € nor
N. We also find it desirable to observe that in view of the estimation process
appertaining to Lo 2(7") in conjunction with a careful perusal of the underlying
argument underpinning the choice of the above cutoff parameters, it transpires

that the presence of the exponent 2 + ¢ in (5.9.4) played a crucial roll, as was
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pointed out in the introduction. Therefore, by the preceding discussion we

obtain for any fixed € > 0 the estimate

o [T

N1/2-b/2a
T—oo T'log T et

Consequently, letting N — oo and € — 0 in the above line and recalling that
a < b we obtain the desired result. O]

As was previously alluded to in the introduction, we take this as an op-
portunity to draw the reader’s attention to the estimates (5.9.6) and (5.9.7)
for the purpose of emphasizing on the fact that the ineffectiveness in Roth’s
theorem with respect to both € and ny is then transferred to the ineffectiveness
of the error term cognate to the asymptotic formula deduced herein.

For the purpose of ascending to a position from which to complete the proof,
we find it desirable to combine the above lemmata to the end of obtaining the
equation

L(T) = %C((a +b)/2)TlogT + o(T log T),

and remind the reader that the analysis of the terms [;(7T") for 2 < ¢ < 5 in
Lemmata 5.6.1 and 5.7.2 was performed under the assumption that a < c.

The application of those then yields

5

SILD| < T,

=2

It is worth noting that the largest contribution is stemming from the estimate

cognate to I5(7"). We finally use the observation that
X(1/2 + ait)x(1/2 — ait) =1
to deduce that
T
Yo.u5(T) = / D(1/2 — ait)D(1/2 — bit)D(1/2 + ait)dt = I,(T),
0

where Y5 ,5(7") was defined right before Lemma 5.8.1. We also employ such a

lemma to obtain the estimate

Yspa(T) < T4 1og T) + T3/*(log T),
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and find it adecquate to recall for further purposes the equations (5.9.1) and
Is(T) = Y6,00(T) + Yo,.a(T)

presented in (5.8.1). The combination of the above estimates and identities
then delivers the required asymptotic formula for I,,,(7") and completes the

proof of Theorem 5.1.3.
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Chapter 6

Mixed moments of the Riemann
zeta function. A smooth

approach

6.1 Introduction

The prolixity in the discussion appertaining to the previous chapter as a con-
sequence of the approach chosen comprising the perusal of eight integrals,
several of which exhibiting dissimilar behaviour, may have made the experi-
enced reader wonder about the posibility of using an analogous approximation

functional equation for the product
C(1/2 +iat)C(1/2 —ibt)((1/2 — ict) (6.1.1)

similar in vein to that utilised by Heath-Brown [59], such an avenue having the
potential to possibly circumvent those recalcitrant computations. Exploring
these circle of ideas is, inter alia, the main purpose of this chapter. For such
purposes it seems convenient first to draw the reader’s attention back to the
definition of I,;.(T) stated in (5.1.1).

Theorem 6.1.1. Let T' > 0. Then, whenever a < ¢ < b and 4a < b+ ¢ for

fixed coefficients a,b,c € N one has the formula

]a,b,c(T> - Ua,b,cT + Ea,b,c(T)a
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where 044, was defined in (5.5.13) and the corresponding error term satisfies

when ¢ < b the bound
Eabc(T) < T1—1/2a+1/20 +T3/4<10gT)4 +T3/4+(2a_c)/2(b_c), (612)

the corresponding implicit constant only depending on a,b,c. If b = c, the term
T3/4+Q2a=0)/20=¢) 1y be omitted from the above. If Conjecture 2 is assumed

then one further has
Eapo(T) < min(T1/2+a/(a+C)+€, T171/2a+1/2c) + T3/4(log T)4 4 T3/4+(2a—c) /2(b—c)

whenever ¢ < b, an analogous estimate holding without the term T3/4+Ra=e)/2(b=c)

if b=c.

In view of the above statements and that of Theorem 5.1.1 it transpires
that the novel error term introduced herein shall be inferior to the one per-
taining to the latter theorem whenever the corresponding coefficients lie in
certain ranges at the sacrifice of losing the validity of the asymptotic formula
for other ranges, such an observation being the main reason for including this
other approach in our memoir. It also seems worth announcing that the ap-
plication of the approximate functional equation derived herein reduces the
problem to computing only two integrals, as opposed to the situation in the
previous chapter, it therefore diminishing the number of integrals to examine
and partially alleviating the work at the cost of increasing the difficulty of
such integrals. We draw the reader’s attention back to (6.1.2) to the end of

anticipating that the summand

T3/4+(2a—c)/2(b—c) (6.1.3)

therein stems from the application of the stationary phase method to the
twisted integral in conjunction with an estimation of the main term arising
from such an application by means of van der Corput’s methods. As opposed
to what one may have initially thought, it is a noteworthy feature that the
application of van der Corput’s estimate enables one to bound the main con-
tribution by the term (6.1.3), such an estimate being esentially optimal to the
effect that the error terms cognate to the asymptotic evaluation delivered by

the stationary phase method are naturally bounded by an analogous quantity.

213



We remind the reader that in the preceding chapter the triples arising af-
ter the application of the approximate functional equation to each of the zeta
functions lied in the cube [1,+/T1]3. In contrast, we anticipate that the corre-
sponding triples (n1, 12, n3) when approximating the product of zeta functions

will only be required to satisfy an inequality of the type
ninang K T3/

The excess of variables in comparison to the previous approach facilitates the
examination pertaining to the residual terms stemming from the diagonal con-
tribution, the corresponding bounds for such terms being of the requisite pre-
cision, at the cost of increasing the difficulty of the analysis of the integral
containing a twisting factor and ultimately impairing the range pertaining to
the coefficients a, b, ¢ for which the asymptotic formula at hand holds.

We find it desirable to draw the reader’s attention back to Section 5.9 of
Chapter 5 to the end of remarking the necessary proviso that the variable ns

underlying the analysis satisfied a bound of the shape
%) < \/T

for the corresponding argument be applicable. It then transpires that the
approach that shall be pursued in the upcoming chapter would lead one to
a position from which to estimate an analogous sum to those arising in the
aforementioned section with the corresponding variables satisfying the prop-
erty that

n§n§+b/a < T3/2,

the underlying ideas of the proof of Theorem 5.1.3 being of no longer utility.
In order to prepare the ground for the customary analysis pertaining to the
perusal of the diagonal and off-diagonal contribution and that of the twisted
integral, an intrincate process comprising the use of Cauchy residue theorem
in conjunction with succesive applications of Stirling’s formula has to be per-
formed to the end of accomplishing the approximate functional equation. It
seems desirable to draw the reader’s attention to Heath-Brown’s seminal pa-
per [59] and anticipate that in the setting herein some extra terms in the

corresponding auxiliary functions involved in the complex analysis arguments
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arise as a consequence of the loss of symmetry when considering arbitrary
coefficients a, b, ¢, such complications being easily surmounted. We should
nonetheless point out that a condition pertaining to the coefficients shall be
imposed to the end of bounding the corresponding residues appropiately, such
a constraint only excluding a small handful of cases which by no means affects
the range considered in Theorem 6.1.1.

Once the approximate functional equation is established, there are some
additional terms which arise in the analysis, the contribution of the corre-
sponding integrals of such terms ultimately being of a small size. Nonetheless,
those terms shall not be estimated pointwise, such a cheap approach leading
otherwise to undesirably large bounds. Instead, we estimate them on aver-
age by means of oscillatory integral lemmata, and for the purpose of reaching
a position from which to apply those, a verification of the monotonicity of
some auxiliary function has to be performed. It is worth clarifying to the in-
terested reader that our treatment to overcome such difficulties departs from
that of Heath-Brown [59] in that we employ an estimate involving both the
second derivative of the phase function comprising the twisting factor of the

aforementioned additional term twisted by

<%>t (6.1.4)
Ny

and a pointwise bound for the corresponding weight function. The treatment
of Heath-Brown instead entailed integrating by parts the analogous product
and utilised the pointwise bounds of the additional term, such an approach
in our context diverting one to the undesirable position of encountering sums

containing the factor
b

1og (%220
L

for which we have a poor understanding. It then transpires that the phase

-1

Y

of (6.1.4) vanishes when taking the second derivative, such an observation
comprising the genesis of the success in the approach taken herein.

It seems worth observing that the analysis of the contribution stemming
from the main term in the approximate functional equation in the classical
fourth moment setting (see [59]) makes an elegant use of the underlying sym-

metry to exhibit further cancellation when integrating such a term twisted
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by
mh it

(%)
In the absence of such a property herein, our analysis will comprise a careful
examination of the corresponding phases that will eventually lead to a division
of the corresponding tuples depending on the size of the phases, such intrin-
cate process being ultimately culminated with a routinary application of an
oscillatory integral estimate.

The structure of the chapter is organised as follows: Section 6.2 is devoted
to a prolix discussion concerning the approximate functional equation pertain-
ing to (6.1.1). In Section 6.3 we analyse the monotonicity of a certain class
of functions to the end of preparing the ground for an application of oscilla-
tory integral estimates of a certain type at various points in the chapter. The
diagonal contribution stemming from the non-twisted integral is computed in
Section 6.4, the examination of which largely benefits from the earlier work
done in the previous chapter. Section 6.5 is devoted to the analysis of the
off-diagonal contribution and combines a diophantine approximation perspec-
tive, in the spirit to that of Lemma 5.5.2, with a more analytic one involving
oscillatory integral estimates and complex analytic ideas in conjunction with
simple combinatorial arguments. The discussion concerning various residual
terms which arises from the contribution of the twisted integral in Section 6.6
utilises many of the ideas from its preceding section. The chapter concludes in
Section 6.7 with an application of the stationary phase method to evaluate the
twisted integral, a prolix intrincate examination of the error terms stemming
from such an application and an estimate of the corresponding main term by

means of van der Corput’s methods.

6.2 The approximate functional equation

We begin by furnishing ourselves with a lemma which essentially follows Heath-
Brown’s approach [59] for computing the fourth moment of the Riemann Zeta
function and shall ultimately provide the approximate functional equation to
which we alluded in the introduction. As was earlier anticipated, the main
result herein concerns the mixed third moment. Nevertheless, it has been
thought preferable to present the lemma in wider generality for the purpose

of preparing the ground for subsequent work. It should be noted then that
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the analysis embodied in the following discussion encompasses mixed k-th

moments.

Before providing a rather precise formulation of such a result we find it
convenient to define for each natural number k > 2 the subset A, C (R\ {0})*

of tuples @ = (aq, . .., a;) satisfying the inequalities

k
™ .
2>Z(—ﬁ@@%—Zla;]—Z]a;—aﬂ), (1§] Sl{) (621)
=1 !
where in the above line the number &, is defined by means of the formula

=Y 1-> "1 (6.2.2)

a;>0 a;<0

For simplicity of the exposition it has been thought adequate to introduce the
parameters

k 1 k
= -, P, =]as (6.2.3)

=1 j=1

which may not be of great theoretical relevance but might be worth considering

nonetheless. For each tuple of natural numbers n = (nq,...,n;) we further
denote
k k
Pn:Hnja La(n):Hn;aJ'
j=1 j=1

We find it desirable to consider the product of gamma functions

Po(t) = T[T (1/2(1/2 + ia;1)),

which shall make its appearance in the course of the discussion concerning
the approximate functional equation due to the concomitant aspect of the
gamma function playing a role in the corresponding functional equation for

the Riemman zeta function. Likewise, we further define
Gz, t) = 1 4P, (t HF( ( )m“zajt—i—,z)) m=1,2. (6.2.4)

It may also seem appropiate to recall (6.2.2) and introduce the smoothing
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factor which gives rise to the title of this chapter
H(z,t) = ¢ /t-iam=/4, (6.2.5)

as shall be demonstrated promptly.

Lemma 6.2.1. Let a € A;,. Then one has that

k
[Tc/2+iat) =Y P21, 1) + O(), (6.2.6)

J=1

wherein m runs over triples of natural numbers, the function I(P,,t) at hand

1s defined by means of the equation
I(Pp,t) = Lo(n)"“I1(Pyn,t) + La(n) " Iy( Py, t),

the terms I1(x,t) and Is(x,t) for x € R being

1 e k/2, \—=z m—+1 dz
Im(x,t)ZQ—m G(z,t) (7*?2) 2 H((-1) z,t)?.

1—ioco
Proof. We define, for convenience, the meromorphic function

fa(w) =7 *PT]T(1/2(w + ia;t))¢(w + iast)

J=1

with poles at w = —ia;t and w = 1 — ia;t in the region Re(w) > —3/2. For
ease of notation it has been thought preferable to denote henceforth f,(w)
by f(w). As shall be elucidated promptly, we find it relevant to consider the

integrals

1 (—1)m+ltico dz
M, () = /( F2 4 HENT, m=12

27T7/ —1)m+1—’i00

The reader may find it useful to observe that when s € R then an application

of the functional equation for the Riemann zeta function yields

k
F(=1/2+is) = m MERTORTTT(1/2(3/2 — is — dat))((3/2 — is — da;t),

J=1
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whence on defining the function

k
Y(z,t) = o M b 2T T (1/2(1/2 — dajt + 2))(1/2 — iagt + )

j=1
and making a change of variables accordingly, it transpires that

Myt =L [T Y(z,t)H(—z,t)d?Z. (6.2.7)

21 )1 iso

As a prelude to our discussion it seems pertinent to note that one may
utilise the convergence of the series cognate to the Riemann zeta function at
Re(z) = 3/2 in conjunction with (6.2.4) to deduce

My(t) =7 M4 P(t) > Py ?La(n) " I)(Po,t) (6.2.8)

and
My(t) = —n H/4P, (¢t ZPV?L )Tt (P,, t). (6.2.9)

It then transpires that an application of Cauchy’s residue theorem already

delivers the formula

M) = Malt) = 11/ + 52> [ e HEn T

wherein the above equation C,, denotes a circular path of radius ¢t~! around
each of the poles of f(1/2 4 w). We have thus reach a position from which to
derive the desired result subject to the estimation of the contribution of the
remaining residues, and this we now perform. We employ Stirling’s series (see
Whittaker and Watson [158, §13.6]), namely

N
1
logT'(2) = (2—1/2)log z—z+ 3 log(27m) + Z 2 0(2| ), (6.2.10)

r=1

where ¢, are fixed coefficients and N € N, to the end of observing that whenever

the pole at hand pertaining to the function f(1/2+w) is either w = 1/2 —ia;t
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or w = —1/2 —ia;t one may deduce the bound
f(1/2 + w) < toefcjms/z;

in the corresponding contour cognate to the aforementioned poles, with C

being a positive constant depending on the tuple a and
Cij=>lu—ayl.
!

Likewise, under the same circumstances the estimate
H(z,t) < et Eamagt/4
holds on the same contour, whence the preceding discussion then yields

F(1/2) = My(t) — My(t) + O(tC max et -Samast/4=Cymt/4y (6.2.11)

j
It therefore remains to divide the above equation by the product of gamma
factors 7%/ P,(t), a concomitant requisite being the estimation of the inverse
of such a product, and this we achieve by means of a routine application of

Stirling’s formula. To this end, it might be worth considering

k

Ca = Z‘al’a

=1

for convenience, and note that as was already anticipated, Stirling’s formula
then yields
Pa(t)—l < ewCat/4'

We then divide both sides of (6.2.11) by the product P,(t) and combine it with

equations (6.2.8) and (6.2.9) to the end of obtaining

k
C(1/2 +iajt) =Y " PU2I(Py,t) + E(t),

7j=1

where in the above equation the corresponding error term FE/(t) satisfies

E(t) < t¢ max e_ajzt_famjt/‘l-f—(Ca—Cj)7rt/4.
J
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We find it desirable to note that we made use of (6.2.7) to derive the previous
equation, and find it appropiate to remark that in view of the condition (6.2.1),
it transpires that

E(t) < e &

for some constant K > 0. The preceding remark then, in conjunction with the

above formula delivers the desired result.

]

For the purpose of progressing in the proof, it seems pertinent to present the
following technical lemma, the main idea latent in the corresponding analysis
having its reliance on a routine application of Stirling’s formula to prepare the
ground for the integration over ¢t. We find it worth anticipating that such a
lemma will be reminiscent of the previous one, and note that we shall merely
confine ourselves to decomposing the integrand involved in the expression for
I,(Py,,t) into a main term and a secondary term which shall not be treated as
an error term but whose contribution after integrating over t shall be residual.

Before embarking ourselves in such an endeavour, it may be convenient to
define

Az, t) = PY2(t)2m)*? ) (6.2.12)

and to remind the reader of the definition of A right above (6.2.1) and I, in
(6.2.3).

Lemma 6.2.2. Let £ > 2 and a = (ay,...,a;) € Ag. Then there exist
constants ¢;(u,v) € C with i = 1,2 for which

k
[T¢/2+iat) =Y P 2K (n,t)+ O(t™),

j=1

where in the above equation the function K(n,t) is defined by means of the
relation

K(n,t) = La(n)" K (P, t) + La(n) " Ky(Pa, t),

the alluded terms Ki(x,t) and Ko(x,t) for x € Ry being

1 1400 d
Ki(x,t) = —/ Az, t)* Fi(z,t) (1 + ch(u, v)z“t’”) Z,
1 u,v

210 J1 oo z
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and

1+i00
Ky(x,1) = %t; / A(:L’,t)ZFz(z,t)<1 + Z@(u,v)z%v)%,
1—i00 wo

where the functions F,,(z,t) and ¥(t) are defined as

Fl(z,t) _ 622/zt—ilaz2/4t7 FQ(z,t) _ 6z2/t+ilaz2/4t’ @D(t) _ efam'/ll—iga(t)’
(6.2.13)
and the function gq(t) is defined by means of the formula

k

ga(t) =) ajt(log(|aglt/2) - 1). (6.2.14)

Jj=1

Moreover, in the above sums the parameters (u,v) run over the tuples satisfying
1 <u<3v/2and 1 <wv < 2(k+5) with the property that if w > v + 1 then
v > 2.

Proof. We observe that in view of Lemma 6.2.1 it transpires that showing the

validity of the above asymptotic evaluation amounts to proving that
In(z,1) — K (2,1) < 27172, m=1,2, (6.2.15)

since then the corresponding error term that arises when substituting 7,,,( Py, t)
by K (Pp,t) in (6.2.6) will be bounded above by

2y P <t
n

It may be worth analysing first [;(x,¢). For such matters it seems conve-
nient to introduce the parameters 5 = 2/2, a; = ia;t/2 and v; = 1/4 + «; for
each j. We shall henceforth assume that Re(z) = 1 and confine ourselves first
to the analysis of the function G;(z,t) when |Im(z)| < t*/?logt. It appears at
first glance that a customary application of Stirling’s formula (6.2.10) with the
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choice N = [k/4 + 3/4] delivers

log I'(7; 4 ) — log ['(v;) =Blog~; + (v; + 8 — 1/2)log (1 + 5/;)

_ﬁ+zcr ,yj_i_ﬁ)l 2r 12r)+0(t12N)

r=1

The reader may notice that an application of the Taylor expansion of both

log(1 + w) and (1 4+ w)~! reveals that the above equation equals

logI'(y; + 8) — log I'(7;) = Blog; + o + Z &' (u, ) By + Ot 27M2),

(6.2.16)
wherein the above sum (u, v) run over the tuples satisfying 1 < u < v+ 1 and
1 <wv < k+5 with the property that if u > v+ 1 then v > 2, and ¢{’(u, v) are
fixed coefficients. The reader may observe that the rest of the terms stemming
from the application of the Taylor expansion thereof may be absorved into the
error term therein.

It also seems pertinent to note that a routine application of Taylor expan-

sions yields
oo
-n __ _-—n —-n —m
YT + a; E kl,ma/j
m=1
and

(o)
log; =logaj+ Y kama;™
m=1
wherein ky ,,, k2,m € R denote as is customary fixed coefficients. These expres-

sions in conjunction with the above equation and the definitions for § and ~;

earlier described then enable one to express the right side of (6.2.16) as

2(log(|aj|t/2)+ngn(aj)7r/2 — i 4m —i—Zc )2tar? + Ot /22,
J

u,v

where herein (u,v) runs over the collection of tuples earlier described, and

! (u,v) denote fixed real coefficients. Therefore, by recalling (6.2.4) and sum-
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ming over j we obtain

log G1(z,t) :—1og<t/2 "«‘H|a]>+zm§a/4—z +ch (u,v)
+ 0(15—5/2—k/2)7

whence raising the above equation to the power e then yields

k

J=1

X (1 + Z c1(u, )2t + O(t"r’/?’kﬂ)),

and where (u, v) lies in the range described right after (6.2.14). We should note
that both ¢ (u,v) and ¢;(u,v) in the above equations denote fixed coefficients.

By the preceding discussion in conjunction with (6.2.13) we thus obtain
(T*22) 2 Gy (2, ) H (2, 1) 27 =A(z, t)* Fy(2, 1)z <1 + ch u,v)2"t" )

i O(x—1t—5/2|Z|—16\Ia1m(z)\/2t—(1m(z)) /t>7
(6.2.17)

wherein the reader may find it desirable to recall the definition (6.2.5). By
integrating the above equation over the segment [1 —it'/2logt, 1 4 it'/?log ],
it transpires that the contribution C}(z,t) stemming from the error term will
satisfy

Cy(x,t) < 7 't2 (6.2.18)

In order to ascend to a position from which to obtain the desired approxima-
tion, it seems pertinent to investigate the function G1(z,t) at hand whenever
Im(z)| > t'/%2logt. For ease of notation we denote y = Im(z), and apply
(6.2.10) on the range |y| > t'/?logt to obtain

log I'(; + B) — log I'(v;) =(v; + B) log(v; + B) — v; log(7;)
— B —=1/2log(1 + B/v;) + O(1),
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whence taking real parts in the above expression yields

4
+ O(log(t + |y|))

v
log|T'(v; + B)| — log|T'(v;)| = — —(a;t + y)sgn(a;t +y) + 7%t sgn(a;)

It might be worth noting that on recalling (6.2.4) it follows that

k
log|Gi(z, 1) = log|T'(v; + B)| — log|T'(+;),

Jj=1

whence in the interest of deriving an estimate of an appropiate precision it

seems pertinent to show the inequality

k k
= lajt+yl+ Y _|ajt| + &y < 0.

J=1 J=1

The reader may observe that such a bound follows from the estimates

= lagttyl+> aitty Y 1<0, =Y attyl- > ait—y Y 1<0,

aj>0 aj>0 aj>0 a]‘<0 aj<0 aj<0

which in turn are an immediate consequence of the triangle inequality. There-

fore, combining the previous bounds we find that
|Gi(z,0)] < (yt) e v/

for some constant C' > 0. Such an estimate in conjunction with the definition
(6.2.5) yields

(" 22) 2 Gy (2, ) H(z,t)2 ' < 2 N (yt)Ce v/t

It then transpires at first glance that whenever |y| > t'/2logt the right side of
the above equation is then O(z~'¢7?). Likewise, by recalling (6.2.12) one may

deduce under the same circumstances that

Az, t)"Fi(z,t)z7 (1 + Z c1(u,0)247Y) < &7 (yt)Celvlal/ 20—yt

We integrate (6.2.17) over the line Re(z) = 1 and utilise (6.2.18) in conjunction
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with the above inequalities to obtain (6.2.15) for the case m = 1, as desired.
In order to make progress in our endeavour we shall next examine the
term Iy(z,t), and announce that its analysis, though not dissimilar, will be
slightly more intrincate. We shall henceforth assume that Re(z) = 1 as is
customary and investigate first the instance when [Im(z)| < t'/21logt. A routine
application of the formula (6.2.10) with the choice N = [k/4+3/4] then yields

IOgFG—aﬂrﬁ) —10gr(%1+04j> = (—i—aﬂrﬁ)bg(i—aﬂrﬁ)

—<—i+aj>log<;l+aj>+2aj—ﬁ

+ Z C(( — o+ ﬁ)l_% - (i + aj> HT) +O(t' ).

Observe that then following an analogous argument we obtain that the

above formula equals

h(a;) + zlog(—ay /2+z -+ Zc2 u,v) ;" + Ot M2), (6.2.19)

where as above (u,v) runs over the range earlier described for the discussion
pertaining to G (z, t), the coefficients ¢ (u, v) are some fixed complex numbers

and the function h(«) is defined by means of the relation
h()——(1+ )lo (1 ) ( 1)1 (1+ )+2 (6.2.20)
a)=—(;ta)lg(;-a a—;)log{;+a a. 2.
It seems pertinent to observe first that by definition one has
log(—ay) = log(|a;|t/2) — isgn(a;)m/2.

Consequently, it transpires that by recalling (6.2.4) and (6.2.12), summing the
formula (6.2.19) over j and taking exponentials in the equation at hand then

one obtains the approximation
(7*/22) Gz, t) =A(x, )%™ in€az/4+ilaz"/(41) <1 + 202 u,v) 2"t

X O(t—5/2—k/2)>7
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wherein we wrote
k

o(t) = > h(ay)

j=1
for the sake of concision. Therefore, multiplying both sides of the equation at
hand by H(—2z,t)z"! and recalling (6.2.13) we obtain

(*22) Gy (2, t) H(—2,1) 27 =e® W A(z, 1) Fy(2, )2 (1+ Z co(u, v)2"t™")

u,v

+O(a Rl ) (62,01

where we remind the reader of the notation y = Im(z) and the definition

(6.2.5). By integrating the above equation over the segment
(1 —it"?logt, 1+ it'/?logt],

it transpires that the contribution Cy(z,t) stemming from the error term will
satisfy
Cyow,t) < 7172 (6.2.22)

To the end of further progressing in the proof and before analysing the case

[Im(2)| > t'/%(logt) it seems desirable to shew the estimate
lih(t) — e?®| < t7 (6.2.23)

and this we now describe. To this end it may as well be worth noting that a
customary application of the Taylor expansion of log(1 4+ w) in (6.2.20) then
yields

h(a) = — (1 + a> log(—a) — (a - i) loga + 2a + Z kya™®

4
v>1

for some real coefficients k,. Therefore, on substituting o by «; in the above

formula we get
h(cy) = isgn(a;)m/4 — iajt(log(|aj|t/2) — 1) + O(t_l),

whence summing over j the above equation and taking exponentials delivers
(6.2.23).
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It might be worth shifting our focus to the case |y| > t'/?logt. We employ
as is customary Stirling’s formula (6.2.10) and subsequently take real parts to

obtain

s s
log|T'(1/4 — a; + B)| — log|T'(1/4 + a;)| = — Z'y — ajt| + Z|aj|t

+ O(log(t + |yl)).

As was noted in the analogous analysis, it seems convenient to establish the

inequality
k k
- Z\y — ajt| +tZ’%’\ —&y <0
i=1 j=1

to the end of deriving suitable bounds for the function Gs(z,t). The latter

shall then follow in a similar manner as above by summing both sides of the

inequalities
S NEVET) SRS SUETINS 3 TR ID e i)
(1j>0 aj>0 aj>0 aj<0 aj<0 aj<0

that in turn hold via a routine application of the triangle inequality, an imme-

diate consequence of which being that
|Gz, 1)] < (yt)Ceméav/t

wherein the above line C' > 0 denotes a fixed constant. Therefore, the previous

bound in conjunction with the definition (6.2.5) delivers
(" 22) 2 Gy(z, ) H (=2, 1)z~ < = (yt)Ce /1,

whence for |y| > t'/2logt the left side of the above equation is then O(z~1t~2).

Likewise, an analogous argument reveals that

Az, t)7e? tHilaz?/(40) ;=1 (1+ Z o (u,0)2"7") < x (yt)Celvlal/ =P/t

u,v

We integrate (6.2.21) over the line Re(z) = 1 and utilise (6.2.22) in conjunction

with the above inequalities to obtain (6.2.15) for the case m = 2, as desired. [

As a prelude to the examination of the diagonal and off-diagonal solutions
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when integrating the approximate functional equation derived above, it seems
desirable to prepare the ground for such an endeavour by succintly discussing
basic estimates and approximations pertaining to the objects introduced in
the previous analysis. To this end we recall the reader of (6.2.12), denote

henceforth () = 1 and 1s(t) = ¥(t) and write

Ko(a,1) = wm(t)<Jm(x,t) + Zcm(u,v)Kva(x,t)), m=1,2, (6.2.24)

u,v

wherein

1 1+ico
Kppuw(z,t) = 2—m/ Az, t)*Fp(z,t) 2" 1t Vdz, (6.2.25)
1

—100
and

Jm(fl,’, t) - Km,O,O(xu t))

where on the above line the range of summation taken was earlier described
right after (6.2.14). It may also seem worth anticipating the necessity of in-

troducing beforehand the parameters

1
Qg = ——
a 8_’_]37

Co=0qg(l —ag(l+12/8)) = %, (6.2.26)

wherein the reader might find it useful to recall (6.2.3).

Lemma 6.2.3. Let (u,v) lie on the range described above. Then it follows
that
Kmuv(x; t) < tu/27vefCat(10gA(x,t))2/27 m = 17 2

and
Im(z,t) < logt (6.2.27)

whenever |log A(x,t)| < t~Y2logt. Likewise, one has

Jm(z,t) = H(x,t) + O(e—cat(logA(m))z)

if [log A(x,t)| > t~Y/2, wherein the function H(x,t) is defined by means of the
relations H(x,t) =1 if A(z,t) > 1 and H(x,t) =0 if A(z,t) < 1.

The reader may note that we shall make use of the above lemma after

integrating over ¢, whence an analogous formula whenever A(x,t) = 1 shall
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not be required, the latter condition corresponding to a single point once x is
fixed, but nonetheless find it desirable to mention for the sake of completeness
that an estimate of the shape (6.2.27) could have been deduced thereof.

Proof. For the sake of concision, it has been thought preferable to omit hence-
forth the dependence on x and ¢ in A(x,t) and just write A. We denote first
for convenience y = Im(z), recall the definition (6.2.13) and observe that when
Re(z) = —aqt(log A) one has

APF (2, 8)2" 7 < 7Y ([tlog Al 4yt t) el W7V /2t
where

fy) = (—aa + ag)t(log A)* + aqly(log A)||La| /2 — y*/2t.

We find it pertinent to observe that the maximum value of the function f(y)
at hand is —Cgt(log A)?, the constant Cq > 0 defined above being positive,

whence
A Fy(z, )"t <t ([tlog A|“ " + y“fl)e’C“t(logA)Z’yQ/Zt. (6.2.28)
It seems desirable to note first that by differentiating, if needed, one has
yle V1% <« 142 and |t log A|de’C‘1t(1°gA)2/2 < 42 (6.2.29)

for every d > 0. Consequently, integrating on both sides in the preceding
inequality over the line Re(z) = —aqt(log A) and making use of the above
bounds for the choice d = u — 1 it follows that

—aqgt(log A)+ico ] - 2

aat(log A)—ico —0o0
)

+ Zf—ve—C’at(log A)? / yu—le—y2/2tdy’

—00

whence a change of variables in the above integrals enables one to conclude
that the integral on the left side is O(t%/2~ve~Cat(08A)*/2) Tt is convenient to

observe as well that the integrand in the definition of K, , . (z,t) is an entire
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function, whence we can move the line of integration to Re(z) = —a,4t(log A)

and use the above estimate to obtain
Kpuo(z,t) < u/2—v ,—Cat(log A)*/2

The analysis pertaining to J,,(z,t) shall not be totally dissimilar to the
previous one, whence in the interest of curtailing our exposition it has been
thought preferable to avoid repeating ourselves. We observe first that when
Re(z) = 1 and |log A] < t~/2(logt) then

Aelavl/@0—v2/20  llayl/(20)~y?/2t

AF, (2, ) < < :
1+ |yl 1+ |yl

(6.2.30)
whence utilising the above bound and integrating accordingly we deduce
Jm(x7 t) < 10gt7

as desired.

By following an analogous argument to that utilised above it transpires
that whenever |log A| > t~'/2 then in the line Re(z) = —aq(log A)t one has

the estimate
—Cqt(log A)2—y? /2t

|tlog Al + |y]

AF, (2, 8) < &

(6.2.31)

Therefore, integrating on both sides of the above estimate over the line at
hand yields

—aqgt(log A)+ico - -
/ A Fp(z, 1)z dz < t712 / ¢~ Catllog A)? —?/21 g,

aat(log A)—ico —o0
_ 2
<e Cat(log A) .

It is worth noting that whenever A > 1 then —ag,t(log A) < 0, whence
under such circumstances the function on the left side of the above equation
has a single pole at z = 0 in the region between the lines Re(z) = 1 and Re(z) =
—agt(log A) of residue 1. If, on the contrary A < 1 then the aforementioned
function does not possess a pole in such a region. Consequently, the preceding

discussion in conjunction with the above estimate yields for |log A| > t=1/2
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the expression
Jm<x’ t) — Hm(l’, t) + O(€*Cat(lOgA)2)’

which in turn completes the proof. O

6.3 Verification of the piecewise monotonicity

As shall be elucidated shortly afterwards, the analysis of both the off-diagonal
contribution pertainig to the non-twisted integral and the one cognate to the
twisted one shall comprise investigations of oscillatory integrals which shall
ultimately be bounded by means of Lemma 5.2.4. To this end it has been
thought pertinent to present beforehand a technical lemma that shall prepare
the ground for such an application. We shall in particular be concerned herein
about the perusal of the monotonicity of an auxiliary function cognate to the
integrals at hand, it giving rise to the above heading. For such purposes it is

convenient to introduce first
Got,y) = 1" (e (log A)t + iy)"er2los A trestos Dy

where we remind the reader of the definition (6.2.12) for A = A(x,t), and
what shall shortly play the role of the phase of the corresponding unimodular

function, which we define by means of
FC,m<t7 y) =Y lOg A+C5 (log A>2t+cﬁy2/t+5mt lOg La(n) _ym<t)7 m = 17 2

wherein the above coeflicients ¢; # 0 are non-zero real numbers, the parameter
em = (—1)™*! and y,,(t) is defined, on recalling (6.2.14), by

n(t) =0,  3(t) =ga(?) (6.3.1)

As will become apparent to the reader promptly, we further impose the con-
dition

s #a—b—c. (6.3.2)
Lemma 6.3.1. With the above notation, we assume that t € [T'/2,T], that
the variable y satisfies |y| < t*/?(logt) and that |log A| < t~'/?(logt). Then it
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transpires that for fized y the numbers Ny(y) and No(y) of zeros of

g(M) 1(M> (6.33)

dt \  Fg . (ty) dt \  Fgm(ty)
respectively have the property that

max(Ni(y), Na(y)) < u+ 1.

It shall be noted that any analogous bound not depending on y or ¢ would
have been sufficient for our purposes. Nonetheless, the preciseness inherent
in such an estimate was obtained with no extra effort, it being pertinent to

provide such a refinement in our exposition.

Proof. For the sake of concision, it has been thought preferable to focus our
analysis on the investigation of Ni(y) and leave that of Ns(y), since the under-
lying arguments are identical. We find it useful to observe first that the zeros

of the derivative of the function at hand will also be solutions of the equation
Re(Go(t. ) FGm(ty) = Golt. ) FE (L) = 0. (634)
We also denote for further convenience by
P(t,y) = Re((ci(log A)t +iy)"™") = (crtlog A" — (ertlog A)“ Py + ...

and
E(t) — 6cz(log.4)215-i-03(logA)y—yQ/t

and note that
P'(t,y) = ci(u— 1)t""%(log A" %(log A+ 3/2) — ...

if u# 1 and P'(t,y) = 0 otherwise. In order to present the computations in a

concise manner, it may seem desirable to anticipate that

FGo(t,y) = 3cay /2t + 3cslog A + ¢5(log A)? — cgy® /t° + e 1og La(n) — 4, (1).
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Motivated by such remarks we denote

Dy(t,y) = t"E(t) "' Re(Ge(t, y) Fo n(t,y))

and

D2(t7 y) = tvE(t)ilR‘e(GC (ta y>Fé,m<t7 y)),

and observe that with the above notation one has

Dy(t,y) = (P(t, Y) (302 log A + cy(log A)? + 3czy /2t + y2/t2)

— vt 'P(t,y) + P'(t, y)) X Fg(t,y) (6.3.5)
and

Ds(t,y) = P(t,y)( — 3cay/2t* 4 9¢5/2t + 3cs(log A) [t + 2c6y> /> — ypn (t)).

m

As may become apparent shortly, it seems worth defining
D(t,y) = D1(t,y) — Da(t,y). (6.3.6)
It then transpires that the solutions of the equation (6.3.4) will satisfy
D(t,y) = 0.

The genesis of the principle underlying our approach will have its reliance
on finding a positive integer n not depending on y having the property that
the n-th derivative of D(t,y) does not have any zeros. Succesive applications
of Rolle’s theorem will then enable us to conclude that the function at hand
has at most n zeros, as desired. The rest of the discussion will be devoted to
finding such an integer.

Consideration of space preclude us from exhibiting a more transparent ex-
position of the details latent in the ensuing analysis. We therefore content
ourselves to merely note that an insightful inspection of the above equation in
conjunction with the inequalities stated at the beginning of the lemma involv-
ing ¢t and y reveals that in order to obtain the main term after differentiating u
or u+ 1 times one should remove the power of (log A) factors of the summands

having the largest power of ¢ and not containing any power of y in such a
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process.

We begin our discussion by noting for further purposes that

0 _

We have reached a position in the proof from which distinguishing between m =
1 and m = 2 becomes essential. If m = 1 then it seems pertinent to suppose
first that |log (Lq(n))| < 4 for some small enough constant ¢ independent on
t and y. On recalling that [log A| > t~'/%(logt) and |y| < t/2(logt) it then

traspires that under such an assumption one has

(Di(t,y)) = 9¢  eacs <g>u+l(u + D2+ 06t + Ot logt).

durlt

The reader may find it worth observing that the main term thereof arises after
differentiating the term 9c¥ cyest* ! (log A)“*! embeeded in (6.3.5), the first
error term stemming from the contribution of the (u + 1)-th derivative of the
term 3¢} cot" ! (log A)*log (Lq(m)). The preceding discussion thus enables
one to conclude that under the assumptions earlier described, D™V (¢, y) does
not vanish, as desired.

If instead, [log (Lq(n))| > & then we differentiate u times and obtain

9 w1, S\ 11 ~3/2
%(Dl(t,y)) =3¢} ¢ <§> ult M log (La(n)) + Ot logt),

wherein the first summand above, which dominates over the second one in view
of the preceding assumption, arises from the contribution of the u-th derivative
of the term 3¢} ¢pt"~!(log A)" log (La(m)).

The framework when m = 2, though not dissimilar in treatment, shall ex-
hibit a slight different behaviour, the corresponding approach employed herein

thus necessitating a reappraisal of the underlying arguments. We define

92(t) = —log La(n) — y5(2),

take 0 > 0 to be a sufficiently small fixed constant and introduce for further

convenience the sets

Ds = {te [1/2,1): |p0)] <4}
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and

& = {t er/2,T]: |ga(t)] > 5}.

We find it desirable to note that in view of the monotonicity of go(t) the set
Dy, if non-empty, is an interval, the analogous set & comprising at most two
intervals. It then transpires that on recalling (6.3.1) then whenever ¢ € Dy one
has

0

3\ u
W(Dl(zﬁ, Y)) :Bqu’lcg(é) (u+1)(es +b+c—a)t ™+ 06t ?)

+ Ot 1ogt). (6.3.8)

It should be noted that in the above equation the main term arises from the
contribution of the (u+1)-th derivative of 9! eycst* ! (log A)“*! plus the left

side of the formula

0 3\ o
—(3071‘_102t“_1(10gA)“gg(t)) :307{“_102(5) (u+ 1)lys (1)t

8u+1t
+O(5t72) + Ot ?logt),

which in turn is a consequence of an application of the product rule in con-
junction with the assumptions on ¢ and A earlier stated. The reader may find
it worth observing that the first term on the right side of (6.3.8) is genuinely
a main term as a consequence of the condition (6.3.2).

If on the contrary ¢ € & then on differentiating (6.3.5) u times it follows

that
%(D1 (t,y)) = 3¢ ey (g)uu!gg(t)tl + O3 logt).

Combining (6.3.6) with (6.3.7) and the preceding discussion, the reader may
note then that we have therefore dissected the interval [1/2, 7] into a union
of at most three intervals in which either D®)(¢,y) or D™+ (¢ y) does not
vanish. Consequently, subsequent applications of Rolle’s theorem accordingly
enables one to deduce that under the assumptions made above, the function
D(t,y) vanishes at most u + 1 times, as desired.

The same approach for the analysis pertaining to the second function in
(6.3.3), which as was earlier anticipated shall not be deeply discussed herein,

is still valid to deliver the same conclusions. The main term thereof will arise
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after differentiating either u — 1 or u times accordingly the summand
iyt *(log A)" 1 (9cacs log A + 3ca(em log La(n) — 4, (1)),

the presence of the factor y above not giving rise to any recalcitrant situations

whatsoever. O]

6.4 Asymptotic evaluation of the non-twisted

term. The diagonal contribution

We have now ascended to a position from which to integrate the approximate
functional equation obtained above, and this we shall describe shortly. We
shall henceforth denote a = (a, —b, —c), wherein the above entries are those
appertaining to Theorem 6.1.1 and satisfy a < ¢ < b. It seems worth noting
that under the assumptions of such a theorem, the tuple a satisfies the required
inequalities (6.2.1) necessitated to ascend to a position from which to apply
Lemma 6.2.2. We then utilise the aforementioned lemma and integrate over
[0, 7] to obtain

Lopo(T) = I(T) + I(T) + O(log T), (6.4.1)

where
T m+1;
I,(T) = ZP,;W/ La(n) V" K (P, t)d, m=1,2.
n 0

We feel the urge to anticipate that the above integrals are not related
to the integals I;(T) and I3(T) in the previous chapter, the adoption of the
same notation stemming from a lack of alphabetic symbols. It seems desirable
to clarify that the error term in the above formula arises as a consequence of
decomposing the interval [0, 7] into [0, 1) and [1, 7] and integrating accordingly.
We also make a distinction, as is customary, between the diagonal and the off-

diagonal contribution and write

L(T) = L1(T) + 1, 5(T), (6.4.2)
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where

La(T)= ) (ningng)™'? /0 Lo(n)" K (Py, t)dt

a_pb,c
ny=nayng

and .
La(T) = (nangng) ™" / La(n)" K, (Pa, t)dt.
g £l ’
The following lemma will convey the asymptotic evaluation of the diagonal

contribution 7 ;(7°), and this we now describe, but not before recalling for the
reader the definition (5.5.13).

Lemma 6.4.1. With the above notation one has
[1’1(T) _ Ua,b,cT + O(Tll/QoJrE).

It shall be noted that the above error term could have been refined, such
an improvement having been wrought in vain in view of the error terms apper-
taining to both the off-diagonal contribution and the contribution stemming
from the twisted integral which shall be made explicit shortly after the present

discussion.

Proof. On recalling (6.2.24) and the bound K, ,(Pn,t) < t~1/2 latent in the
conclusions of Lemma 6.2.3 we first note that the contribution to the integral
arising from the terms K, ,(Fp,t) in the decomposition cognate to K;(P,,1t)

is bounded above by

T
Z <n1n2n3)—1/2/ 1/2dt<< Z —1/2—b/2a _1/2 c/2a/ 12
0 0

a_pbyc n2,n
nl—n2n3 2,13

< T2, (6.4.3)

It may also seem pertinent to define for further convenience in the memoir

the parameters

pL/3
21

Tn = 27T(n1n2n3)2/3P;1/3, T2 = T. (644)

It is then worth observing that employing this notation and making the choice
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T = ninyns in (6.2.12) one has A(z,t) = (t/7,)%?, whence whenever
(t —7n)/t <t Y2 logt
it appears at first glance that
2 -1 2
3 log A= (t —7,)/t + Ot (logt)?). (6.4.5)

Then combining (6.2.24) and (6.4.3) one gets

Li(T Z P—W/ J1 (P, t)dt

[t—Tn|>t1/2(logt)

nl—n2n3

+ Z P, 1/2/ Ji(Pn, t)dt + O(T"?),
"% —nbns |t—Tn|<t1/2(logt)
177273

wherein we omitted writing the endpoints 0 and 7" in the above integrals for
the sake of concision. The reader may note that an application of Lemma
6.2.3 in conjunction with the procedure employed to derive (6.4.3) enables one
to infer that the second summand on the above equation is O(T"/?(logT)?).
Likewise, it may be worth observing that whenever |t — 7,,| > t'/?(logt) then
llog A| > t71/2(logt), a subsequent application of Lemma 6.2.3 thus delivering

L4(T Z P 1/2/ H(P,,t)dt + O(T"*(log T)?),
o |t—Tn|>t1/2(logt)
1 =n} 21§

whence the definitions of H(z,t) and 7,, combined with the aforementioned

argument utilised to obtain (6.4.3) then yield

La(T)= Y P*T 1)+ O(T?(log T)?).

a_b,c
ny=nang

3/2
nlngnggTQ/

We will then rewrite the above equation as

LA(T) = 00p T — A(T) — A3(T) + O(T*(log T)?),
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where we denote

ATy = > P A(T)=T > P,'? (646)
n1n2n3§T§/2 n%:ngng
n{=njng n1n2n3>T23/2

and where the constant o,;. was defined in (5.5.13). We find it pertinent
to recall equation (5.5.14) for further convenience and to draw the reader’s
attention to the parametrization of the underlying equation at hand described
in (5.5.15). It may also be desirable to bring the parameters Py and Mg,
defined in (5.5.16), back to the discussion. In a similar fashion as therein and

summing over ro first we find that

A3(T) «T Z T;(a2+b2)/2r3_(a3+c3)/2(Pde)_1/2
rg2 P2 TS M P> T
LTV A8/ (atD2) > iy oten) (@b (p g1/ (aath)
rg3 O PyMa <1y
+T Z 7’;(“3+C3)/2(Pde)‘1/2. (6.4.7)
78318 py M >TS?

In order to bound the first term A3 ;(7") in the above equation we sum over

r3 to get

As 1(T> <<T1/4+3/2(a3+c3) Z (Pde)—l/(a3+C3)
PaMg<T}/?

+T1/4+3/2(a2+b2)(10gT) Z (Pde>—1/(a2+b2)’ (6.4.8)

PyMg<T3/?

where we encompassed both the instances when the coefficient of 73 in A3 (7T)
is smaller or greater than —1. The reader may find it desirable to observe that

in view of (5.5.16) the exponents appertaining to the square-free factors d; in
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the product Py My are at least 5. Consequently, the preceding discussion yields

A31(T) <<T1/4+3/2(a3+03) Z TAil(m)m*5/(a3+03)

mSTQB/lO
+T1/4+3/2(a2+b2)(10gT) Z TA_l(m)m—E)/(az-‘er) <</1—v11/20-i-67
/10

(6.4.9)

wherein 74_1(m) denotes the number of representations of m as a product
of A —1 factors. Likewise, we denote by As2(7") to the second summand of

(6.4.7). An analogous argument reveals that

A3o(T) < TRt es) Z (Pde)_l/(a3+c3) +T Z (Pde)_l/Q.

PaMg<T}/? PaMg>T3?

The reader may note that the estimate obtained in the course of bounding
A3 1(T) may be utilised herein to enable one to estimate the first term in the
above line by O(T'/29¢) In the interest of analysing the second one at hand
rather efficiently we find it pertinent to relabell the subindices of the factors

cognate to the product in the above equation so that
A-1
PaMg =[] a7,
j=1

wherein the corresponding exponents satisfy 5; < ;11 for 1 <j < A —1, the
parameter A being defined in (5.5.14). It then transpires that by summing

over d; first one has

T Z (PaMg)™* =T Z AP g

PaMa>Ty/? A A ST
<<T1/4+3/251 Z d;ﬁz/ﬁl L. d;é?_l/ﬁl

B2  BA—1 _p3/2
dy=ed 7 <Th

4T Z d;62/2 . d;}éﬁ—l/%

d§2~--di‘f’112T§’/2

The reader may observe that an iteration of the above argument then de-
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livers the estimate

T Z (Pde)il/Q << T1/4+3/2,81+5 << T11/20+5,

PaMg>T3/?

wherein we utilised the fact that 5, > 5 mentioned above. It might be worth
mentioning for the sake of transparency that the extra € herein stems from the

not so recalcitrant instance of some of the exponents at hand being equal.

In order to analyse the term A;(7") defined in (6.4.6) we allude to the

parametrization (5.5.15) again to the end of obtaining

A(T) < Z T§a2+b2)/6réa3+c3)/6(Mde)l/G.

. ,
rg2th2, 95 p g <T/?

By summing subsequently over r and r3 we get

A1<T) <<T1/4+3/2(a2+b2) Z T;(as+03)/(a2+bz) (Pde)fl/(a2+b2)

+e; 3/2
r831e8 py My <1

<<T1/4+3/2(a3+03) Z (Pde)—l/(a3+03)

PaMy<T3?

+T1/4+3/2(a2+b2)(10gT) Z (Pde)q/(aerbz)_

Pde§T§/2

The reader may observe that the terms in the last line of the above equation
appeared in (6.4.8) and were already estimated in (6.4.9). Therefore, the same

argument delivers
Al (T) < 7‘!11/204-67

as desired. O
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6.5 Off-diagonal contribution of the non-twisted

term

We now focus our attention on the term I 2(7"). We find it appropiate to

consider

T
J1un(T) = Z P12 /0 La(n)" K1y (Pp, t)dt, (6.5.1)

a b, c
n{#ngng

where we remind the reader that K, ,.,(FPn,t) was defined right after (6.2.24).

It may be worth introducing the analogous sum

Jio(T Z P 1/2/ a(n)Jy (P, t)dt

nf ;én2n3

and observe that equipped with this notation we have reached a position from
which to write I; 5(7") by making use of (6.2.24) in a rather concise manner,
say

Lo(T) = Jio(T +ch u, 0)J1 0 (T), (6.5.2)

where (u,v) runs over the range described right after (6.2.14). As the reader
may already anticipate in view of the conclusions derived in Lemma 6.2.3, the
integrals K .., (Pn,t) satisfy a bound of the shape O(t71/2), such a pointwise
estimate not being of the requisite precision if one ought to employ such a
bound when integrating over t. Instead, we depart from that trivial approach
in that further cancellation shall be exploited by means of oscillatory integral
estimates in conjunction with the same framework of ideas underlying the

proof of the aforementioned bound pertaining to K (P, T).

Lemma 6.5.1. For (u,v) in the range to which we alluded above one has
J1uw(T) < T3*(log T)*.

Proof. As was previously done in the course of the proof of Lemma 6.2.3, we
move the line of integration to Re(z) = —ag4t(log A) and thus get

Kl,u,’u(Pn, t) = / G(t’ y)eiFl(t,y)dy7

o
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wherein the above line the corresponding function G(t,y) is defined by means

of the formula
G(t,y) = t°(—ag(log A)t + iy>u—1e(a3—aa)(1ogA)2t—aa1a(1ogA)y/2—y2/t
and the phase of the unimodular function is
Fi(t,y) = (1 — 2aq)(log A)y — I,a%(log A)*t/4 + 1,y /4t.

As may become apparent shortly, it has been thought preferable to make a
dyadic dissection of the corresponding interval over which we shall integrate.
The reader may find it useful to observe that in view of the above estimates
and the argument preceding (6.2.28) if needed, it appears at first glimpse that
the function G(t,y) exhibits an exponential decay whenever |y| > t'/%(logt),

whence

T1/2 (logT) 4
/ La(n)" K1 (P, t)dt = / / G(t, y)em W dydt + O(1),
T/2 T/2

T1/2(log T)

where

F(t7 y) = Fl(tv y) + tlog(La(n))

In order to reach the position from which to make use of suitable oscillatory
integral estimates it seems desirable noting first that an application of (6.2.28)

in conjunction with (6.2.29) for the choice d = v — 1 yields

G(t,y) <t (—allog Alt + |y|)*~ e~ Catlos )7 —y?/2t
< tu/2—v—1/26—Cat(log A)?/2 < t—le—cat(IOgA)Q/Q‘ (653)

In view of the ensuing discussion it transpires that one may assume the con-
dition |log A| < t~'/?(logt), since otherwise the corresponding contribution
to the integral at hand would be absorbed by the error term thereof, such an

assumption further delivering the constraint
P, =< T3? (6.5.4)

We shift our focus to the analysis of the phase pertaining to the unimodular

function comprising the integrand of the above integral. A routine computation
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in conjunction with the above condition and the assumption |y| < t'/?logt
then reveals that
82

9, a2, ~3/2
%F(t,y) = —gfaaat +O(t**(logt)),

which then yields
92
Ly ( 1 6.5.5
S F(Ly)| > (65.5)
As the reader may have already anticipated, we are preparing the ground

for an application of Lemma 5.2.4. To complete such an endeavour, it thus

remains noting that on recalling (6.2.3) and (6.2.26) one has that

[Talag /4 < (6.5.6)

256a’

whence it transpires that then —I,a2 /4 # a—b— ¢, which in turn ensures that
condition (6.3.2) is satisfied. Therefore, the ensuing discussion in conjunction
with an application of both Lemmata 5.2.4 and 6.3.1 and equations (6.5.3) and
(6.5.5) delivers

TY2(logT) T ‘ TY2(log T)
/ G(t,y)et Y dtdy <« Tl/Z/ dy
~T/2(logT) JT/2 ~T'/2(log T)

<L logT,

whence an interchange of the order of integration combined with a dyadic

argument yields
T .
/ La(")ZtKl,u,v(Pnyt)dt <K (log T)2
0

The reader may also observe that

Y PP T logT)?, (6.5.7)

P,<CT3/2

for any constant C' > 0, whence recalling (6.5.4) and combining the above

equations delivers
J1uw(T) < T3*(log T)*.
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In order to make progress in the proof of the theorem at hand, it seems
pertinent to shift our focus to the corresponding analysis of the contribution
arising from J; (7). We find it worth anticipating that a dyadic argument
shall be required henceforth. We also announce that in view of the conclusion
of Lemma 6.2.3 it transpires that such an investigation shall necessitate a
separate discussion for both the contribution stemming from the set of ¢ that
are close to 7,, and the one comprising ¢ which are not, the analysis of which
shall have its reliance on a different framework of ideas. For such purposes we

consider, for convenience, the sets

Sp = {t €T/2,T]: |t — | < TV?log T}, (6.5.8)

Sp={ter/2T: |t -7l > T 10T}, (6.5.9)
We also find it worth writing
T .
S P [ Lan) AP )it = s, (1) + T, (D). (65.10)

T/2
n‘f;éngng

where in the preceding line the summands involved therein are defined by

means of the formulas
Js(T)= > PIs(T) (6.5.11)
n’f;é:';gng

with the term I5(7") being
Is(T) = / La(n)™Jy (P, )dt (6.5.12)
S

for the sets S = S, S;,. We shall focus our attention first on the term Jg, (7).
As was discussed above, we find it worth warning the reader that an application
of the trivial bound

Is, (T) < TY?*(log T)?

shall not be of the sufficient strength required. Instead further cancellation

shall be obtained as is customary by means of oscillatory integral estimates.

246



Lemma 6.5.2. With the above notation, one has
Js, (T) < T**(log T)*.

Proof. As a prelude to our discussion we begin as is customary by furnishing
ourselves with some notation. As was previously denoted in the preceding

chapter, for tuples ny = (ng, ng) we consider
Ny = [nY*nd|. (6.5.13)

We find it worth writing for each triple n = (ny, ny) the first entry by means
of ny = Ny + r for some r € Z. We shall henceforth write S,,,, and 7,,, to
denote S,, and 7, respectively. It may also seem pertinent to introduce, as

shall be elucidated promptly, the functions
Gy (t,y) = elos M1/t Tay/2=y2/t (] 4 o) —1 (6.5.14)
and
Fryr(t,y) = y(log A) + 2y/t — I, /4t + I,y /4t + tlog (La(n)).

We note first for further use that whenever ¢ € S,, then |log A| < t='/?(logt),

whence

Gl(t,y) < (6515)

L+ |yl

In view of the above equations, it is apparent that for fixed y, the zeros of

the function

%(Cﬁ (t7 y)F1;27T<t7 y)_1>

may also be zeros of a function

Py (ta Y, IOg(La(n)))a

wherein P (21, 29, 23) is a polynomial of degree smaller than C' for some uni-
versal constant C' > 0. It therefore transpires that when thinking of y and
n as being fixed then subsequent applications of Rolle’s theorem enables one
to partition the set of integration into a bounded number of intervals (not

depending on y) in which Gy(t,y)F},, .(t,y)" is monotonic.
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By recalling (6.5.12) and in view of the decay exhibited by G(t,y) with
respect to y in (6.5.14), one has that

T1/2logT
Is, (T / / G (t, y)e 2D dyds + O(T).

T1/2logT

We may suppose that S,, # ¢, since if not no further work would be required.
It might be convenient to observe first that whenever y and t lie in the set of

integration at hand then it follows that
3
Fra(t,y) = S/t +10g(La(n)) + Ot (logt)?). (6.5.16)

We also derive, but not before recalling first the definition of Lg(n), the

formula
E,, . (ty) = gy/t + log (nbn§/(Noe +1)*) + O(t *(logt)?)
= gy/t +log (nsng/Ny,) — alog(1+r/Ny.) + Ot (logt)?).
We further write, for convenience,
Hy, (t,y) = Fy,, . (t,y) + alog(1 4+ 1/Ny.),

a careful examination of which reveals that it does not depend on r. The reader
may find it useful to recall the definition of S, , and 7,,, right after (6.5.13)
and observe that for fixed no, given 71,7y € Z satistying |rq], [r2| < Ny /2 and
t1 € Spyry and 1o € Sy, 4, then it transpires that

|y, (t1,y) — Hiy (t2,y)| < T 1og T,

the above implicit constant not depending on ry, 75, and in turn implies that
the cardinality of the set Ry comprising integers |r| < N, ./2 with the property
that [F},, (¢, y)] < N for some t € S,,, , satisfies the bound

IRi| < Ny . T %(log T) + 1.

For these cases, a succint application of the trivial bound T'/2(log T')?, it in

turn stemming, inter alia, from the bound (6.5.15), to the integral at hand
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already suffices to bound the contribution arising from the aforementioned set

by

SN 0y g PNy 1), (T)

nt2z+bng+c<<T3a/2 r€R1

<ogT) Y myngN

ng+bn§+c <«T3a/2

+T(ogT)? Y nyPng PN,

ng+bng+c<<T3a/2

<T**(log T)? Z nzt < T3*(log T)*.

n3 < T3a/(2(a+c))

Moreover, on denoting R, to the set of numbers r with the property that

|F, (6 y)| > Nl;cl for each ¢t € S, one further has

1
ty)| Tt < Ny ~ < Ny logT
Z‘ n2r<7y)‘ < b, Z 7"<< b, og

reRo |7‘|§Nb,c/2

for fixed t. Therefore, the preceding discussion in conjunction with Lemma

5.2.2 and equations (6.5.15) and the subsequent analysis delivers

Z Z n2 1/2 N +7') 1/2ISH<T)

ng+bng+c<<T3a/2 rE€R2

< (logT)?* > oy Png PN < T logT)? YT ng!

ng+bng+c<<T3a/2 n3<<T3a/(2(a+c))

< T3 *(log T)?.

We find it desirable to remark that for integers with the property that
7| > Np./2 one then further has |log(L4(n))| > 1, an immediate consequence
of which being when applied in conjunction with the observation that the rest

of the summands in (6.5.16) are O(T~'/2logT') that then
| Fry e ()| > 1.

Therefore, combining the previous discussion with another application of Lemma

5.2.2 and the analysis following (6.5.15) we derive that such a contribution is
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bounded above by a constant times

logT) > > 0y ng P (Nye + 7)™ < T9/4(log T)?.

n2,n3 |r|>Np . /2
[

We shift our focus to the analysis of the term Jg (7') and announce that its
investigation shall have its reliance on another framework of ideas more aligned
with that of the off-diagonal analysis of the non-twisted term pertaining to the

approach taken in the previous chapter.

Lemma 6.5.3. On recalling (6.5.11) one then has
JS&(T) < T1+1/20—1/2a +T3/4(10gT)2

Moreover,
J172(T) < T1+1/20—1/2a +T3/4(10gT>4

and
Ile(T) < T1+1/2C—1/2a +T3/4(10gT)4

Proof. As a prelude to the upcoming discussion, it should be noted, but not
before recalling (6.5.10), that under the assumption of the first statement in

conjunction with Lemma 6.5.2 one has

Z p- 1/2/ ()T (P, t)dt < TYFY2671/2a 4 73/4 (100 T,
T/2
nl;én2n3
from where the second statement follows after an application of the latter and
a dyadic decomposition argument. Moreover, the third one is an immediate
consequence of a combination of the second one, equation (6.5.2) and Lemma
6.5.1.

It therefore transpires that fulfilling the commitment at hand will amount
to accomplishing the first statement of the lemma, and this we now address. To
this end, we first observe that an application of Lemma 6.2.3 to the integrand
pertaining to I (1) delivers

. 1
[5& (T) = / La(n)”dt —|— O(T_Q) <K + T_2.
SN |tn,T) |10g (

La(n))]
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As above, we split the corresponding sum into three parts. First, following
the previous approach and recalling (6.5.13) we write n; = Ny .+ 7 for r # 0
and observe that whenever 1 < |r| < N, ./2 then

NZ;l,c — Nb,c
Ny + 1) — nbng| Ir|

| log(La(n))| ™ = T (6.5.17)
It may be appropiate to denote Js; 1(7") the contribution to Js, (1') stemming

from tuples satisfying [ny — N, .| > 1, and thus write
Js, (T) = Jsp 1(T) + sy, 2(T), (6.5.18)

wherein Js; »(7") denotes the corresponding contribution arising from the in-
stances when |ny — N .| < 1. Summing over 1 < |r| < N, combining the

above equations and utilising the same estimates as above then delivers

JsaT) < ) S nyPng AN+ )2 ey (T)
ndttnateda/2 1<|r|<Ny,c/2
B _ 1
< Z n, 1/2n3 1/2N;22 Z T« T3/4(logT)2.
ng+bng+c<<T3a/2 1<|r|<Np,c/2

(6.5.19)

Likewise, it may be worth observing that whenever |r| > N, ./2 then one
has [log (La(n))|™" < 1, the contribution stemming from triples satisfying
such a property being bounded above by

Z nl_l/Qn;l/Qn;l/z < T**(log T)2.

ninanz<LT3/2

Thus it only remains to bound the contribution to Jg (T') stemming from
triples satisfying |ny — Np.| < 1 and this we now discuss. To this end, it is
b/a_c/a .

ny i

worth noting that whenever n; = N, then one may assume that n, S

not an integer, since otherwise

a__ b _c
ny = Nong,

a tuple with such a property then pertaining to the diagonal contribution

already discussed.
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It may also be desirable to observe in view of (6.5.17) that

b, c
1 USSR

b, c LAY N
o8 (mans/ (N + V)| = 03, e — g

(6.5.20)

and in fact the above line could be further stated by means of an asymptotic
formula, such a refinement being of no utility herein. The reader may observe
that the above discussion then assures that the denominator involved in the
previous line shall not be zero. It also seems pertinent to observe for further

purposes that

b,,c
USUE] b, c

< nyng, 6.5.21
|(Nye+7r)a —nbng| = 27 ( )

which in turn follows from the denominator in the above function being a

non-zero integer. We further write for each r € {—1,0,1} the contribution

Jsp 00(T) = Z (nang) 2 (Nye + 1) 1/2

ng+bng+c<<T3a/2

/ oit10g(ngng /Ny c+1)%) 7|

(6.5.22)
We divide the range of summation in the above line in accordance with the

previous ensuing discussion and utilise (6.5.21) to obtain
Tt (T) < sy 1 (T) + Fisy o(T),

where the above terms are defined by

FS;LJ(T) = Z nb_1/2_b/2an§—1/2—c/2a

n2n‘ <T

Y

and
Fs, 2 T Z 1/2 b/2a, —1/2 ¢/2a.

n2n3>T

It may be worth clarifying that in the above analysis we bounded the
integral in (6.5.22) by means of the inverse of the corresponding logarithm in
conjunction with an application of (6.5.21), the same integral appertaining to

the second range of summation being estimated by the length of the interval
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of integration. Summing over ns first yields

Fs 1(T) < Tl+1/26-1/2a Z ngl/27c/2b « TVH1/2-1/2
n3<T1/e

Likewise, an analogous computation in the same spirit reveals that

FS;L,Z(T> < T1+1/26—1/2a Z ng1/2fc/2b + T Z n;1/270/2a < T1+1/20_1/2a’

na<T1/¢ ng>T

thus yielding the bound
JS;NQ(T) < T1+1/20_1/2a,

whence the above estimate in conjunction with that of (6.5.18) and (6.5.19)
delivers the desired result. As was previously addressed in the above chapter,
we draw the reader’s attention to the above inequalities and point out that the
assumption a < min(b, ¢) was crucially utilised therein, an analogous argument

not being applicable in other circumstances.
O

Lemma 6.5.4. In the above context, if one further assumes Conjecture 2 it
then follows that

JSLL<T) < T1/2+a/(a+c)+8 +T3/4(lOgT>2

Consequently,
J172(T) < T1/2+a/(a+c)+s + T3/4(10g T)4

and
[172<T) < T1/2+a/(a+c)+s +T3/4<lOgT>4

Proof. We begin the discussion by noting that under the assumption of the first
statement, then the second one follows as in the previous lemma by combining
the latter with Lemma 6.5.2 and a dyadic decomposition process. Likewise, it
transpires that the third one is an immediate consequence of a combination of
the second one and Lemma 6.5.1.

It thus remains to accomplish the first statement of the lemma, and this

we now address. The underlying idea of such a refinement with respect to the
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analogous unconditional lemma has its reliance on a substantial improvement
of the error term pertaining to Js; o(7") defined in (6.5.18). It seems worth
embarking on such an endeavour by first noting that for every r € {—1,0, 1}

the aforementioned conjecture yields
ngng — (Npe +7)*> (Npe + r)*ny ey (6.5.23)
We use the previous estimates and (6.5.20) to obtain the bound
[log((No.e + 1) /m3n)| ™" < (Npenans)'*,

such a bound being the genesis of the departure from the unconditional ap-
proach. Then, combining the above estimates, dividing the range of summation

in concordance with the above analysis and recalling (6.5.22) one obtains
JS':‘NQ(T) < T M, (T) + MQ(T),

where in the above estimate the terms M;(T") and My (T) are defined by means

of the sums
M(T) = Z n;/2+b/2ané/2+c/2a

n;+bng+C§T“

and
MQ(T) =T Z n;1/2*b/2an;1/270/2a.

a+b_a+c
ng ng o >T

The reader may find it useful to observe that by summing first over n, one

gets
M, (T) < TV/2+a/(a+b) Z n;(a+c)/(a+b) < TV/2+a/(ate)

ns ST&/(a+c)

Likewise, an analogous computation in a similar manner delivers

MQ(T)<<T1/2+a/(a+b) Z n;(a+c)/(a+b)+T Z ngl/Q_c/Qa

nSSTa/(a+c) n3>Ta/(a+c)

< T1/2+a/(a+c) )

The above discussion then yields

Je 2(T) < T1/2+a/(a+c)+s,
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which combined with (6.5.18) and (6.5.19) then leads to the desired bound

recorded in the first statement of the lemma. O]

6.6 Residual terms arising from the twisted

integral analysis

The prelude to the analysis of I5(7") will be very similar in nature to that of
I, 5(T), the departing from the course of the discussion cognate to the latter
term being discussed in the upcoming subsection. The investigations presented
herein will not comprise novel ideas and shall be concerned with the estimation
of the terms Jy,,(T), the analysis of which shall be reminiscent to that of
Lemma 6.5.1, and a succint discussion about the contribution stemming from
the set S,, in the spirit of that of Lemma 6.5.2. We find it appropiate to recall
(6.2.25) and consider, as was done in (6.5.1), the sum

Tau(T ZP 1/2/ Y(t)La(n) ™" Koy (P, t)dt.

It may be worth introducing the analogous sum
Joa Z P2 / O(E) La(n) " Jo( P, £)dt (6.6.1)

and observe that equipped with this notation we have reached a position from

which to write I5(7") by making use of (6.2.24) in a rather concise manner, say

](T J21 +ZC2UUJ2uv )

Lemma 6.6.1. With the above notation, one has
Jauw(T) < T3*(log T)*.

Proof. As was previously noted in the preface of this section, we utilise the fact
that the integrand in the definition of K5, ,(T) is an entire function to move,

in the same spirit as that of the proof of Lemma 6.2.3, the line of integration
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to Re(z) = —agqt(log A) and thus get

—00

wherein the function Gy(t,y) at hand is defined by means of the formula
Ga(t,y) =t (—aq(log A)t + Z'y)ufle(aifaa)(log A)?t+aala(log A)y/2—y?/t
and the phase of the corresponding unimodular function will then be
Fy1(t,y) = ylog A+ 204 (log A)y + 1,02 (log A)*t/4 — I,y° /4t.

The reader may find it useful to observe that

T1/2(log T)

T
() La (1)~ Ky (P, )t / / Got, )29 dydt
T/2 T/2

T1/2(log T)

),

where

Fy(t,y) = Faa(t y) — tlog(La(n)) — ga(t) + Eamri/4,

where we remind the reader of (6.2.14). It is worth noting that then by em-
ploying (6.2.28) and (6.2.29) in a similar fashion as was previously done in

Lemma 6.5.2, one obtains

Ga(t,y) <t (—ag|log Alt + |y|)* e Catllog )" —y?/2t
< tu/vafl/Qe*Cat(log A)2/2 < tilefcat(logA)z/Z' (662)

In view of the above estimates it transpires that we may assume |y| < t'/?logt
and |log A| < t7Y/2(logt), since otherwise the contribution to the integral
would be negligible. Observe that the latter condition further implies

P, =< T%2. (6.6.3)

Similarly, as shall become apparent shortly, it may be worth observing that
under the above constraints then one has
32

9
@Fg(t, y) = —Iaaitfl + O(t73/2 log t)

8
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We also find it convenient to observe that an analogous argument to that
utilised in Lemma 6.5.1 transports us to a position from which to assure that
the derivative of Ga(t,y)/Fy(t,y) with respect to ¢ vanishes in at most O(1)
points. This can indeed be achieved by noting in view of (6.5.6) that condition
(6.3.2) is satisfied, whence an application of Lemma 6.3.1 delivers the ensuing
conclusion. Therefore, interchanging the order of integration and combining

the above discussion with Lemma 5.2.4 and (6.6.2) we obtain

TY/2(log T) TY2(log T)
/ / o(t,y)e 2V drdy <« / T 2dy
T/2

T1/2(log T) —T1/2(log T)

<L logT.

We conclude the lemma by interchanging the order of integration in con-
junction with a customary dyadic argument that shall ultimately lead to the
bound

/ Y(t) ) Ky 0o (P, t)dt < (log T)?
Consequently, combining the above equations with (6.5.7) and (6.6.3) delivers
Jauw(T) < T3*(log T)*.

O

In order to make progress in the proof, it seems pertinent to shift our focus
to the contribution to I5(7") stemming from the term Jy;(7"). We find it worth
anticipating that a dyadic argument shall be required henceforth. To this end,

we thus write

Z P | () La(n) ™ Jo( P, t)dt = JE (T) + J& (T), (6.6.4)

T/2
wherein the above line the terms on the right side are defined by means of
=> P,'’IL(T) (6.6.5)
with

/w n) " Jy (P, t)dt
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for the sets S = S,,,S),, which the reader may find it helpful to recall that
those were defined in (6.5.8) and (6.5.9). Before providing an explicit bound
for the sum Jgﬂ (T') it has been thought pertinent to present first a technical
lemma that shall be used on several occasions in subsequent analysis. To this
end, we find it worth introducing for further use, but not before recalling the
definition of g4 (f) described in (6.2.14), the function

Gnl(t) = —tlog La(n) — ga(t). (6.6.6)

Lemma 6.6.2. Let (t,)n be any sequence of real numbers having the property
that t,, € Sy, and assume that 4a < b+c. Suppose that (Hp(t))r is a collection
of functions with the property that

H,(t) = GL(t) + Ot *logt) (6.6.7)

fort € [T/2,T], the above implicit constant not depending on n. Then one
has that

Z PV min(|Hy(t,)| 71, TY?) < T4 (log T)?

T <T
whenever b > c. If b = c then an analogous estimate holds with T%*(log T)?
replacing the term in the right side of the bound.

Proof. We shall denote henceforth for convenience by W (T') to the left side of
the above equation. The reader may find it useful to note that then

bb c
G.,(t) = alogn; —blogns —clogns+ (b+c—a)logt+log <aa2b—i}a> (6.6.8)

As shall be elucidated shortly, the evaluation of the above function at the
point 7, shall play a not insignificant role in the course of the investigation
cognate to this lemma. It has then been thought pertinent to recall (6.4.4)

and compute such an evaluation beforehand, say

2b+ 2 2c—b—2 2b—c—2
G (Tn) :<¥) logny + (%) log ns + <#) log ng
+ log K, (6.6.9)
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wherein

b 2 2b —
log Ko =(b+c—a)logm — (#) loga + (Tc—l—a) log b
2c—b+a
(20 g

We also note for further use that it is apparent in view of (6.6.7) and (6.6.8)
in conjunction with the fact that ¢,, € S,, that

Hy(tn) = Go(mn) + O(T 2 1og T), (6.6.10)

the above implicit constant being independent of n.

It may be worth noting that in view of the assumptions on a, b, ¢ earlier
made in the statement of the lemma, whenever 2¢ > b+2a then the correspond-
ing coefficients of the logarithmic summands in (6.6.9) are strictly positive. It
then transpires that whenever either ny,ns or ns are sufficiently large then
|G1.(Tn)| > 1 in the interval of integration, the corresponding contribution
to W(T) appertaining to such tuples being O(T%/*(logT)?) by (6.5.7) and
(6.6.10). If instead each of the entries are bounded, an application of the triv-
ial observation min (|Hy (t,)| ™!, T"/?) < T%/? enables one to deduce that such
a contribution is O(T%/2). The reader may notice that the instance b = c is
encompassed in this more general framework.

It has been thought pertinent to devote a few lines to the not entirely re-
calcitrant situation for which b = 2¢ — 2a. To this end, we draw the reader’s
attention to (6.6.9) and note that the coefficients in front of logn; and logns
are positive. In view of such an observation, it transpires that whenever either
ny or ng are sufficiently big one has the bound |G, (7,,)| > 1, an applica-
tion of which, in conjunction with (6.5.7) and (6.6.10) enables one to esti-
mate the corresponding contribution to W (T') appertaining to such tuples by
O(T3*(log T)?). If instead both n; and ns are bounded then it is apparent
that

log Ko = 3(c —a)logm — cloga + (¢ — a)log2(c — a) + alogc.

We find it desirable to focus our attention on the second part of the above
equation pertaining to the summands not involving 7 and observe that in

view of the fact that ¢ > 2a as a consequence of both the assumptions on the
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statement of the lemma and the aforementioned equality between a, b, ¢, it is

apparent that

—cloga+ (¢ —a)log2(c —a) + aloge > —cloga + (¢ — a)log2a + alogc
= a(logc—loga) + (¢ —a)log2 > 0.

Combining the above lines of inequalities with (6.6.9) delivers the bound
|G (T)| > 1, which in conjunction with (6.5.7) and (6.6.10) and the ensuing
discussion yields
W(T) < Y PY? < T%(log T)?
=T
under such assumptions.

We shall henceforth assume 2¢ < b+2a throughout the rest of the discussion
devoted to the investigation of W(T'). As a prelude to the aforementioned pe-
rusal, it seems worth anticipating that the manoeuvres which shall be deployed
in due course shall not be dissimilar to those already presented throughout the

rest of the chapter. To this end we introduce, for fixed (n1,n3), the parameter

N, = (Kin%b+2c+an§bfcf2a)1/(b+2‘1_20). (6.6.11)

It has also been thought appropiate to define, for each triple (nq,ng,ns)
with ny = (n1,n3) the number r» = ny — Ny, which may not be an integer, and
write for ease of notation Hy, ,(t), Gp,r(t), tn,» and 7, , to denote H,(t),

Gn(t), t, and 7, respectively. By recalling (6.6.9) it then transpires that
2b+2c+a 2c—b—2a
— s ) logny + (—3

2b—c—2
(%) log ng + log Kg,

G'Irzl,r(Tnlff') :( > log(Ny + )

whence utilising the fact that (6.6.9) vanishes when substituting ny = N and

combining it with (6.6.10) one may deduce

2c—b—2a

3 log(1 +7/Ny) + O(T 2 log T).

Hpy (b ) =
We denote as is customary by G; to the set of integers |r| < Ny/2 having

the property that |Hy, ,(tn, )| < Ny '. In view of the uniformity in the above

error term with respect to r, as was assumed in the statement of the lemma,
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it then transpires that
G1| < NoaT 2 (log T) + 1,

the contribution to W (7") stemming from the corresponding tuples being bounded
above by

ST S 0N ng P min (| Ha, (b, )71 TY2) < WA (T)+Wa(T),

n1Nong<T3/2 reg:

wherein
WA(T) = (logT) > ny°Ny%ng"?

n1 Nong=<T3/2

and
WQ(T) — T1/2 Z n1_1/2N2_1/2n3_1/2.

ni N2'rL3XT3/2
As a prelude to our analysis of the preceding terms, it seems worth noting that

the tuples involved in the above sums satisfy
ni2Ny?nk/* < T3/, (6.6.12)
We utilise such an estimate to obtain

W(T) < T**(logT) Y ny'ng' < T%*(logT)%.

n1 Nong<T3/2
In order to bound W5 (T') we define first, for convenience, the exponents

3b+ 3a 3b — 3¢

Oq:b+2a—207 Oé3:b+2a—207

we remind the reader of (6.6.11) and employ (6.6.12) to obtain

WH(T) < T4 Z 1 < T3/203-1/4 Z nl—oél/oc:a
n}lng3=<T3/2 ny<T3/201

& T3/20s=1/4 _ 3/1+(2a=b)/2(bc)  T3/4.

wherein we used the fact that b > 2a stemming from the inequality b+ ¢ > 4a.

It thus remains to analyse the contribution of the set G, comprising in-
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tegers |r| < Ny/2 having the property that |Hy,, ,(tn,,)|> Ny '. Under such

circumstances, it transpires that

Z Z n1—1/2N2—1/2n;1/2 min (|Hn1,r(tn1,r)|_17 T1/2)

n1Nang<T3/2 1€G2

- - 1 -
< Z n; 1/2N21/2n3 1/2 Z - < T5/4(10g T) Z n;lngl

n1Naong<T3/2 reGs n1Naong<T3/2

< T¥*(log T)?,

wherein we routinarily utilised (6.6.12), which completes the proof.
[

We are now equipped to expeditiously analyse Jgn (T'), which we remind
the reader that was defined in (6.6.5).

Lemma 6.6.3. Assume that 4a < b+ c. Whenever ¢ < b one has that
JE (T) < T**(log T)*.

If b = c one instead has the bound Jgn(T) <L T3*(log T)3.

Proof. We find it convenient to prepare the ground for our analysis by denoting
Gg (t, y> _ e(log A)+1/t7[ay/2t7y2/t(1 + ’iy)fl,

it being convenient to note for further purposes that such a function satisfies

Gs(t,y) < (6.6.13)

L+ y|

It also seems reasonable to introduce for n the corresponding phase appertain-

ing to the unimodular function involved in the integral at hand
Fin(t,y) = y(log A) + 2y/t + 1, /4t — L,y° /4t + G (1), (6.6.14)

wherein Gy, (f) was defined in (6.6.6). In view of the decay exhibited by the
function G5(t,y) in conjunction with (6.2.25) and (6.6.5) it then transpires

that
T1/210gT
I5,(T) / / 3(t,y)e W dydt + O(T ).

T1/2 logT
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The analysis of the piecewise monotonicity of the corresponding auxiliary
function shall not be dissimilar to that described in Lemma 6.5.2. It seems
worth noting for such purposes that it is apparent that for fixed y, the zeros

of the function y
. /
dt <G3(t7 y)/Fl,n(ta y))

are also zeros of a function

Py (ta logt,y, log(La<n)))v

wherein Py(z1, 29, 23, 24) is a polynomial of universally bounded degree linear in
zy. It therefore transpires that by differentiating the above a sufficiently large
universally bounded number of times, the corresponding terms containing a
factor of (logt) may eventually disappear, the zeros of the resulting expression
further being zeros of a polynomial in ¢t and y of bounded degree. Therefore,
subsequent applications of Rolle’s theorem enable one to partition the set of
integration into a universally bounded number of intervals having the property
that Gs(t,y)/FY . (t,y) is monotonic on each of them.

We may suppose that S,, # ¢, since if not no further work would be re-
quired. We also find it desirable to recall (6.4.5) to the end of noting that
whenever t € S,,, as is the case herein, one has that [log A| < T~"2logT. It
then seems worth recalling (6.6.14) and observing that if |y| < T/?(log T') one
has

FLa(ty) = Galt) + O (62108 1)),

the corresponding implicit constant not depending on n. The reader may
notice that we have merely prepared the ground for an application of both the
above lemma and the oscillatory integral estimates ones. Before proceeding
in such a way it is convenient to denote as we may by t,, to the real number
sn € Sp having the property that |Fj,,(s5)| is minimum in S, the existence
of such a number being assured by the compactness of the set S,,. Therefore,
combining Lemmata 5.2.2 and 5.2.4 with (6.6.13) and Lemma 6.6.2 for the
choice Hy(t) = FY,,(t) one may deduce that

Je(T) < (logT) Y~ PyM? min(|Hu(ta)| ™, T?) < T%*(log T)*

Tm=<T

263



if ¢ < b, the bound
JE (T) < T%*(log T)*

replacing the above for the case b = c.

6.7 The stationary phase method and van der

Corput’s estimates

As was earlier anticipated, the departing in the analysis of I5(7T") from the
course of the discussion cognate to the term [, 5(T") presented above has its
genesis on the necessity of an application of the stationary phase method as
a consequence of the presence of the twisting factor to which we previously
alluded. The remainder of the discussion in this chapter shall thus be devoted
to the analysis of Jé,i (T"). The latter shall essentially differ from that of pre-
vious sections in that the derivative of the phase function pertaining to the
corresponding integral at hand may vanish. To this end, an application of
Lemma 5.2.5 in conjunction with classical van der Corput’s estimates and an
intrincate analysis shall be required.

For such purposes we first apply Lemma 6.2.3 to obtain

= [ L) a0

_ emga/zx/ et + O(T72), (6.7.1)
S4,N7n, T

wherein Gy, (t) was defined in (6.6.6) and 7, < T'. As is customary, the zero of
the derivative of the phase function at hand shall play a prominent role in the
discussion, whence it seems worth recalling (6.6.8) and recording for further

use that on writing

b

¢\ 1/(b+c—a) a \ 1/(b+c—a)
Cn = <%> Co,  with Cp = 2( a ) , (6.7.2)
ng bbee

one then has G’ (¢,) = 0. We also find it desirable to note, as may become
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apparent shortly, that
Gnl(cn) = —(b+c—a)cy,
and define for convenience G1(c,) by means of
Gi(cn) = Gp(cn) + (o + 1) /4. (6.7.3)

We shall provide an asymptotic evaluation of the term J:’Sb, (T') defined in

(6.6.5), but before embarking in such an endeavour it seems desirable to write
T,, = max(T/2, 7, + TY*1og T)

and observe that equipped with this notation we have reached a position from

which to legitimately write
87,1 n [TnaT] = [TnaT]y

it sufficing to assume that 7,, + T1/2 logT" < T since otherwise S;, = ¢ and we
would be done. The following note shall succintly discard the case b = ¢ from

our analysis.
Lemma 6.7.1. Assume that 2a < b and b = c¢. Then it transpires that
T (T) < T**(log T).
Proof. We recall (6.6.8) to the end of observing that whenever ¢t € [1/2,T]

and P,, < T%/? it follows that

2b

G{n(t) Z (2b — CL) logt + log <W>

> (b/2—a)logt — C

— blog(nans)

for some constant C' > 0. It therefore transpires that G, (t) > logt in the

interval at hand, whence by Lemma 5.2.1 one has

It (T) < (log 7)™,
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which combined with (6.5.7) and (6.6.5) delivers

Je ()< Y PPIL(T) < (logT)™ Y P2 < T%(logT),
Pr<T3/2 PnT?/2

as desired. O

Lemma 6.7.2. Assume that 4a < b+ ¢ and b > ¢. One then has that

Jgh (T) =(b+c —a)*V2r Z P2c1/26iG(en)

Tn<cn<T
T <T

+0 (T3/4(10g T)%).

Proof. We shall omit henceforth writing the condition 7,, < T for the sake of
simplicity. We begin our discussion by summing equation (6.7.1) over tuples
n and applying Lemmata 5.2.1 and 5.2.3 in conjunction with Lemma 5.2.5 to

obtain

sti (T) :(b teo— a)1/2 o Z P;1/2cib/26¢01(cn)

Trn<cn<T

+0( S Py min (|GL(T, )|1T1/2)>
Tn/2§5n§2Tn

+o( > P wmin (IG,(T) LTV ) + O(TH 4 (1o T)?),
T/2<cn<2T

(6.7.4)

whence it transpires that proving the result at hand amounts to estimating
the above error terms. The reader shall rest assured that further details about
such an application will be delivered promptly, those nonetheless having been
essentially delivered in Lemma 5.7.1 of the previous chapter. It may first
be useful to observe that in the preceding lines we implicitly applied Lemma
5.2.5 for the tuples satisfying 7;, < ¢, < T. Similarly, we further utilised
Lemma 5.2.1 and 5.2.3 whenever either T,,/2 < ¢, < T, or T < ¢, < 2T,
the contribution stemming from such tuples being absorbed accordingly by
the above error terms. If instead the parameter ¢, does not belong to any of
these ranges, we employed Lemma 5.2.1 to estimate the integrals appertaining
to tuples satisfying such a condition by O(1), an immediate application of

(6.5.7) when summing over such tuples thus bounding the latter contribution
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by O(T%*(log T)?).
We shift our attention first to the investigation of the first error term in the

above formula, and find it convenient, as shall become transparent promptly,

writing
> PP min (|G (T T?) = Yi(T) + Ya(T),
Tn/2<cn<2Tn
wherein
Yi(T) = > Py min (|G, (Ta)| ", T/?)
Tn/2<cn<2Tn
Tn+TY21og T>T/2
and
NT= Y B i (GL(T)TYR).
T /2<cn<2Tn

Tn+T1/2 log T<T/2

We begin our discussion by analysing first Y7(7"). It seems worth noting that
under the constraints imposed in the sum cognate to such a term and on
recalling (6.5.8), one may infer that T, = 7, + T"?1logT € S,. We have
therefore reached a position from which to apply Lemma 6.6.2 for the choice
H,(t) = G, (t), namely

Yi(T) < Y PP min (|G, (T,) 71, Th/%) < T%*(log T))?

T

for both b > cand b = c.

The analysis of Y3(T") shall be reminiscent in nature to the preceding one,
the corresponding error terms derived being essentially equal to the earlier
obtained ones. As was previously done, we recall (6.7.2) and define for fixed

(n1,n3) and further convenience the parameter
NT _ (T/2)(b-i-c—a)/bC;(b+c—a)/bnfll/bn;0/b_ (675)

It may be worth observing that then

b,.c

aja2b+cfa> = 0.

alogn, —blog Ny — clogns + (b + ¢ — a)log(T/2) + log (

Therefore, on introducing for each ny € N the real number r = ny — Np,
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recalling to the reader of (6.6.8) and using the above line, it transpires that
then

G..(T/2) =alogny — blog(Nr +r) — clogng + (b+ ¢ — a) log(T/2)

+log (agz—i> = —blog(1 +r/Ny). (6.7.6)
We find it desirable to note for further use that in view of the constraints
in the tuples pertaining to the sum involved in the definition of Y5(7T) it is
apparent that T,, = T'/2, the underlying inequality cognate to ¢, thus being
equivalent to
T/A<c, <T,

which may in turn be rephrased by means of the bounds
2—(b+c—a)/bNT S No S 2(b+c—a)/bNT‘

We denote for simplicity by Iy, to the above interval.
To the end of providing an exhaustive account of the whole picture, it has
been thought pertinent to discuss first the instances for which |ny — Np| > 1,

and herein a simple application of (6.7.6) already delivers

n_1/2 N1/2 12
2 T
E B — E N/ "log Nr. 6.7.7
|ne—Np|>1 ' ™ 0<r<Nrp
nQEINT

We use the trivial bound min (|G, (T/2)|7,T"?) < T"? if |ny — Ny| < 1 and

combine such an observation with the preceding discussion to obtain
Yo(T) < You(T) + Y2 (T),

where ”»
—1/2 —1/2 Nr
You (T) = E ny Ny E —
n1 Npng<T3/2 0<r<Nr

and

Yoo(T) = T2 Z (nyNyng) /2.
TLlNTn3<<T3/2

The line of attack to follow herein shall not be dissimilar to the one employed
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in the underlying analysis of Y7(7"). In order to estimate Y5;(7") it might be

worth noting as is customary that (n, Nyng)'/? < T3/, whence

YVou(T) < (logT) Y7y *Ng/Png/?

n1Npna<T3/2

< T¥*(log T) Z nytngt < T34 (log T)?.
nlNTTL3<<T3/2

We shift our focus to the perusal of Y25(7) and observe after recalling
(6.7.5) to the reader that

Yoo(T) < la—c)/2b Z nl—l/Q—a/angl/Z—f—c/Qb'

n¢11+bng*6<<T(b72c+2a)/2

It may be worth observing that if b < 2¢ — 2a then the above term is trivial.

For the rest of the instances we sum over n, first to obtain

Yao(T) < T—1/4+(b—2¢+2a) /2(a+b) Z n;(bfc)/(wb)’

ng—C<<T(b—2c+2a)/2
an analogous argument summing over n3 thus yielding

Y, Z(T) < T—1/4+(b—2c+2a)/2(b—c) — T3/4+(2a—b)/2(b—c)’

as desired. The combination of the estimates obtained above for the terms
Y1(T') and Y5(T') in conjunction with the observation that under the constraints

in the statement of the lemma one has b > 2a then enables one to deduce
Y(T) < T**(log T)*.

The analysis of the second error term appertaining to (6.7.4) shall be com-
pletely identical to the one cognate to Y5(T') earlier exposed, whence in the
interest of curtailing our discussion it has been thought preferable to succintly
indicate that the proof of the analogous estimate for the term at hand would
follow by replacing 7' by 7'/2 in (6.7.5), (6.7.6) and (6.7.7), such an observa-
tion in conjunction with the above conclusion thus completing the proof of the

lemma at hand. O]

The rest of the discussion in this chapter shall be devoted to the investi-
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gation of the main term cognate to the formula earlier obtained in the above
lemma, an application of van der Corput’s second derivative test being suf-
ficient to exploit further cancellation and derive satisfactory enough upper

bounds for the exponential sum at hand.

Lemma 6.7.3. Whenever 4a < b+ ¢ and ¢ < b one has that

S PG ) ¢ P02 3 (10g T2,

Tn<cn<T
Tn<T

Moreover, it follows that
Jw/ (T) < T3/4+(2afc)/2(bfc) + T3/4(log T)3

and
]Q(T) < T3/4+(2a—c)/2(b—c) +T3/4(10g T)4.

If instead b = c then
I(T) < T¥*(log T)*.

Proof. We begin as customary by elucidating how to deduce the latter state-
ments pertaining to the instance ¢ < b assuming the first one. We note first
that one may obtain the second estimate after combining the one earlier as-
sumed with Lemma 6.7.2, an immediate application of such an estimate in
conjunction with equation (6.6.4) and Lemma 6.6.3 thereby delivering the
bound

T
SO [ () La(n) T (Pa, )t < THHE/20-) 4 T3/ (log T,
- T/2

Therefore, summing over dyadic intervals and recalling to the reader of (6.6.1)

it transpires that then
Jl,Q(T) < T3/4+(2a—c)/2(b—c) +T3/4(10gT)4,

which, combined with Lemma 6.6.1 yields the third statement, as desired. If
b = ¢ then the statement follows by combining Lemmata 6.6.1, 6.6.3 and 6.7.1
with a dyadic decomposition argument.

We shall shift therefore our focus to the analysis of the first estimate
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recorded above. To this end it seems adequate to note first that T,, =< T,
whence in view of the definition (6.7.2) it transpires that under the above

constraints one has
_ b —c/b
ny = T+ a)/bnclz/ n; c/b

We find it worth observing that the ensuing condition in conjunction with the

inequality 7, < T delivers the restriction

n611+bngfc < T(b72c+2a)/2.

It then transpires that we may assume b > 2c¢ — 2a, since otherwise the above
inequality would not hold for any tuple. In order to prepare the terrain for
a succint application of the aforementioned van der Corput’s estimates, some

notation is required. We thus denote
m=af/lb+c—a), y=>b/(b+c—a), y=c/(b+c—a).

We sum first over ny and apply van der Corput’s second derivative test [134,
Theorem 5.9], but not before recalling to the reader of (6.7.3), to obtain

Z PJI/QC;/QeiGl(cn) < S51(T) + S2(T),

Tn<cn<T
where
—1/2+4~
S1(T) = Z <T(b+c—a)/bnf{/bn;0/b> 2n1*1/2*'y1 n51/2+73
n‘{‘+bng_9<<T(b—2c+2a)/2
and
12 — /b —em\ 12
So(T) = Z n; 1/2n3 1/2 (T(b+c—a)/bn1/bn3 /b> ‘

nl11+bng*5<<T(b72c+2a)/2

It is apparent that the tuples pertaining to the above sums satisfy the inequal-
ity
—e/b\ /2
n}/Qné/Q (T(b“’“)/bn‘f/bng C/b> < T3/,
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which in turn delivers, as is customary, the corresponding bounds

Sy(T) < T3/ Z nytngt < T*(log T).

n‘1’+bng_c<<T(b_2°+2a)/2

We shall shift our focus next to the investigation of S;(7") and anticipate
that its analysis shall be surprisingly reminiscent to that cognate to Y52(7') in
the above lemma. By rearranging terms and summing over n; one readily sees
that

Si(T) = T (b—cta)/2b Z n1—1/2—a/2bn3—1/2+c/2b
ntipl e T (b-2c+42a)/2
—4cTia a —(b—c)/(a+b
< TV/A4+(b—2c+2a)/2(atb) Z n3( )/( ).

ng*C<<T(b—2c+2a)/2
Proceeding in a similar manner by summing over nz then yields

Si(T) < T1/4+(b=2c+2a)/2(b—c) _ T3/4+(2a—c)/2(b_0)’

as desired. n

It seems apparent that we have reached a position from which to easily
combine the work done in the chapter to prove Theorem 6.1.1, and this we
now describe.

Proof of Theorem 6.1.1. On combining equations (6.4.1) and (6.4.2) with
Lemma 6.4.1 and both Lemmata 6.5.3 and 6.5.4 it transpires that the contri-

bution stemming from the non-twisted integral satisfies
L(T) = 04T + O(T**(log T)*) + B(T),
wherein the term B(T') has the property that
B(T) < T'-V/2a+1/2

unconditionally and
B(T) < T1/2+a/(a+c)+5

under the assumption of Conjecture 2. Consequently, the above equation in
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conjunction with Lemma 6.7.3 delivers
Ipo(T) = 00pT + O(T3/4(log T)4 + T3/4+(2afc)/2(b70)> + B(T),

whenever ¢ < b, an analogous formula holding by omitting the error term

T3/4+2a=)/2(b=¢) ip the above equation if b = ¢, as desired.
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Chapter 7

Lower order terms appertaining

to mixed moments

7.1 Introduction

The extensive work appertaining to the sharpening of the asymptotic formula
associated to both the second and the fourth moment of the Riemann zeta
function, such examinations being initiated first by Hardy-Littlewood (see, for
instance Titchmarsh [134, Theorem 7.3]) and Ingham [80] respectively, may
belong to the not so numerous group of unconditional investigations concerning
moments of L-functions which ultimately led to establishing the validity of the
latter comprising extra lower order terms. In view of such an observation and

for the sake of transparency it seems worth defining, for £ € N the moment

Mi(T) = / C(1/2 + it) Prat

and note first that after the work of many, the first one to pursue such an

avenue being Titchmarsh, the formula
M,(T) =Tlog(T/2m) 4+ (2v — 1) T + Ey(T)

holds with F,(T) satisfying bounds of the shape E;(T) < T for some fixed
A > 0, the sharpest of which follows after work of Bourgain and Watt and
may be taken to be A = 1515/4816 + ¢.

In the same vein, investigations of Heath-Brown [59], which were eventu-
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ally refined by those of Zavorotnyi [178] and Ivic-Motohashi [82], led to the
analogous formula
My(T) = TP,(log T) + Ey(T),

where Py(x) denotes a quartic polynomial, and the best known bound for the
error term is Ey(T') < T?/3*¢. Tt should nonetheless be noted for the purpose
of merely illustrating the present introduction that further conjectural exam-
inations pertaining to higher order moments have been pursued by Conrey-
Farmer-Keating-Rubinstein-Snaith [25] by bringing into use random-matrix

theory utensils, thereby delivering analogous conclusions of the shape
My(T) = TPy (log T) + O(T"/?*%)

for k > 3, wherein P2(z) is a degree-k* polynomial.

Hirtherto the asymptotic evaluations presented herein comprised lower or-
der terms differing by a factor of a power of log T to the size of the main one,
such a consideration raising the question of whether analogous formulas for
moments of L-functions for which the sizes of the lower order terms differ from
that of the main one by a power of T" instead may be accomplished. To remedy
the lack of such formulas in the literature and incorporate a new one to such a
bizarre collection is, inter alia, the purpose of the present chapter. Stating the
main result of our perusal rather promptly precludes us from providing a not at
all prolix historical discussion concerning the appearance of such rare formulas
in the literature, which shall be deferred to a later point in the introduction.

We define for convenience what will be the main object of study in the

present chapter, namely

I(T) = /OT C(1/2 4 2it)¢(1/2 — it)?dt, (7.1.1)

and anticipate the main theorem concerning its asymptotic evaluation.

Theorem 7.1.1. For T > 0 one has the asymptotic formula

I(T) =aiT + T8 + O(T**(log T)?),
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where the constants ¢y, co are defined by means of the equations

_BRP,
G = 2C(3) (3 )7

and
32(2m)/8

- ¢(3/2)C(5/4)¢(5/2)~ i

Coy =

Investigations of moments leading to formulas containing such lower error
terms date back to the seminal work of Diaconu, Goldfeld and Hoffstein [36]
involving the use of multiple Dirichlet series in problems concerning moments
of L-functions. To further describe rather precisely their achievements therein
cognate to our considerations in the present memoir, it seems desirable to

introduce for » € N the moment of the family of quadratic L-functions

V(D)= 3 (G ) (7.1.2)

0<d<D

over the real primitive Dirichlet characters.

Before accomplishing such an endeavour, it has been thought preferable
to give account of the main results and conjectures akin to the above object.
We should note first that succesful investigations were initiated by Jutila [84],
who unconditionally provided an asymptotic evaluation for the cases r = 1
and r = 2, the formula for r = 1 further containing a main term of the
shape DP(log D) with P;(x) being a linear polynomial. A few years later,
precise conjectures about the asymptotics pertaining to (7.1.2) were provided
by means of Random Matrix theory models (see [89]), such formulations being

further refined by Conrey et al. [25] and taking the shape
M, (D) = DP,(;11))2(log D) + E,.(D), (7.1.3)

wherein P,(41)/2(2) is a completely explicit polynomial of degree r(r + 1)/2
and E,.(D) = o.(D).

Soundararajan’s influential paper [127] was the first instance in the liter-
ature for which an unconditional asymptotic formula for » = 3 was provided,
it taking the shape (7.1.3) with E5(D) = O(D"/12+%). Nonetheless, as earlier
foreshadowed, the aforementioned work of Diaconu, Goldfeld and Hoffstein [36]

in 2003, which in turn sharpened the above error term, and that of Zhang [179]
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further conjectured the presence of a lower order term of the shape ¢D3* in
the corresponding formula. This speculation was ultimately confirmed by the
work of Diaconu and Whitehead [38] at the sacrifice of introducing a weight
function, thereby providing such a lower term only for a smooth version of
(7.1.2). It shall be noted for the purpose of illustrating the exposition that an
analogous formula has been obtained by the first author earlier mentioned [35]
in the function field setting.

Such considerations have been generalised and formally written down in
recent work of Diaconu and Twiss [37], leading to the conjectural asymptotic

formulae
N

M,(D) = Z Dl/2+l/2nQn,r(10g D) + O(DU+0)/2),
n=1

wherein N > 1, the parameter 0 satisfies the property that (N +1)7! < 6 <
N~! and Q,,(z) denotes a polynomial. Moreover, it should be noted that
the aforementioned prediction and the corresponding results earlier mentioned
whenever r = 3 concerning the lower order terms are delivered via multiple
Dirichlet series arguments, the random matrix theoretic models failing to de-
tect such terms.

We shift our focus to the main result of this chapter and anticipate that
an approximate functional equation for both ((1/2 — it) and ¢(1/2 + 2it) will
be utilised, thereby reducing the problem to that of computing integrals of
twisted Dirichlet polynomials. Experts may recognise the necessity of approx-
imating ((1/2—1t) rather than employing the approximate functional equation
appertaining to ¢(1/2—it)? due to Hardy-Littlewood [53], the latter ultimately
delivering an error term larger than the main term in the formula of the main
theorem in the chapter.

The aforementioned lower order term ¢, 77/8 that is obtained herein arises
from the diagonal contribution appertaining to both the non-twisted integral
and a twisted integral very similar in vein in conjunction with the contribution
cognate to two twisted integrals that exhibit dissimilar behaviours. Whislt the
former is derived by means of a parametrization of the underlying equation
combined with a careful analysis, the latter necessitates an application of a
version of the stationary phase method of the requisite precision in conjunction
with a sharp perusal of the corresponding exponential sum stemming from

such an application. We draw the reader’s attention to Chapter 6 to the end of
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recalling that therein we were confronted with exponential sums that were only
amenable to applications of van der Corput’s type estimates, thus delivering
only upper bounds for such sums. The treatment herein departs from that of
that chapter in that explicit asymptotic control over the aforementioned sums
may be achieved due to their inherent simpleness, such a gift stemming from
the simplicity of the coefficients pertaining to the mixed moment at hand.
The structure of the chapter is organised as follows: In Section 7.2 we pro-
vide a somewhat novel approach to the stationary phase method at the cost
of imposing certain restrictions, thereby deriving error terms of the requisite
precision for our purposes but which by no means beat those stemming from
the work of Graham and Kolesnik [46, Lemma 3.4]. Section 7.3 is devoted to
the endeavour of the approximation of the mixed moment by a sum of inte-
grals of twisted Dirichlet polynomials. The diagonal and off-diagonal analysis
pertaining to the non-twisted integral in conjunction with the perusal of a
twisted integral exhibiting a similar behaviour is performed in Section 7.4. In
a different vein, Section 7.5 comprises routinary estimates of oscillatory inte-
grals making use of standard lemmata which entail no difficulty. Section 7.6
is devoted to the examination of the integrals for which the stationary phase
method is required in conjunction with an examination of the exponential
sum stemming from such an application, it providing a more number theoretic

flavour to the discussion, and ultimately leads to the proof of Theorem 7.1.1.

7.2 The stationary phase method

As was discussed above, we shall shortly provide the reader with yet another
somewhat novel discussion pertaining to the stationary phase method. We feel
the urge to anticipate that the error terms derived herein are not of a smaller
size than those cognate to earlier versions of such a method when applied
to the corresponding oscillatory integrals which we eventually encounter in
the present memoir, the main reason behind the author’s motivation to work
on such endeavours stemming largely on his lack of awareness of the historic
developments apposite to the problem when the latter encountered integrals
of such a shape. Nonetheless, it has been thought pertinent to illustrate the
exposition with the aforementioned version of the method for the purpose of

both providing a not completely analogous approach to the problem at hand

278



and with the hope that the result derived herein may be applicable in other
contexts, the bounds for the error terms appertaining to such applications
potentially being superior to those stemming from earlier versions. We find
it desirable to anticipate that Section 7.6 shall comprise an application of
the version derived herein, the use of Lemma 5.2.5 having nonetheless been
sufficient to obtain error terms of the required precision. Experts may recognise
the resemblance between the beginning of the proofs of both Lemma 4.6 of
Titchmarsh [134] and that of the present lemma, the departing in the course

of it having its genesis on the use of a higher order Taylor approximation.

Lemma 7.2.1. Let F(z) be a real function with derivatives up to order k for

k >4 on an interval (o, B), and satisfying
0< X < F'(z) < Ay (7.2.1)
where Ay > 0 and A > 0 is some fized constant, and
[F® ()] < N

for Ay > 0 on x € (a, ). We denote for further convenience the parameter
o = ()\2)\;6)71/(“2). We suppose that there exists some ¢ € [a, 5] for which
F'(¢) = 0 and with the property that for every 3 < j < k then

() .
SED ()| < n|FU=V(e), (7.2.2)

where n > 0 is a universally small enough constant. Then one obtains

B zF(ac)d 5 eiﬂ'/4+iF(c) 0 k571)\71
/a € T =V 7T|F”(C)|1/2 + ( 2 )

+0(min (|F'(@)] 7, 25"7)) + 0 min (F(3)7,2,7)).
(7.2.3)

wherein the implicit constants are universal. Moreover, suppose that either
F"(c)FW(c) < CLF"(c)? or  F"(c)FW(c) > CLF"(c)? (7.2.4)

for some parameters C; < 5/3 and Cy > 5/3. Then one obtains (7.2.3) without

the k factor in the first error term. If on the contrary F'(x) does not vanish
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on |a, f] then (7.2.3) holds without the leading term and the first error term.

Proof. As a prelude to our discussion it shall be noted that under the latter
circumstances the formula follows after an succint application of both Lem-
mata 5.2.1 and 5.2.3. If such a condition does not hold then there exists
some ¢ € [a, (] satisfying F'(c) = 0, the positivity of the second derivative
stated at the beginning of the proposition assuring the uniqueness of such a
zero. It seems pertinent to consider first the case o + 6 < ¢ < 8 — 9, the
complementary situation being deferred in view of its simplicity, as shall be
elucidated promptly. We then divide the range of integration of the above
integral accordingly, and this we now describe.

It is worth observing first that the monotonicity of F’(z) stemming from
(7.2.1) and Lemma 5.2.1 yield

bR 1
/c+56 @dr < oo <oy
where in the last step we employed the mean value theorem in conjunction
with (7.2.1) and the fact that F'(c¢) = 0. As the reader may anticipate, a not
dissimilar argument enables one to deduce that the contribution pertaining to
the interval [, ¢ — d] to the integral in (7.2.3) delivers the same error term to
the formula at hand.

The remainder of the discussion shall be devoted to the contribution cog-
nate to the remaining interval, the analysis of which being more intrincate, as
may have already been anticipated by the reader, and relying on a more sophis-
ticated framework of ideas. We find it worth beginning such an investigation

by employing the Taylor expansion of F'(x) to obtain

c+o a o
/ @) gy — / e Pr1(®) g +/ O(M(x = o)f)da,
s c—§ c=o

where the polynomial P;_;(x) is defined by means of the formula

FE(c)

= (x — )" 1.

Piy(x)=F(c)+ (x—c)F'(¢)+ ...+

Utilising the fact that F’(c¢) = 0 and recalling the definition of ¢ established in
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the statement of the lemma we then find that

c+d c+o
/ oF@) gy — (iF(©) / (@) g 4+ 067"\, (7.2.5)
c—0 c—6

where in the above formula the function u(z) denotes

" (k—1) c
u(z) = F2( >(37 —c)+..+ %1()')(95 — o). (7.2.6)

It is convenient to observe for further purposes that in view of the posi-
tivity of F”(c) and the bounds (7.2.2), the leading term in the corresponding

expressions for u(x) and v/(z) dominates over the remaining ones, meaning

_ F//(C)

u(x) (x—c)?+E.1(x) and u'(z) = F"(c)(x—c)+Eea(x), (7.2.7)

wherein the terms E.;(x) and E,5(x) satisfy the bounds

Eea(r) < ) W F"(0)l(x — ) < nlF"(0)|(x — ) (7.2.8)

w

J

and

x>
|
w

Eea(x) < ) ' [F'(e)(x — o)l < n|F"(e)(z = o),

j
whence it transpires that taking n small enough assures u/(z) > 0 for z €
(¢,c+9) and v/(z) < 0 whenever x € (¢— 6, ¢). Such a property, in conjunction
with an application of the Inverse function theorem enables one to establish
the existence of a differentiable function z(u) whenever u € (0,u(c — §)) U
(0, u(c+ (5)) with the property that

_ F(c)

U= (z(u)—c)*+.. .+

FF=D(¢)
k1)

(2(w) =)', 2/ (u) = ———, (7.2.9)

the latter property further implying that z’(u) > 0in (0, u(c+6)) and 2'(u) < 0
in (0,u(c —9)).
For the purpose of obtaining a main term in the desired formula it seems

pertinent, as shall be ellucidated promptly, to make the change of variables
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u = u(z) in order to obtain

s w(etd)  giu ou
/C @ dy = /0 mdu, where u'(x) = %(x(u))a (7.2.10)

and similarly

c u(c—9) el
/ @ dy = —/ ——du. (7.2.11)
c—§ 0 u (,I)

We shall henceforth consider u to be a variable lying on the interval (0, u(c+6 ))
and think of z(u) as being a function on w, it being desirable to abbreviate
x = z(u) at times for the clarity of the exposition. We also denote

u'(z) = % (z(u)).

In the course of the approximation pertaining to the above integrals the

function ] ]
G = — 7.2.12
(u) u’(x) 2F”(c)u ( )

shall play a prominent role. It then seems worth noting that by taking common
denominator and multiplicating by the conjugate in the above expression one

then has
2F" (c)u — ' (z)?

N W (x)/2F" (c)u(+/2F" (c)u + ' (x))
We draw the reader’s attention to the bounds (7.2.2) and the identity (7.2.9)

for the purpose of establishing the approximations

G(u)

_ F//(C)
2

F/// (C)
6

u(x) (x —c)* + (x — 0)3(1 - Al(u)),
F///(C)
2

wherein A;(u) are functions satisfying the bound A;(u) < 7, the corrrespond-

u'(z) = F"(c)(x —¢) + (x — 0)2(1 + Ag(u)),

ing derivative being taken only with respect to the variable . Consequently,
inserting the above formulas or those in (7.2.7) accordingly into the expression
deduced for the function G(u) delivers

 2POF() @ — o)1+ Alu)
G(u) - 2F”(C)3(l‘ _ 0)3(1 + A”(u)) 7
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for some functions A'(u), A”(u) < n, which then delivers

B F'"(C)
3F”(C)2

G(u) = (1+ A(w)), (7.2.13)

where as is customary the function A(w) here has the property that |A(u)| < 7.
The above discussion implicitly establishes, when thinking of ¢ as being

fixed and u as a variable, that G(u) behaves as a constant, it therefore being

desirable to examine its monotonicity for the purpose of deriving suitable es-

timates for the integral of such a function twisted by the factor e™. To this

end we compute G'(u) by means of equation (7.2.9) and (7.2.12) to obtain

—u'(x) 1 o' ()3 — " (x)\/8F" (c)u?

G(u) = u/ ()3 " 8F"(c)u N w(x)3/8F" (c)ud . (7.2.14)

The reader might find it useful to observe that the zeros of G'(u) satisfy
u'(2)% — 8u"(2)*F"(c)u(x)® = 0, (7.2.15)

which may be regarded as a polynomial equation in the variable x(u) of degree
at most 6k — 12. We write for convenience the list uy, ..., uy of zeros of G'(u)

and note that the preceding argument yields
N <6k — 12.

Recalling to the reader of equations (7.2.1) and (7.2.2), integrating by parts
and applying (7.2.13) delivers

(e+6) , N=b ey ‘
/ G(u)e™du = g / G(u)e™du < k|F"(c)||F"(c)| 2 < k6 '\ 1,
0 j=1 Y uj

wherein we employed the monotonicity of the function G/(u) inside the intervals
of integration of each of the above integrals.

On the interval (0, u(c—4J)) it is convenient to consider instead the function
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since on this occasion u/(x) < 0. The analysis to deduce the formula

F///(C)
3F"(c)?

and the monotonicity of the function at hand is completely analogous to the
one pertaining to the interval (0, u(c+ J)), whence in the interest of curtailing
the exposition it has been thought preferable not to provide further details to
the end of avoiding unnecessary repetition. Therefore, recalling (7.2.12) and

combining the previous discussion with (7.2.10) it follows that

c+0 ' C+5) u(c+9d) )
/ @) dy = / du + G(u)e™du
c F// 0

1 u(c+5)
—V2F(0) Jo f

an analogous argument recalling insted (7.2.11) delivering

du+0(k:5 g,

‘ iu(x) _ zu
e dx = du— du
[ \F [

= \/T’(C)/o %du + O(k6IAH).

As shall be elucidated promptly, it may also seem convenient to note that an
application of (7.2.7) in conjunction with (7.2.8) and the monotonicity of the

1/2

function u~"/¢ then yields

/u(c+6) el 4 /oo et y /oo et J i7'r/4\/_ n 0(571)\71/2)
0 Vu 0o Vu u(c+90) Vi ’

and similarly

/u(c5) et " 6“_/4\/_ N 0(671)\_1/2)
= m .
o Vu ’

Combining the above equations it follows then that

ct+d il (27.‘_)1/261'71'/4 L
/ e @) dg = T[T +O(k671Ah), (7.2.16)

which delivers the desired result.

To conclude the proof it thus remains to briefly discuss the deferred case
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B — 9 < c¢. Under such circumstances we utilise the same analysis as above
with the peculiarity of necessitating to bound the remaining integral over the

interval |3, ¢ + §], which we now describe. We write
c+6 ' ' c+4 ]
/ EZF(x)dZC — e'LF(c) / ezu(x)dx + O<571>\271)’
B B

as in (7.2.5), and observe that on recalling (7.2.7) and combining Lemmata
5.2.1 and 5.2.3 with the mean value theorem it transpires that

c+6
[ e <min (00 < (1),
B8 2

1
(8 —c)A
The previous bound in conjunction with (7.2.16) then provides the desired
conclusion. It shall be noted that an analogous computation for the case
¢ — 0 < a may lead one to obtain an analogous conclusion, thereby completing
the proof of the lemma in the instance when only (7.2.2) is assumed.

We shall shift our focus to the analysis of the integral at hand under the
assumption (7.2.4), and begin by noting first that an application of the bounds
(7.2.2) then yields

(¢

u(z) = 5 (x —c)* +

F/l/ (C)
3!

F@) (C)
4!

(x —c)® + (x —c)* + E.4(z),

wherein the error term in the above expression satisfies
Eoa(z) < 0| FO )] - )"

Likewise, on differentiating (7.2.6) and utilising the aforementioned bounds

one has

F”/(C>
2

F@ (c)
3!

u'(x) = F'(c)(z — ) + (z—0)* + (x =) + Ees(2),

and similarly
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wherein the above error terms satisfy the estimates
Ec5(x) < n|FY(c)|(z — ), Eo(x) < n|FW(c)|(z — o).

We shall depart from the earlier approach in that a careful perusal of the
equation (7.2.15) in conjunction with the assumption (7.2.4) will enable us to
accomplish the monotonicity of G(u) in the whole interval at hand, thereby
saving the extra k factor in the corresponding error term. To this end, it seems
worth noting that the above formula pertaining to «'(x) and a rather tedious

computation delivers the expression

u' (1) =F"(c)(x — ¢)® + 3F"(c)°F"(c)(x — ¢)”
15

+ (F//(c)5F(4)(c) + ZF//(C>4F”/(C)2)<I —c)® +G(x),

where the function G(z) satisfies the bound

1"

G(z) < nF" () (IF"(IFD ()] + F" ()*) (@ = ¢)°

for some small enough constant 7. Similarly, one can find that

8u”(x)*F"(c)u(z)® =F"(c)%(x — ¢)® + 3F"(c)’F"(¢)(x — ¢)"
1
F(GFIEPFO () + FF (O F" (0P — o) + H(w),
where the function H(x) satisfies the above bound pertaining to G(x). Con-

sequently, combining the previous equations it transpires that

u’(x)G - 8u"(x)2F”(c)u(ai)3 :FHSLC) (_ F//(C)F(4)(C) + gF”l(C)2) (LL’ o C)S
+ G(z) — H(x).

On recalling condition (7.2.4) one readily deduces that either
u/(l’)6 o SUH(JZ)QF//(C)U<$)3 Z ClF//(C)4F///(C)2($ - C)S

u/(l‘)ﬁ o 8u"(m)2F"(c)u(x)3 S —CQF”(C)4FW(C)2(I‘ . 6)8

for positive constants ci,co > 0. Therefore, by the preceding discussion in
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conjunction with (7.2.14) and a continuity argument we observe that either
G'(u) < 0 for all u € (0,u(c + 0)) or G'(u) > 0, thereby concluding the
monotonicity of G(u) in the interval at hand. We find it desirable to note
that an analogous process, up to a change of sign, can be applied to derive
the monotonicity in the interval (0,u(c — §)) of the function G;(u). Thus
combining (7.2.13) with integration by parts and (7.2.2) we deduce

u(c+9) '
/ G(u)e™du < |F"()||F"(c)| 2 < 6 1A\,
0

the analogous estimate holding when taking instead G;(u) and the interval
(0,u(c — §)) in the above equation. Therefore, the same procedure delivers
equation (7.2.16) with an error term of O(67'A; ") instead, and the discussion

following the aforementioned equation yields the desired result. O]

7.3 Initial manoeuvres

We begin our exposition by preparing the ground for the computation of the
mixed moment at hand. As may become transparent shortly, it seems desirable
to introduce minor changes in the ranges of the Dirichlet polynomials pertain-
ing to the approximate functional equation cognate to the factor ((1/2 + 2it),
such choices being in concordance with the underlying equation satisfied by

the corresponding variables. To this end we define for convenience

Di(s)=Y — s=1/2+it, i=0,1,2,

wherein
To=t/2m,  x =\/t/dm, x5 =/t/T.

We find it pertinent to anticipate the necessity of considering the approximate
functional equation (see Titchmarsh [134, (4.12.4)])

C(1/2 4 2it) = Py (t) + O(t—l/z;)’
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wherein the main term P;(t) in the above expression is defined by means of

the equation
Pi(t) = D1(1/2 + 2it) + x(1/2 + 2it) Dy(1/2 — 2it).

It seems desirable to draw the reader’s attention to the difference in length
of the above polynomials, such a consideration being suitable to simplify the

exposition. We also find it convenient to recall the reader of the definition
P(t) = D(1/2+it) + x(1/2 +it)D(1/2 — it)

presented in (5.4.2), wherein D(s) denotes Dy(s), and remind that the afore-

mentioned approximate functional equation yields
C(1/2 +it) = P(t) + Ot /%),

The bulk of the work pertaining to the mixed moment at hand shall com-
prise intrincate computations akin to diagonal and off-diagonal analysis in
conjunction with estimates of oscillatory integrals, it being nonetheless worth
starting the discussion by combining the above approximate functional equa-
tions to the end of reducing the problem to that of examining integrals of

twisted Dirichlet polynomials.

Lemma 7.3.1. With the above notation one then has that
T
I(T) = / Py (t)P(—t)%dt + O(T**1og T).
0

Proof. We find it worth beginning our analysis by noting that by inserting the

above approximate functional equations into (7.1.1) one readily sees that
T
G / Put)P(—t)2dt + E(T),  wherein B(T) < T"* + Ey(T) + By(T)
0
(7.3.1)

and the error terms F1(T') and E(T) satisfy the bounds

E(T) < /T (t21¢(1/2 + 2it)| + t2|¢(1/2 — it)| ) dt
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and

Ey(T) <« /T (412 + 2it) P + 74 C(1/2 — it)] ) dt.

We use Cauchy’s inequality and the asymptotic formula for the second moment
of the Riemman Zeta function (see, for instance Titchmarsh [134, Theorem
7.3]) to obtain

2T 1/2
E\(T) < (10gT)1/2(/ |§(1/2+it)|2> < TY?logT.
0

Likewise, it transpires that an application of integration by parts in conjunction
with the aforementioned asymptotic evaluation for the second moment of the

Riemman Zeta function delivers
oT
Ey(T) < T3*1log T + / t~Y4ogt < T3 *1og T,
0

which completes the proof in view of (7.3.1). O

The rest of the investigation pertaining to the integral at hand shall be
devoted to analyse the main term in (7.3.1). The reader may note that by
expanding the product inside the integral and using the expressions for P(t)
and Py (t) we obtain

I(T) = i In(T), (7.3.2)

wherein [,,(T) are integrals of twisted Dirichlet polynomials which shall be

introduced in the course of the discussion.

7.4 Diagonal and non-diagonal contribution of

the non-twisted integrals

We introduce, for convenience, the parameter
T, =T/2m, (7.4.1)

and anticipate its abundant presence throughout the chapter. We honour the

heading of the section at hand and introduce the main character which shall
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be analysed herein, namely

fl(T):/OTD1(1/2+2¢t)D(1/2—z't)%zt: S P,;W/T (”22”3)%,

ny
nS\/Tl n

wherein henceforth in considerations pertaining to such an analysis we write
N,, = 2rmax(n},n3,n3) and P, = ningns. (7.4.2)

The reader may also find it useful to recall the definition of D(s) in (5.4.1). It
also has been thought desirable to foreshadow that we might henceforth omit
writing the restriction

n <1 (7.4.3)

cognate to the corresponding sums for the sake of concission.

We shall make as is customary a distinction between triples satisfying the
equation n? = nynz and the ones having the property that such an equation
does not hold to obtain

I,(T) = H\(T) + O(H(T)),

wherein

H(T)= Y (T—Np)P, ' Hy(T)= Y P,'?|log (n/nons)|™".
n<yTy n<yT1
n%:ngng n%#ngng

The context herein shall be dissimilar to the ones pertaining to the analy-
sis in previous chapters in that the off-diagonal term does not present ma-
jor complications, a routinary argument delivering an estimate of the shape

O(T3/*(log T')?) for such a contribution, and this we now describe.

Lemma 7.4.1. With the above notation one has
Hy(T) < T3*(log T)>.

Proof. We write for convenience by Wy (7") to the contribution to Ho(7T') arising
from tuples with the property that |nyns —n?| < n?/2; the corresponding term
Wy(T') denoting the contribution stemming from the complementary tuples.

By observing that the logarithm in the formula pertaining to W5(T') satisfies
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llog(nans/n?)| > 1, it then transpires that

Wa(T) < > P < T
n<yTy

We shift our focus to the perusal of the term W;(7) and begin by noting that
the change of variables n? — nyng = r whenever nong < n? or ngng —n? =r
when nang > n? in conjunction with the observation that

log(mans/n3)| = —

ni
for tuples cognate to Wi (T) transports us to a position from which to derive
the estimate
WiT) < Yo om® Y df )/l
m<VTT O0<Ir<n/2

It seems desirable to observe that an application of summation by parts in
conjunction with classical asymptotic results concerning divisor sums enables

one to deduce

> dnd+ (1)) /r < (log T)?, m=1,2,

0<r<n2/2

from where the bound
Wi(T) < T3*(log T)?

follows routinarily. O]

The remainder of the discussion shall be devoted to the investigation of the

diagonal contribution.

Lemma 7.4.2. With the above notation one has

(3/2)3T C32-(2m)'®

C(3/2)¢(5/4)¢(5/2) ' T + O(T**(log T)).

Moreover,

(3/2)3T ~32-(2m)'/8

W) =2 7

C(3/2)¢(5/4)¢(5/2) ' T™® + O(T**(log T)?).

Proof. In view of the above lemma, it is apparent that showing the first asymp-
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totic formula shall be sufficient to prove the lemma at hand. For such purposes

it seems desirable to recall (7.4.1) and write

Hl (T) = 0'1T - Gl(T) - GQ(T), (744)
where we denote
G(T)=T > P2, Go(T)= > NuP'* (7.45)
max(ni,n2,m3)>vT1 TES\/ﬁ
ni=nans niy=nang

and where the constant oy is defined by means of the multidimensional series

o= > P (7.4.6)

ni=mnans

In order to progress in the analysis we begin by observing as customary

that one may parametrize the underlying equation n? = nyns by means of
ny = Amgms, Ny = Am3,  ng = A\mj, (7.4.7)

where my,m3 € N and A is a square-free number. For ease of notation it
seems desirable to clarify that henceforth whenever A\ appears in any sum it
will denote a square-free number in the corresponding range.

It seems worth noting first that for tuples satisfying the underlying equation
it transpires then that if ny > max(nq, ng) then the equalities n; = ny = ng
hold, the contribution to G1(7") stemming from this particular diagonal case

being bounded above by

T Z n;3/2<<T3/4.
n1>\/7T1

The symmetry with respect to ny and ng in conjunction with the parametriza-
tion at hand and the fact that if ny = n3 then n; = ny = n3 enables one to

deduce the equation

GUT) =21 Y X32m* P 4 o1/,
)\m§>\/'1T

mo>ms3
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from where it follows by summing over ms that

Gl(T) 3/2 Z A~ 3/2 +O<T Z A~ 3/2 )+O<T3/4)
Am2>/Ty Am2>y/T1

The reader may find it useful to observe that by a routinary procedure it

transpires that

D Nt T Y AT 3 AT < T g T (7.48)
v N

Moreover, it seems appropiate to note that an analogous argument applied

to the main term in the above equation pertaining to G1(7") enables one to

deduce
Do AT =2 T A ((32) 3 A
Am3>+/Ty A<VTT A>T
O(T‘3/8 S /\‘3/4> — o7 Yy + O(T 1),
A<VTL
where we wrote .
o=y, AT (7.4.9)
A=1

A square-free

The reader may find it convenient to note that we used the fact that in the
first equation the tail of the series pertaining to the main term is O(T~'/8).

Moreover, it transpires that

=D AT ) =) S m TN u(d)d = = ¢(5/4)¢(5/2)7" (7.4.10)
m=1 d=1

A=1 2|

Inserting the above formulas into the equation cognate to G1(7") and combining
the result obtained with (7.4.8) one readily sees that

G1(T) = 4(2m)"/3¢(3/2)¢(5/4)¢(5/2) " T™® + O(T**log T).

Before proceeding with the examination of the remaining term it seems
worth computing the precise value of oy, defined in (7.4.6), by an analogue

procedure to that deployed in the course of the evaluation of 5. To this end
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we employ the parametrization utilised above to show that

o= D mm N S  my im EAS (d)

m2,ms3 mao,ms,\ d2|>\
A square-free

=D my™* Y mg? Y u(dyd =y = ((3/2)%C(3) 7
mo=1 m3=1 d=1 m=1

We next shift our focus to the analysis of G5(7T'), and begin by noting as
above that for tuples satisfying the underlying equation it transpires that if
ny > max(ng, ng) one then has the equality ny = ny = ns, the contribution to

Go(T') stemming from this particular diagonal case being bounded above by

S w1,
n <VT1

It is apparent that whenever ny = ns it also follows that n; = ny = n3, whence
recalling (7.4.5) and in view of the ensuing discussion and the symmetry with

respect to ny and ny we deduce the formula

Go(T) =dr > md*AV2my " + o(1%/),
mo<ms
Am3<vTi
where we recall to the reader that A is square-free. Summing over my then

delivers the expression

Go(T) = 47¢(3/2) Y m§/2A1/2+0( S m§A1/2>+O(T3/4). (7.4.11)
Ami</Ty Am3</Ty

It is worth noting that by omitting the square-free condition pertaining to
the variable A in the error term cognate to the above formula and summing

accordingly it transpires that

Z m2A/? <« T3/ Z m3t < T%*log T.

Am3<yTh ms<T}/*

For the purpose of making further progress in the proof, it seems desirable

to denote Go,1(T") to the main term of (7.4.11), and observe that when summing
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over mgz one finds that

8
Goa(T) = BT Y 0T 30 AT,
ASVTL ASVTY

A square-free

(9 1/8
= LB s /27 T+ O,

wherein we used (7.4.9) and (7.4.10). Therefore, by the preceding discussion
and (7.4.4) we obtain the asymptotic formula

B c(3/2)3T _32-(2m)'/8

Hy(T) = G - C(3/2)¢(5/4)¢(5/2) ' T™® + O(T**1og T),

which completes the first part of the analysis appertaining to the section at
hand. O]

In order to make further progress in the proof of the main theorem, it seems

worth introducing the integral I5(7"), namely
T
L(T) = / x(1/2 + 2it)x(1/2 — it)>Dy(1/2 — 2it) D(1/2 + it)?dt,
0
and find it worth anticipating its resemblance to I;(7T), it being possible to
recycle some of the computations already presented.

Lemma 7.4.3. With the above notation one has that

V2((3/2)%e /4 T 16v/2 - (2m)"/8e=im/4
20(3) B 7

+O(T%*(log T)?).

L(T) = ((3/2)¢(5/4)¢(5/2)~ ' T™*

Proof. We employ Lemma 5.2.6 as is customary to observe that one may ex-

press the above integral by means of the formula

T
L(T)=e"* Y P2 / 2Ot 4 O(T**log T),
n1<+/2T/x N2

n2,n3<v1T1

wherein
Ny = 2rmax(ni/4,n3,n3) (7.4.12)
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and the phase function Fy(¢) in the preceding equation is defined as

Fy(t) = — 2tlog 2t + 2t(log(2m) + 1) + 2t log ¢t — 2¢(log(2m) + 1)
+ tlog(ni/nyns) = tlog(n? /4nyns).

Therefore, an analogous computation yields
IQ(T) = HQJ(T) + HQ’Q(T),

wherein

n2=4nang
with ng, ng < /Ty, and
P2
Hyo(T) < Z log(n}/4nsng)|
n<y/2T/x
n3#£4nans

The reader may observe first that following an analogous procedure to that
utilised in the course of the estimate pertaining to Hy(T') enables one to deduce
the bound Hy»(T) < T%*(log T)2. Moreover, making the change of variables
n} = ny1/2, as we may, in the sum cognate to Hy;(T") and applying Lemma

7.4.2 leads one to the expression

Hy(T)
V2
—p—in/4 \/§C(3/2)3T B 164/2 - (27)1/8e=im/4
2¢(3) 7
+O(T**1og T).

H271 (T) :e_iﬂ/4

C(3/2)¢(5/4)¢(5/2) 7 T™*

Therefore, the above equation in conjunction with the previous discussion

completes the proof of the lemma. n
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7.5 Routine estimates for twisted integrals

The analysis of the integrals discussed in this section shall not present any
major obstacle and will make use of both Lemmata 5.2.1 and 5.2.3. For the
purpose of not elongating the exposition it seems desirable to introduce one of

the main characters of the section promptly, namely
T
Ii(T) = / x(1/2 + 2it)Dy(1/2 — 2it)D(1/2 — it)*dt.
0
Lemma 7.5.1. With the above notation one has
I(T) < T¥*1og T.

Proof. Tt seems desirable to begin our discussion by combining both the ap-
proximation formula stemming from Lemma 5.2.6 and the above definition for
I3(T), but not before recalling (7.4.12), to the end of obtaining

T
I(T) = e™/* Z Pn_l/z/ Ot 4 O(T** log T),

N,
n1<+/2T/7 ™2

nz,ng<v11

wherein the phase function F3(t) is defined by means of the expression
Fy(t) = —2tlog 2t + 2t(log 2 + 1) + t(log ninons).

The experience in previous chapters may convince the reader of the convenience

of computing the derivative
Fj(t) = —2logt + log(n2nynsm?).

It seems worth observing that whenever n; > max(2ng, 2n3) then it fol-
lows that Fj(Ny2) = log (4nans/n?), and hence |Fj(t)| > log(ni/2ns) in the
interval at hand. In view of the previous remark it is apparent that whenever
ny > 4ng then |F5(t)| > 1, whence an application of Lemma 5.2.1 enables one

to deduce that the contribution stemming from such tuples to the above sum
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does not exceed, up to a constant,

Z P;l/? < T3/4.
n<VTi

For the remaining tuples, namely those satisfying 2ns < n; < 4ns then the

contribution is bounded above, up to a constant, by

_ 1
Z n31/2 Z ;<<T3/4(logT),

n2,n3<vT1 0<r<2n;

as desired.

If instead ny > max(ny/2,n3) and ny > ny/2 then it transpires that
F{(t) < —2log(2na/m)

in the interval of integration. The contribution stemming from tuples satisfying
ny > ny may be bounded via a routinary argument by O(7%/%). If instead one
has ny > ny then it is apparent that another application of Lemma 5.2.1 in
conjunction with the change of variables 2ny = n; 4+ r enables one to deduce

the estimate

p-1/2 o172
E — < E =« T3/410gT.
log(2ns/n4) r
n2,n3<vT1 n1,n3<T1
no<ni<2ns 0<r<2y/T}

Finally, for the remaining tuples satisfying no, > nz and 2ny, = n; we merely
observe that it is always the case that F”(t) < —2T! in the interval of in-
tegration, whence an application of Lemma 5.2.3 leads to the conclusion that

the contribution of these triples does not exceed, up to a constant,

T2 Z nf1n§1/2<<T3/4logT.

n1,n3<v11

It is convenient to observe that the roles of ny and n3 are symmetric, such
an observation combined with the above analysis thus delivering a similar
conclusion for tuples satisfying ng > max(n;/2,ny) and procluding us from

devoting more space in such a nuance. Consequently, the preceding discussion
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leads to the bound
I(T) < T¥*1og T,

as desired. O]

For the purpose of making progress towards the desired objective, it seems

worth considering the integral
T
L(T) = / N(1/2 = it)2Dy(1/2 + 2it) D(1/2 + it)2dt.
0

The reader shall rest assured that the analysis cognate to such an integral
will largely make use of the work previously done pertaining to I3(T'), and
convincing the reader of such a statement shall become our main priority in

the following lines.

Lemma 7.5.2. With the above notation it transpires that
I(T) < T¥*1og T.

Proof. We begin as is customary by utilising Lemma 5.2.6 to derive
T .
L(T)=—i Y P,;I/Z/ POt 4+ O(T** log T),
n<vTi "

where we recall the reader of (7.4.2) and define the phase function Fy(t) by

means of the expression
Fy(t) = 2tlogt — t(2log(2m) + 2 + log(ninans)).

For further purposes that shall be ellucidated promptly, we find it convenient

to compute its derivative
Fi(t) = 2logt — log ((27)*ninans).

The analysis of this term is quite similar to the previous one, whence con-
sideration of space and avoidance of repetition proclude us from providing
all of the details pertaining to the computations deployed. It seems worth
noting first that whenever n; > max(ns, n3) with n; > ny then it transpires

that Fj(t) > log(ni/ng) in the corresponding interval of integration, and the
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contribution of such triples to I,(7") will then be bounded above by

P—1/2 —-1/2
Z — T Z ke < T%*1ogT.
na2<ni ‘10g<n1/n2)| r<\/7T r
n177’73§\/jTl

The reader may find it useful to note that in the above estimates we implic-
itly divided as is customary the range of summation into the tuples for which
|n1 —na| > ny/2, in which case |log(ni/n2)| > 1 and the corresponding contri-
bution is O(T%/%), and the complementary tuples, for which making a change
of variables r = n; —ns leads one to the desired conclusion. It seems convenient
to remark that the roles of ny and n3 are symmetric in this context, whence
an analogous argument may be applicable to derive a similar conclusion when
interchanging ny and ns above.

If instead ng > max(ny,n3) with ng > min(ny, n3) then it transpires that
Fi(t) > log (n2/ min(ny,n3)) on the interval of integration, and a similar ar-
gument applies, an analogous argument enabling one to derive the same con-
clusion when interchanging the roles of ny and ns in the preceding discussion.
Finally, whenever n; = ny = ngz then F}(t) > 27! and Lemma 5.2.3 allows

one to bound, up to a constant, such a contribution by means of the term

/2 Z nf3/2<<T1/2.
n1<vT1

Combining the previous bounds yields the estimate
I(T) < T¥*1og T,

as desired. O

7.6 Application of the stationary phase method

The upcoming discussion shall comprise the perusal of two oscillatory inte-
grals, the computation of which shall have their reliance on an application of
the stationary phase method in conjunction with an elementary but somewhat
intrincate analysis of the exponential sum which arises after such an applica-

tion. We also found it appropiate to illustrate the exposition herein with an
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explicit application of the version of the stationary phase method developed
in earlier sections to the aforementioned oscillatory integrals. It shall further
be noted as above that some of the calculations made in the course of the
investigation pertaining to one of the integrals shall find their application in
the analysis of the other one, thereby simplifying significantly the exposition.
Without further delay, we present to the reader the term

I(T) = 2 /T Dy(1/2 + 2i)D(1/2 — it) D(1/2 + i)y (1/2 — it)dt,
0
and the phase function Fj(t), which is defined by means of the formula
Fy(t) = tlogt — t(log 21 + 1 + log(niny/ns)), (7.6.1)
and introduce for reasons that shall become apparent shortly the parameter
Crn = 2TN3Nng " (7.6.2)
Lemma 7.6.1. With the above notation one has that

I5(T) = 4rx Z nimngleiFs(C") + O(T3/4(log T)3).
Nn/Qﬂ'STL%TLQ/ngng

nz<min(ny,ng)

Proof. A customary application of the approximation formula in Lemma 5.2.6

delivers
. T . -
I(T) =2e/* Y~ P12 / e5Odt 4 O(T**1og T). (7.6.3)
ni <vT1 "

It shall be useful for future purposes to consider the derivative of the phase
function
F5(t) = logt — log(27) — log(nins/n3),

whence on recalling (7.6.2) it transpires that F'(cp,) = 0.
It is worth observing first that in the not so recalcitrant situation in which

the tuples satisfy the inequality ng > min(ny, ns) it is apparent that

Fi(t) > log (ng/ min(ny, n2))
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in the corresponding interval of integration, whence an application of Lemma
5.2.1 in conjunction with such an observation enables one to bound that con-

tribution above, up to a constant, by

_ 1
Z ™ v Z 2, 1/2

n1<VT1 na<nz %2 log(n3/n2)

The reader may observe that the contribution of tuples satisfying n; < ng is
bounded by the above sum with n; and ns interchanged. It seems convenient
to note as is customary that the contribution to the above sum of tuples for

which 2ny < ng is O(T%/*). For the remaining part one has that

> o Y <TVEY a2

n1<+/T1 n3/2<n2<n3 n2 log( /n 77,2<f 0<r<ng

< T3 *1ogT. (7.6.4)

We shall devote the remainder of the analysis to discuss the treatment of
tuples satisfying ng < min(ny, ny). The purpose of the subsequent analysis will
be to ensure that the conditions required to apply Lemma 7.2.1 are satisfied.

To this end, it transpires that one may assume that
Np/2 < ¢, < 2T, (7.6.5)

since otherwise a customary application of Lemma 5.2.1 would yield that the
corresponding contribution to I5(T) is O(T/*). We first observe, for further
convenience, that if ¢, /2 <t < 2¢,, then for any k£ > 2 one has

IFR (1)) < A, where Ay = 28" 1clF () — 2)]

and
Ao < |FY(t)| < 4Xy,  where Ay = (2¢,) 7"

We draw the reader’s attention back to the notation of the statement of

Lemma 7.2.1 and observe that then it transpires that

5 22-kck \1/(k+2)
B ((k — 2)!)

As shall be ellucidated shortly, it seems desirable to make the choice k = logT'
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and observe that for every 2 < j < k — 1 one finds that

2(2—k)/(k+2)(j _ 1)|

S|FIMD (en)]| = be? (j — 1)) = 7 TR/ (52

and
G+ DIFD (en) = (G + 1)(j — 2k,

Combining the above equations with Stirling’s formula and (7.6.5) one readily

sees that

. ) _ . _ 1 _
ONES ™ (en)| G+ D7E (en) | 7! < - = (l0g )7,

whence (7.2.2) holds for T' sufficiently large. Likewise, it transpires that
Fg’(cn)F5(4) (cn) = 2FY"(cn)?, which then delivers condition (7.2.4). The reader
may find it useful to observe that a further application of Stirling’s formula

and (7.6.5) enables one to deduce the estimates
A 10! < e/ 108 TH2) «og T

Equipped with the above considerations we have reached a position from

which to apply Lemma 7.2.1, which in turn delivers

I5(T) =47 Z n}ﬂngleiFS(C")

Np/2r<n3na/ns<Ty
nz<min(ni,n2)

o > M min (NI NY?))
Nn/QSCngan

+o( Y PV min ((F(T)LTV)) + O(T¥ g T),
T/2<cn<2T

(7.6.6)

The reader shall rest assured that further details about such an applica-
tion will be delivered promptly. It may first be useful to observe that in the
preceding lines we implicitly applied the aforementioned lemma for the range
2N, < ¢, <T/2 to the integral

2¢Cn
/ PRAION
cn/2
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and estimate the remaining parts of the integral in (7.6.3) via an application
of Lemma 5.2.1. The same paragraph presented right after (5.7.3) to justify
the aforementioned formula shall be applicable herein to discuss the validity
of such an application in this context, whence in the interest of curtailing the
discussion we refer the reader to that earlier explanation.

We shift our attention to the analysis of the error terms pertaining to the

equation (7.6.6), and begin by examining first the tuples satisfying
ny > max(ng, n3), (7.6.7)

in which case 2mn? = N,,. It is worth noting that under such circumstances
then

F5(Nn) = log(ns/ns),

whence

1
-1/2 -1/2 —-1/2 T3/4 1 T
Z n Z U Ng log(ng/ng) < ( 0g )7

ni>max(nz,n3) n3<n2<2n3

wherein we used the same procedure as the one employed in (7.6.4). It seems

worth anticipating that we shall utilise the bound
min (| F5(Na)| ™1, Ny/?) < N,/
for the slightly more recalcitrant situation in which ny = n3, and observe that
Z nl_l/2n2’1N,i/2 < Z n}/Qngl < T3/4(log T),
n1n2<vTi n1n2<VTi

whence combining both estimates delivers

> PV Pmin (|F(NA)[ T NY?) < T84 (log T).

n

Nn/QSCn SQNn
ni>max(ng,n3)

The reader may note as is customary that the contribution stemming from tu-
ples outside of the ranges previously examined and satisfying (7.6.7) is O(T%/4)
in view of the fact that such tuples have the property that |log(ng/ns)| > 1.

The rest of the investigation cognate to such an error term shall be devoted
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to the examination of the contribution arising from triples with the property

that no > ny; > ng. Under such circumstances, it transpires that
F3(Ny) = log(ngng/n}).

We observe that the condition N, /2 < ¢, < 2N, is now equivalent to the

inequalities

n22n3 < n% < 2n9ns.
As may become apparent shortly, it seems worth utilising a routinary argument
to deduce
1 - d(n?+r)
Z p-1/2 < Z n 3/2 Z 1

n 2 1 2 2

nang/2<ni<2nong [log(n2ms /1)) m<VTr —n?/2<r<n? log((ny +7) /i)
n%#ngng r#0
dn? +r
Y dimi + ) \17“! ) « T3*(log T)?.
n1<vTy 0<|r|<n?

Likewise, whenever n? = monz then on observing that N,, = 27n3 it then

transpires that

Z n2_3/4n§3/4]\7,1/2<< Z n;/4n;3/4<<T3/4,
n2,n3<vT1 n2,n3<vT1

whence combining both estimates delivers

> PYPmin (|F(Ny)| T NY?) < T4 (log T)?,
Np/2<cn<2Nn,
n3<ni<ng
which completes the perusal of the first error term cognate to (7.6.6).

In order to make further progress in the lemma we shall examine the second
error term pertaining to the equation (7.6.6). We define for further convenience
the parameter A = (ng / nz)l/ ? for each (n2,n3), and find it worth observing
for further use that on recalling (7.6.2) then the range of summation described

by means of the inequalities T/2 < ¢, < 2T is equivalent to

Al/\/§ < np < V2A,.
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We apply the same argument as above to deduce that

—-1/2

Pr 1/2 _1/2 A}/z
Yy Sy ameny M
noms<vTi  [n1—A1]>1 no,na<vTL 0<r<A;
A1/V2<n1<V2ZA;
< TY(ogT) Y ny¥tng't
na,n3<vT1
< T%*ogT.

Likewise, if |n; — A;| < 1 it seems worth anticipating that the trivial bound
min (|Fy(T)|~", T"?) < T*/?

will already suffice to obtain the estimate

Y. > BPmin(IE(T)TNTV)

n2,n3<y/T1 In1—A1|<1
< T2 Z Z 71/2 71/2/\171/2
na,n3<y/Ty In1—A1|<1

<TV N et < T
n2,n3<vT1

The combination of the above bounds then yields

> PP min (|FY(T)TYV?) < T log T

T/2<cn, <2T

and completes the examination of the error terms cognate to the equation
(7.6.6). m

In order to make further progress in the section we find convenient to
shift our focus to the investigation of the main term in (7.6.6), the analysis
of which shall have a more number theoretic flavour. As was earlier outlined
in the introduction, the simplicity of the exponential sum comprising such a
main term, which in turn stems from the simplicity in the coefficients involved
in the mixed moment at hand, shall enable us to depart from earlier treat-
ments in previous chapters in that an explicit asymptotic evaluation shall be
achieved, thereby precluding us from the necessity of applying van der Cor-

put’s estimates. Such an advantage therefore enables one to incorporate lower
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order terms to the main asymptotic formula of the chapter, as opposed to the

situations previously encountered in the memoir.

Lemma 7.6.2. One has that

. 16C(3/2)((5/4
> nt/Ppgteifslen) = <<7</(5)/<2()/ )Tf/8+O(T3/4(10gT)3)‘

Ny /27n<n2na/n3<Ty
nz<min(ni,n2)

Moreover,

32 - (2m)'/°¢(3/2)¢(5/4)
7¢(5/2)

Proof. 1t is apparent at first glance that under the assumption of the first

I(T) = T8+ O(T%*(log T)?).

equation then the second follows after an application of Lemma 7.6.1. We find

it worth putting ideas into effect by observing first that
Fy(cp) = —2mningng*.

Therefore, by summing over ny, and applying orthogonality in the main term

of the equation (7.6.6) it transpires that

Nn/27r§n%n2 /ma<Ty
n3<min(ny,n2)

where we divided the range of summation according to the divisibility of n?

by ns3 to obtain

S\ (T) = > n/ng? (7.6.8)
Nn/2n<n3ng/ns<Ty
n|n?
and
So(T) = Z n}/QngleiFs(Cn)7
Np/2m<n3na/ns<Ty
ngfn%

wherein we omitted for ease of notation writing ng < min(ny, ns).

It seems worth noting first that summing over ny in the above equation

then yields
-1

So(T) < Y ny*ng!

2
n
n
natn3 K
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As shall be ellucidated shortly, it transpires that for the purpose of analysing
the above sum rather precisely, another parametrization encoding the divisi-
bility relations between n? and nj shall be required. To this end we take the
tuple nq,n3 and denote by ¢ the largest natural number with the property
that ¢ | ny and ¢* | n3. The reader may note that on writing n; = ¢n/ and
ns = ¢*nj it is apparent at first glance that A = (n/, n}) is square-free, since
otherwise we would be contradicting the maximality of ¢, an analogous reason
further delivering the coprimality condition (A\,n4A™') = 1. In view of the

ensuing discussion and on writing n} = Am; and n} = Amgs we find that then
ny = gAma, ng = q*Ams,

wherein (mq, m3) = (A, m3) = 1. We make use of the parametrization deduced

in the preceding discussion to obtain the bound

A 211—1 oo
So(T) < Z A2 Z m}/Q my quS/Q
q=1

Ams<v/Ti (ms,m1)=1 s
(Am3)=1 miA<VT1
am2 |
< Z A2mgt Z my/? L (7.6.9)
m3A<vTy miA<v/Ty s

(Am3)=1 (m3,m1)=1

Under such circumstances, the reader may find it useful to note that for fixed

mq, mg there are at most d(mg3) solutions to the congruence

mi=m/? (mod ms)
with (mq,m3) = (m),ms) = 1, such a bound arising as a consequence of
the remainder theorem in conjunction with the fact that there are at most 2
solutions of such a congruence modulo an odd prime power. In view of the
above observation it seems convenient to divide for fixed A and mg the range

of summation for m; into intervals of length ms, namely

J(m3,A)
02V = (16~ s, gms] ) Ulsgmgn

j=1
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wherein the cardinality of the last interval satisfies [/ (m,, A)+1| < ms and
T(ma, \) = L(mg)\)’lx/le .

Equipped with such a dissection it is worth noting first that for fixed j it
is apparent that

>

m1€[(j—1)m3,jms3]

1
Am?

ms 1
- < d(ms)my*52 " - < 7Y2d(msg)m3* log T
3 r=1

We have thus reached a position from which to succintly deduce an estimate
for Sy(T') of the requisite precision by simply summing the above equation over

Jj < J(ms, A) + 1 and inserting such a line of estimates in (7.6.9) to obtain

J(m3,)\)+1
S(T) < (logT) Y A d(m LY g
maA<v/T1 Jj=1
< (logT) Y AY2d(my)my/*T(ms, \)*/?
m3A</T1
LT *(ogT) Y A 2d(mg)mg' < T**(log T)?, (7.6.10)
maA<y/Ty

as desired.

We shall shift our attention to the term S;(7"), but not before anticipating
that for the sake of simplicity, we will avoid henceforth writing the condition
ns | n? in the corresponding sums. To this end, it seems worth noting that
the underlying restrictions on the tuples pertaining to the sum in S1(7) are

equivalent to the conditions
nong < n3,  ning < Tins, nz < min(ng,ny), ni,ng < /Ty. (7.6.11)

We divide the sum accordingly into tuples depending on whether n? < nzy/T}
holds or does not hold to find that

S1(T) = U\(T) + Us(T) — Us(T) + O(U(T)),
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where

0T = Y n'ng” Un(D) =T > "
n?<nzv/T1 n3vVTi<n?
n3<ni nz<ny

and
Us(T) = Y nng?, UM = > n/ng,

na<ng n1,n3<v/T1

wherein Us(T') the triples also satisfy all but the third condition in (7.6.11).

We employ the parametrization introduced in (7.4.7) to obtain the estimate

Us(T) < Z n/? < Z Al/2m§/2m§/2<<T3/4 Z (mams)
n1,n3<vT1 Amima</Ty mams<+/T1

< T¥*(logT)%.  (7.6.12)
Likewise, it transpires that

UT) < Y APl < 1 YT AT < T
Amama<v/Ti A<VTL

The reader may observe that the same parametrization inserted on this

occasion in the expression for U;(T") enables one to deduce

UL(T) = Z /\1/2mg/2m;3/27
m3A<y/TT

mz<mg

wherein we recall to the reader that A runs over square-free numbers. We sum

over mg in the above expression to obtain

SN =32 Y w0 X ),

m3A<V/T] m3A<V/T] m3A<VTy

mg<mgy

It seems desirable to note that the error term in the preceding equation is
O(T**(logT)). Likewise, summing over m; in the main term of the above

formula yields

Z )\1/2mg/2:%T17/8 Z )\_5/4—|—O< Z )\1/2(T1/4)\_1/2)5/2).
mIA<VTT A<VTT ASVTT
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We find it worth remarking that in the above equation the error term is
O(T?3/*), a routinary argument enabling one to bound the tail of the series
cognate to the main term of such an equation by O(T~/®). By recalling that
A runs over the square-free numbers in conjunction with the preceding discus-
sion and (7.4.10) it then transpires that

Z )\1/2mg/2 _ 24(5/4)T17/8 + O(T3/4),
7¢(5/2)
m%/\<\/r—’T1

which in turn yields

U(T) = %Tﬂ8 +O(T**(log T))). (7.6.13)

In order to make progress in the proof of the lemma we find it convenient
to focus our attention in the analysis of Us(7'). To this end it seems desirable

to observe that the use of the aforementioned parametrization delivers

UQ(T) _ Tl Z A_3/2m;3/2m;3/2,

m2,m3,A

wherein the above triples satisfy the conditions
vV T1 < )\mg, ms < meo )\m§ < Tl, )\m2m3 < Tl,

the last two stemming from the customary inequality (7.4.3). We note that
the underlying conditions on the parameters earlier described are equivalent

to the collection of inequalities

Tll /4 T

Nz S M S
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Equipped with such an observation one readily deduces that

_ —3/2 _—3/2 _ —3/2 _—3/2
32, /m /2 _ 32, /m /
2 3 2 3
VTi<Am3 T AA=1/2<m,
Amams3<~/T} Am2</T1
m2A<y/T =

- AT PR (7.6.14)
\/ﬁ)\’lm;1<m2
Am3<yTT

We sum over ms in the second summand of the above equation to get

Z /\_3/2m2_3/2m;3/2 < T4 Z /\—1m§1 < T‘1/4(log T)2.

\/T1A*1m371<m2 Am%S\/Tl
Am3<y/Th

It might also seem desirable to note that when summing over msy in the main

term of (7.6.14) we obtain the asymptotic relation

3 N2 =32 =312 o8 3 NPy 72

T AA=1/2<my AmZ<V/TT
Am3<yTh
_ _ -3/2
LO(T Y )
Am§§\/T1

By summing over both ms and A one may find that the error term in
the above equation is O(T~/*). To complete the evaluation of Uy(T) it thus

remains to analyse the sum cognate to the above main term, say

o0

Z )\_5/4m;3/2 — ((3/2) Z )\_5/4—1—0( Z )\_5/4m;3/2),

Am3<V/Ty A=1 Am3>y/Ty

A square-free

One then clearly deduces that the error term is bounded above by a constant

times

T8N TN Y A< T (log T),
AVIT VT

which in conjunction with a customary evaluation of the above series yields

S AT Am = ((3/2)¢(5/4)¢(5/2) 7 + T/ (log T).
Am3<v/Ty
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Consequently, the preceding discussion delivers
Uo(T) = 20(3/2)(5/4)¢(5/2) " T1"" + O(T*/(log T)%),

whence combining such an equation with (7.6.12) and (7.6.13) yields

16¢(3/2)¢(5/4) 7/s 3/4

Si(T) = T O(T**(log T)?). 7.6.15
In order to finish the proof it suffices to combine the above formula with
(7.6.10). m

For the purpose of completing the discussion it seems desirable to consider
the final term

I(T) = 2 /T D(1/2 — it)D(1/2 + it) Da(1/2 — 2it)x(1/2 — it)x(1/2 + 2it)dt.

Lemma 7.6.3. One has that

MOV
I(T) = %e”/‘*g(sm)gwm)w/g +O(T**(log T)*).

Proof. We begin the proof by recalling (7.4.12) and employing the approxima-

tion formula found in Lemma 5.2.6 to obtain

T
L(T)=2 ) Pn1/2/ Bt + O(T**log T), (7.6.16)

n1 <2y Nn,2
n2,n3 <11

wherein the phase function is defined by means of the expression
Fs(t) = —2tlog 2t + tlogt + t(log 27 + 1 + log(n?na/n3)).
The reader may observe that then on recalling (7.6.1) it transpires that
Fy(t) = —F5(t) — tlog4.

Thus on writing d,, = 27n?n,/4nz then one readily sees that Fj(d,) = 0 and
that
Fy(dy) = 2mning /4ns. (7.6.17)
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An insightful inspection of the proof of Lemma 7.6.1 in the course of the
estimation of the error terms reveals that the only property utilised therein
pertaining to the number n; being an integer was the spacing condition in N.
It therefore transpires that upon making the change of variables n} = n;/2
in the analysis of the corresponding error terms herein we can reproduce the

same proof to the end of deriving the equation

I4(T) = 2me’™/* Z n}/QngleiFG(d") + O(T3/4(10g T)*), (7.6.18)

n3z<min(ni/2,n2)
n%nz /Anz<Ti

wherein the tuples in the above sum are subjected to the same constraints as
in the sum in (7.6.16). It seems convenient to write, as was previously done,

the sum Mgy (7') in the above expression by means of the formula

Ms(T) = Vi(T') + Va(T),

wherein
1/2 1
Vi(T) = E ny Ny
n%n2/4n3§T1
4ng|n?
and
W(T) = E ny 1/2 ng tetfoldn)
n%n2/4n3§T1
4n3’[n?

where we omitted for ease of notation writing ns3 < min(n;/2,ns).

We find it desirable to observe first that on recalling (7.6.17) one has

)< 3 nlnyt

4ngn?

-1

4_n3,
The reader may note that another insightful perusal of the analysis pertaining

to So(T') found right after (7.6.8) reveals that the same argument deployed

therein may be still valid when replacing nsg by 4ns, thus delivering
Vo(T) < T**(log T)3.

Yet another insightful examination of the term V;(T') might suggest that
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on making the change of variables n} = n;/2, as we may, and recalling (7.6.8)

to the reader, it transpires that
Vi(T) = V2S,(T).

Therefore, on combining the above identity with the asymptotic evaluation
(7.6.15) one obtains

_ 16VE(3/2C6/4)

7/8 /4 2
7CG/2) T!° +O(T**(log T)?),

Vi(T)

which in conjunction with the preceding discussion and (7.6.18) delivers

/s
I6(T) = %e”/“qsmx(waws +O(T¥ (1o T)),

as desired.
O

Proof of Theorem 7.1.1 We have now reached a position from which to
expeditiously complete the proof of Theorem 7.1.1 by means of the combination
of equation (7.3.2) with Lemmata 7.3.1, 7.4.2, 7.4.3, 7.5.1, 7.5.2, 7.6.2 and
7.6.3.
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