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Abstract 

Failure of a component is a safety and financial hazard in many industries, especially aerospace and 

nuclear. Since the beginning of the 20th century, the field of fracture mechanics has sought to 

understand how components fail. There have been many advances in the understanding of this area 

including the development of the linear elastic and elastic plastic theories of fracture mechanics. The 

application of fracture mechanics has been codified in the BS7910 code and R6 integrity assessment 

procedure, which allow a user to assess whether a flaw in a material will propagate and cause 

failure.  

The fracture toughness of a material is a known material property which represents how resistant a 

material is to fracture. Numerical measures of fracture, for example the J-integral, enable the 

comparison of fracture toughness between materials. However, a component has a susceptibility to 

failure which is not only dependent on the fracture toughness of the material from which it is made. 

When an component cracks, at the tip of the crack a high stress region known as the plastic zone 

forms. In this region plastic yielding has occurred. The size of the component in question constrains 

this plastic zone and can partly determine the likelihood of an component failing. There are two 

types of constraint: In-plane constraint and out of plane constraint. In plane constraint depends on 

the length of uncracked solid material ahead of the crack tip. Out of plane constraint refers to the 

effect of the component thickness, which is its orthogonal size relative to the direction of crack 

propagation.  

Parameters such as T-stress account for the effect of constraint on fracture. Assessment codes and 

procedures enable the estimation of the safety of a component by comparison to tabulated 

measurements of these parameters. No fracture assessment code or procedure currently accounts 

for the effect out of plane constraint on an component’s fracture toughness. Furthermore, theories 

accounting for in and out of plane constraint often involve using three parameters, for example K-T-

Tz. In this thesis a single parameter to quantify both in and out of plane constraint is tested, φ. It is 

compared with Q another parameter that has been suggested to quantify both types of constraint.  

The first part of the project involved a tensile fracture test at a beamline which provided in-situ 

synchrotron X-radiation. The material used was AlTi metal matrix composite formed into a double 

notch tension specimen. This allowed the imaging of the plastic region, from which a novel set of 

computational Finite Element codes were used to calculate the K parameter, a measure of the 

fracture toughness. This was plotted against the φ and Q parameters. 

Due to the limited number of experiments that were possible in the beamline only four specimens 

were tested which gave values of K for four different levels in the range 41.7 and 52.5 MPa√m. 

When plotted against φ, these results showed a limited constraint effect. For this reason, a new set 

of three point bending tests on Single Edge Notch Bend (SENB) specimens were performed. Nine 

different combinations of constraint were used by producing specimens of thickness B=5,12, 30mm 

and a/W=0.075,0.275,0.375. These specimens were made from Al7075 T651. This allowed both the 

parameters, Q and φ to be plotted against K. The results showed a good correlation between 

𝜑 𝑎𝑛𝑑 𝐾.  

Finally, a test carried out on pipes made from Al7075 T651 enabled an industrially relevant example 

to be compared with the data from the SENB three-point bending test. The test was carried out 

using the same test setup as for the SENB specimens and K of 49.5 MPa√m and φ of 5.2 was 
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measured. This showed that in this example the data fitted with the expected trend from the 

previous experiment. 

It can be concluded that the parameter φ is a potential parameter to quantify both in and out of 

plane constraint. This is because φ is sensitive to both in and out of plane constraint. Q, conversely 

does not combine in and out of plane constraint consistently. To enable the use of φ in structural 

integrity assessment  further work would be needed, which would involve the testing of steel 

specimens to strengthen the evidence for this method, by proving its applicability to other materials. 
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1. Introduction 

1.1  Fracture Mechanics 

Fracture mechanics is the study of cracks. This can include how they initiate, propagate and 

whether a crack will eventually cause a component to fail. During a manufacturing process any 

component can acquire flaws. This can occur due to temperature, pressure, stress, shearing 

chemical effects. In the service lifetime of a component expose to different conditions 

depending on the environment that the component is exposed to. From components which 

undergo high stresses, to components which are in contact with high temperature materials, 

there many reasons why a crack can occur. 

 

A. A. Griffith began the study of fracture mechanics in the early 20th century. This was motivated 

by experiments on glass which showed anomalously low fracture toughness of about 100MPa 

m0.5. This was very low when comparing it to the theoretical value which calculated from the 

energy of the lattice structure. This was at least 100 times higher [1]. The difference of several 

orders of magnitude required explanation. This work required a series of experiments, the 

results of which defined linear elastic fracture mechanics. The parameters defined in Linear 

Elastic Fracture Mechanics (LEFM) included the stress intensity factor K and the strain energy 

release rate G [2]. The assumption that linear elastic fracture mechanics makes do not hold true 

in cases of large loads. This is because the plastic zone at the crack tip increases in size, so it is no 

longer comparable to the crack length. This problem led to the development of elastic plastic 

fracture mechanics. This was a set of relationships mostly derived empirically from experiments, 

to quantify crack growth in situations with a high level of non-linearity or plasticity. A new 

generation of scientists including James R Rice introduced more parameters. The main 

parameters were crack tip opening displacement (CTOD) and the J-integral which is a measure of 

strain energy release rate [3]. Crucially, the transition flaw size and cohesive zone models 

accounted for the difference between stable cracks and unstable crack growth. The 

development of fracture mechanics is reviewed in detail in Chapter 2. 

 

1.2 Development of R6 

In any engineering application the structural integrity of components is of vital importance. This 

is true regardless of the application. However, there are some situations where the failure of 

components would be truly disastrous. One example of this is in aerospace applications. Many 

components of an aircraft are critical to its safe operation and the failure of these components 

could lead to loss of life. The nuclear industry is another example of an application in which 

failure is highly consequential. In this case, structures in nuclear reactors and waste storage 

facilities are part of an immensely complex system of machines, designed not only to produce 

power, but also to prevent the release of very dangerous radioactive substances. In these cases, 

a high level of regulation is involved in the industry to justify the safety of all components.  

 

Many functional components contain defects that are known and not all of these will cause 

failure. These defects can occur for a number of reasons, the main reasons being residual stress 

due to welding, secondary stresses on a component and limit load effects. To enable 

assessments to be standardised the R6 structural integrity assessment procedures were 

published in 1976, to enable UK nuclear industry professionals to make and justify decisions 
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relating to defects in components. There have been many updates and revisions to this since, as 

R6 has become the nuclear industry standard in assessing defects in components during this 

time [4]. 

 

Currently the Fitness for Service (FFS) assessment codes and procedures in the UK (e.g. R6 and 

BS7910) do not include the effects of loss of out-of-plane constraint on the fracture behaviour of 

components. This is because it has been long believed that thin sections with low out-of-plane 

constraint are more susceptible to plastic collapse than fracture. The main part of an R6 

assessment is the evaluation of a component using Failure Assessment Diagram which will be 

discussed in Section 2. An appendix to R6 allows for the consideration of the effect of in plane 

constraint using correlation equations. These relate a parameter that characterises in-plane with 

a parameter characterising fracture toughness. Currently, the in-plane constraint parameter in 

the assessments are T [5] or Q [6]. The out-of-plane constraint can be quantified and included in 

the assessment by a separate parameter such as Tz [7]. However, it could be argued that if a 

unified measure of constraint is defined, the effects of both in-plane and out-of-plane 

constraints can be combined by a single parameter. Using a single parameter for constraint will 

considerably reduce the cost of experimental programmes required to quantify the effects of 

constraint as the in-plane and out-of-plane data can be pooled. Anderson and Dodds [8] 

suggested the size of the plastic zone around the crack tip as a unified measure of constraint 

which later developed further by Mostafavi et al. [9], and more recently by Seal and Sherry [10]. 

In the course of this work a parameter known as φ, defined as the normalised volume of the 

plastic zone, will be tested for sensitivity to in and out of plane constraint. The present work, 

supported by NNL, provides a definitive direct measurement of elastic energy and plastic work of 

a crack in various in-plane and out of plane constraint conditions, providing a scientific basis for 

the unified measure of constraint that can in due course be added to structural integrity 

assessment, significantly reducing the cost associated with characterising new materials for 

future nuclear systems. 

1.3 Methodology 

In this thesis, a large number of experiments were carried out. This was necessary because the 

nature of any work in this field involves determining when a physical component will fail. A large 

part of fracture also involves tabulating parameters and studying the effect of changing 

conditions on these parameters. It was decided that the experiments would be simulated. This 

had two useful outcomes: It allowed this research to determine fracture parameters that had 

been previously defined and ensured that the results of the experiments were reproduceable. 

Almost all the analytical results in this thesis have been derived from computational work and 

simulations and relatively few results have been taken directly from the experiments. In reality, 

it has been necessary to perform experiments to ensure that the simulations are representative 

and consistent with experimental data. This avoids the risk of the simulations giving results 

which are mathematically correct but unphysical. Almost all, of the simulations in this 

dissertation are produced using a method known as finite element analysis, which is now a 

familiar and standardised process in computer aided engineering. This process involves the 

discretization of complex geometric models into a number of shapes of known size. These are 

the known as finite elements (FE). A series of differential equations can be modelled over these 

elements, which enables the equations to be solved numerically. By modelling the experiments 

using FEA and proving that the model was compliant with this, numerical values of the 
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constraint parameters can be determined. These values can then be determined for a number of 

different levels of constraint. 

In this work, the Q parameter is compared with φ, the normalised volume of the plastic zone, to 

enable informed decisions to be made about which of these parameters best quantifies 

constraint. Q was a parameter proposed by O’Dowd and Shih, which is defined as the difference 

between the stress field close to the crack tip and the HRR stress field[6]. This makes a useful 

comparison with φ, as Q quantifies in plane constraint and is not proven to be sensitive to out of 

plane constraint. This means that if fracture toughness is plotted against Q and φ for different 

levels of in and out of plane constraint, there may be a divergence between these two 

parameters if φ is correlated with fracture toughness. 

 

1.4 Overview of work 

Three experiments were performed in the course of this project: 

• Experiment using X-ray diffraction and tomography to demonstrate quantification of 

constraint and sensitivity of the parameters to constraint. This is reported in Chapter 

3. This was a tensile test with 4 specimens. 

• Three-point bending test with 9 different specimens, each with a different level of 

constraint. This provided a range of results with repeat measurements, which 

showed the behaviour of each parameter at a range of levels of in and out of plane 

constraint. 

• Three point bending test on pipe which showed the applicability of the constraint 

parameters to realistic specimens. 
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2  Literature Review 

2.1 Introduction 

This section begins by defining basic terminology, the fracture toughness parameters and 

introducing the concept of constraint. The types of constraint parameters are introduced, in-plane 

and out of plane and the developments of parameters that characterise both in and out of plane 

constraint. The motivation for the development of Fitness for Service assessments is given and an 

overview of how these developed, with emphasis on why the nuclear industry was a crucial part of 

this. The extent to which these assessments account for constraint is given and this highlights the 

relevance of the next sections which investigate a new fracture parameter to fulfil this requirement. 

2.2 Basics of Fracture Mechanics 

AA Griffith conducted a series of experiments before 1921, to explain the phenomenon that the 

fracture toughness of a specimen was anomalously lower than the expected value, which was then 

thought to be a tenth of Young’s modulus. The reason for this, is because of the concentration of 

stress around microscopic flaws in a material which are often introduced by machining when a part 

is manufactured. By introducing much larger artificial flaws, in a test specimen under load Griffith 

proved that the fracture stress was inversely proportional to the square root of the length of the 

flaw introduced. This could not be explained by the existing linear elastic model of materials, so 

Griffith sought to explain this using an energy-based model [1]. 

Griffith used the first law of thermodynamics, which states that a system can only go to equilibrium 

from a non-equilibrium state when there is a net loss in energy. The process of forming a crack 

cannot violate this law, therefore a crack can only form if there is a net loss or balance of energy. 

Consider a plate under constant stress, with a through thickness crack of length 2a that is much 

smaller than the width, the thickness of the plate is B. Griffith was able to solve the energy balance 

equation for Π, the potential energy supplied and WS, the energy required to create a surface. This 

equation was given in terms of crack area A. The work of Inglis[11] and the fact that the product of 

the total surface area of the crack 4aB and the energy needed to create a unit surface (surface 

energy γ), enabled solution of this equation. The relationships derived gave the energy release rate 

and the failure stress in terms of the half crack length represented by a, the half crack length. 
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Figure 2.1: Diagram showing physical system referred to in Griffith energy equations derivation[12]. 

𝑑𝛱

𝑑𝐴
= −

𝑑𝑊𝑆

𝑑𝐴
(2.1) 

𝑑𝛱

𝑑𝐴
= −

𝜋𝜎𝑎

𝐸
(2.2) 

𝜎𝑓 = √
2𝐸𝛾𝑠

𝜋𝑎
(2.3) 

𝑑𝛱

𝑑𝐴
 is the energy absorption rate for creating crack surfaces, not in terms of time but in terms of the 

incremental increase in crack area A. If σ is replaced with σf in the equation for energy rate, a 

criterion is found for the growth of a crack in equation (3). When the energy release rate exceeds 

this value, a crack will begin to grow. The work of Griffith had an impact that was developed further 

about 30 years later. The reason for this was that this theory did not account for the large amount of 

yielding that takes place around the crack tip. The theory of Griffith assumes that material behaves 

in a linear elastic way, as such it was unrealistic in the plastic zone around the crack tip. The Griffith 

energy was found to be accurate for very brittle materials, but not very accurate for ductile 

materials which show a higher level of plastic deformation before fracture[2]. 

Irwin and Orowan [13] introduced a correction to the Griffith energy release rate formula, by 

separating the heat energy released by plastic deformation and the elastic strain energy into two 

separate components. For ductile materials the plastic part is more dominant and for brittle 

materials the plastic part is very small. 

ℊ = 2𝛾𝑠 + 𝑤𝑠(2.4) 

They were then able to revise the formula to account for plastic work when finding the fracture 

criterion.  
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𝜎𝑓 = √
ℊ𝐸

𝜋𝑎
(2.5) 

Where ℊ is the energy release rate, 𝛾𝑠 is the surface energy, ws is the plastic work and σf is critical 

stress at fracture[13] [14]. 

K was first introduced also by George Irwin in 1957 as one of the most fundamental parameters in 

fracture mechanics [15] [2]. For better understanding, the three modes of fracture must first be 

defined. Mode I is defined as the separation of the crack faces perpendicular to crack growth 

direction. Mode II and Mode III both involve shearing, in Mode II shearing is in a direction normal to 

the crack front, in Mode III shearing is in parallel with the crack front. 

 

Figure 2.2: The three modes of fracture Mode I on left, Mode II in centre and Mode III on right[16]  

 K, known as the stress intensity factor, is an approximation of the Westergaard’s solution for the 

stress field for the area close to the crack. The original Westergaard solution for the stress field was 

for the case of an infinite plate [17]. It took form of the Airy Stress functions of complex numbers 

[13]Irwin expressed z in Eulerian notation as shown in equation 4. This was substituted into 

Westergaard’s expression for Z (equation 5). 

𝑧 = 𝑎 + 𝑟𝑒𝑖𝜃(2.5) 

𝑍 =
𝜎∞

√1−(
𝑎

𝑎+𝑟𝑒𝑖𝜃)2
(2.6) [19] 

This allowed for the simplification using the fact that r << a in the close vicinity of the crack tip. 

Where r is the distance from the origin of the coordinate system, which is usually at the centre of 

the crack.  Irwin’s equations were given in terms of r and θ (equation 5).  

𝜎𝑦𝑦 =
𝜎∞√𝜋𝑎

√2𝜋𝑟
(2.7) [20] 

It can be seen, that the numerator of the fraction in equation 6 corresponds to the stress intensity 

factor (K). This can be used in the region at which approximately, r < a/10. For this area there is good 

agreement between Irwin’s approximate solution and the actual stress field. The stress field 

equations can also be given in terms of r and θ. The inverse dependence on r1/2 is of importance as it 

provides the singularity of stress at the crack mouth, r=0. The general equation for K or stress 

intensity factor is given, in terms of a where Y is a function of the specimen type. The stress intensity 

factor defines the stress state at a point near the crack tip i.e. where r is relatively small, r<<a. 

𝐾 = 𝑌𝜎√𝜋𝑎(2.8)[16] 

Continuation of this work has also seen K be derived for the Mode II and Mode III crack opening 

regimes (this gives KII and KIII respectively) and for other, more physically relevant, specimen 

geometries and loading regimes [21]. 
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The use of K requires some knowledge of material properties, since it is applicable only when 

plasticity effects are negligible.  

The stress intensity factor (K) is relevant in the case of a brittle fracture of a material. This is due to 

the calculation of K using the assumption that the behaviour of the material is linear elastic 

throughout.  

The J-integral developed by Rice is a means of determining the crack driving force [22]. J is a 

measure of the strain energy release rate at the crack tip [23]. This is equivalent to the work done to 

create a unit surface area of a crack [21]. The J-integral is exclusive to elastic-plastic fracture 

mechanics. Experiments [24][25] have shown that it effectively characterises stress and strain fields 

at a crack tip in non-linear materials. In linear elastic fracture mechanics, the stress intensity factor K 

is used analogously [21]. It was defined as a path integral taken around a crack tip, the value of 

which is independent of the choice of contours [26]. To prove that the J-integral was contour 

independent, Rice used Greens theorem to integrate equation 1 over an area A and a path Γ. If two 

different paths were traversed in opposite directions, they would sum to zero. 

𝐽 = ∫ 𝑊 −𝑇 ̅
𝑑𝑢

𝑑𝑥

⬚

Γ
𝑑𝑠(2.9a)[18] 

Plane stress:𝐾𝐼𝐶 = √𝐸. 𝐽𝐼𝐶(2.9𝑏) 

Plane strain:𝐾𝐼𝐶 = √
𝐸.𝐽𝐼𝐶

(1−𝜈)
(2.9c) 

 W represents the strain energy density, T is a traction vector along the path of integration, u is the 

internal energy in the material, E is Young’s modulus and ν is Poisson’s ratio. The equations b and c 

are a means of converting between J and K, for mode 1 fracture toughness, which is referred to by 

the subscripts. The path independence of J is a useful property This is because prior to the proposal 

of the J-integral, other fracture criteria were calculated by the application of numerical methods very 

close to the crack tip which is impractical [12]. The path of the J-integral however, can be chosen 

across a greater region.  The J-integral is a vector with three components of which the first 

component is used for most purposes.  

A methodology to measure the J-integral experimentally were first devised by Begley and Landes in 

1971 [23]. This involved measuring the potential energy and the crack length, it was shown that the 

potential energy per unit crack length had a fixed relationship with J. In doing so, it allowed J to be 

derived, by first finding the area under a load-displacement curve at constant displacement and then 

plotting this against crack length [28].  It was found that a critical value of J (JIC) determined the 

fracture toughness for an elastic-plastic material. In their original experiments Begley and Landes 

showed that for two different types of steel, Ni-Cr-Mo-V rotor steel and A533B pressure vessel steel, 

fracture occurred at JIc verifying this as the critical value [24]. Subsequent experiments supported 

these results and JIC became an accepted parameter for fracture toughness in Mode I loading,  when 

used in fracture assessments [29] [30]In linear elastic fracture mechanics, the fracture toughness is 

given equivalently by the parameter KC. 
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Figure 2.3: Directions of in and out of plane constraint. On left in plane constraint depends on 

magnitude of W, on the right out of plane constraint depends on magnitude of b. 

Constraint is an effect that can be observed ahead of a crack-tip. It is defined as the resistance in an 

component to plastic deformation near the crack-tip. In the direction that a crack is propagating, the 

constraint is determined by the length of material between the crack-tip and the edge of a sample 

this is known as in-plane constraint [31]. The thickness of the sample is referred to as out-of-plane 

constraint. As such a thick sample would have high out-of-plane constraint and a thin sample would 

have low out-of-plane constraint. Similarly, a sample which has a long distance between the crack tip 

and the edge of sample would have high in-plane constraint [32]Whilst material properties, such as 

fracture toughness have a high impact on the behaviour, the geometry of a specimen is also 

important and plays a large role in fracture mechanics.  

2.3 Constraint in fracture mechanics 

Constraint is a very active area of research. Currently, there is no parameter that acts as an effective 

measure of constraint. Quantifying constraint is useful, as constraint is an important effect that 

should be considered in safety assessments [33]. It has been observed that there is an inherent 

conservatism in assessing low constraint components [34]. An overview of fracture parameters and 

their origins is presented below. 

In-plane constraint quantifies the extent of the plastic zone around the crack tip dependent on the 

geometry of the sample including its crack length. Out of plane constraint, on the other hand, is 

associated with the change in the plastic zone size around the crack tip as a function of sample 

thickness. Different parameters have been used to quantify, in and out of plane constraint which are 

defined below. 

2.4 In-plane constraint  

T-stress is a higher order term that can be used for constraint in a crack opening in the Mode I 

regime. The origin of the term is in the Westergaard equations which were also the used in the 

derivation of K. These equations are for the biaxial stress field in materials with cylindrical 

geometries. The third component of the stress field will always be zero in Mode I cracks. Since 

Westergaard’s equations were developed for biaxial as opposed to uniaxial loads, they always give a 

transverse component of the stress [35]. The term is known as the T-stress. T-stress has been 

observed in experiments by measuring the difference between normal strain and strain after 

rotation through a known angle [36]One use of T-stress developed by Coterell, is to predict crack 

path stability. This was determined by the sign of the T-stress, a positive value of T would mean 

stability and a negative value indicates that a crack would be likely to grow [37].   
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It has been shown, that due to the effect of the plastic region around a crack front, it is not possible 

to use a single parameter for fracture assessments [38]. For this reason, the T-stress found from the 

solutions of the Williams equations was used as in additional parameter to K in fracture assessments 

[39]. This is supported by the evidence of a large number of experiments, showing that the nature of 

the region around the crack [40]. The sign of the T-stress, as well as it’s magnitude, indicates the 

proper properties of the plastic zone. Fracture toughness was found to increase with the increasing 

negative value of T-stress. A positive T-stress indicates that a crack would tend to branch. It is 

therefore found that the positive T values lead to high constraint, whereas negative values occur 

when there is a loss of constraint. T-stress is also sensitive to the loading regime; under tensile loads 

the T-stress will be negative, and this will switch to a low positive value for a bending load. The 

increase in an absolute value of T-stress would tend to make the plastic zone larger [41]. It has been 

possible to calculate the T-stress using both analytical and numerical methods. To enable fracture 

assessment to be performed using the K-T method, the T-stress for the specimen is first determined 

by an estimation technique. In example, Meliani et al. devised a method of evaluating T-stress in U-

notch specimens. A curve with a relationship between K an T is then plotted, this known as a 

material failure curve. The failure point is at the intersection of this curve with the fracture driving 

force curve [32]. 

The value known as Q was defined by O’Dowd and Shih as given by equation 2 [6].  

𝑸 =
𝝈𝒊𝒋−𝝈𝒊𝒋

𝑯𝑹𝑹

𝝈𝟎
(2.10) [42] 

Q can be seen as the difference, at any point in the stress field, between stress and the HRR field. 

The purpose of Q was to quantify the triaxiality of stress in the region around a crack tip [43]. The 

stress triaxiality factor (h) is defined as the ratio of the hydrostatic stress to the to the von Mises 

stress. The parameter h that represents constraint can in itself be used as a constraint parameter 

[44]. However, it is Q that is used in the J-Q theory since it parameterises the strain field ahead of 

the crack tip. 

J-Q theory was motivated by loss of constraint or increasing plasticity in the region closest to the 

crack [45]. This meant that two parameter methods were developed, with a parameter such as J or K 

quantifying the load and a second parameter, for example Q or T, providing for constraint.  Prior to 

the development of J-Q theory either single parameter fracture mechanics, either J was used as a 

single parameter or J-T theory was used [34] [46]. It no longer becomes possible to account for the 

behaviour of the stress fields in terms of a single parameter and J-T theory begins to break down as 

the plastic zone increases in size it is a linear elastic parameter [47]. The stress field depends on 

many factors including dimensions, type of sample, material properties and where load is applied 

[48]. Single parameter assessments using J were found to be inaccurate for cracks growing under 

conditions of low constraint, the J-Q assessment method was developed [49]. In this case J is used to 

understand the stress field and how its magnitude varies across the entire sample, whereas Q is 

used to understand the stress field and stress triaxiality in the region close to the crack tip [6] 

[50][40]. The equation 3 is used to calculate stress in terms of a reference (HRR) field. 

𝜎𝑖𝑗 = (𝜎𝑖𝑗)𝐻𝑅𝑅 + 𝑄𝜎𝑜𝛿𝑖𝑗(2.11) [51] 

 This method of quantifying the stress fields, is essentially a difference between the actual stress 

field the HRR field at point of known distances away from a crack tip [52]. The sign of Q has a large 

effect of the stress field calculated using this method. It can be seen from equation 3 that when Q is 

negative, the actual stress field is lower than the reference stress field. When the actual stress field 

is greater than the reference stress field, the Q value is positive. Experiments to measure and 
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tabulate Q showed that it was possible to greatly increase the scope of assessments using J, by also 

including Q parameter [53]. Further evaluation of J-Q theory has been performed for specific 

samples including single edge notch bend (SENB) and compact tension (CT) specimens [54]. New 

formulae were proposed to optimise the calculation of Q in a situation with high plastic deformation, 

for bending samples [55]. The parameter Q* was developed and verified for CT and SENB specimens 

by Zhu et al [56], was found to accomplish this.  

2.5 Out of plane constraint 

Tz is the out-of-plane constraint factor. It has been defined by W Guo as shown in equation 7, in 

terms of different components of the stress fields[34]. The suffix notation refers to conventional 

cartesian co-ordinates (x,y,z) or the polar co-ordinates r,θ,z. The z-coordinate is significant as it 

represents the out of plane constraint.  

𝑇𝑧 =
𝜎33

𝜎11+𝜎22
(2.12) [53] 

 The motivation for using Tz is that two-parameter approaches, including the K-T and J-Q theories 

consider mostly the effects of in-plane constraint. To gain information about out of plane constraint 

finite element simulations can be used to find Tz in a range of different samples. Originally Guo used 

simulations of elastic plates with centre-elliptical cracks embedded. Different aspect ratios were 

considered, with 0.2<a/c<1, it was found that Tz increases with increasing φ up 90o where it reached 

a value of r/a. It was possible to calibrate these results for Tz with different aspect ratios to allow the 

two-parameter theory K-Tz, to be proposed to account for out of plane constraint [38]. Three 

parameter theories including K-T-Tz and J-QT-Tz have been proposed [58]. In these theories the stress 

fields were expressed in terms of three parameters f11, f22 and τ12. Finite Element analysis showed 

that f11 and f22 showed good agreement with the stress field [59]. When comparisons were made 

between K-T-Tz, J-QT-Tz and K-T and J-Q theories. It was shown that the newly proposed methods 

were able to account accurately for three-dimensional stress fields [60]. 

2.6 Unified measure of constraint 

Although many of the parameters are related either in or out of plane constraint, there has also 

been evidence to suggest that unified constraint parameters could be used. It is possible that loci of 

fracture toughness could be found from a single parameter. The use of a unified constraint 

parameter in fracture mechanics assessments is known as one parameter fracture mechanics. It is 

proposed that one parameter fracture mechanics could greatly reduce the costs of such 

assessments.  

Anderson and Dodds have proposed a method based on the area inside a stress contour [61]. An 

example of an equation used to plot such a contour is given in equation 8, with C being a constant, 

σ1 and σy being the maximum principle stress and the yield stress respectively.  

𝜎1

𝜎𝑦
= 𝐶(2.13)[62]  

The size of area bounded by the contour determines high or low constraint. 

The new parameter φ defined in equation 8. 

𝜑 =
𝐴𝑐

𝐴𝑠𝑠𝑦
(2.14) [63] 
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 This represents the ratio between the plastic zone at the current load, with a reference plastic zone 

with small scale yielding [64]. This parameter can be used for the fracture of ductile materials. 

However, it is no longer applicable when large scale yielding has occurred. For this reason, the ratio 

Ap was proposed. 

𝐴𝑝 =
𝐴𝑃𝐸𝐸𝑄

𝐴𝑟𝑒𝑓
(2.15) [65] 

 APEEQ is the plastic strain area within the εp isoline and Aref is the area within this line for a sample 

with maximal constraint. Yang et. al. have discovered that for dissimilar welded joints, the ratio 

between the current and reference values of J is linear [66]. This has useful feature of giving a 

quantifiable relationship between fracture resistance and constraint. Mostafavi et. al. also proposed 

an alternative to φ in the form of the ratio between the volumes rather than the areas of platicity. 

The cube root was taken of this 3-dimensional ratio of plastic zone size. 

𝜑𝑝 = √
𝑉𝑃

𝑉𝑃
𝑅𝑒𝑓

3 (2.16)[9] 

Given that constraint can be divided into two parts, out of plane and in plane, so can the constraint 

parameters that are used to quantify this. There is a substantial area of research in determining the 

reliability and applicability of each parameter to either in plane or out of plane constraint. Analyses 

of three-dimensional stress fields during fracture tests on samples have identified, in many cases, 

whether the variable responds to in or out of plane constraint. 

Studies testing the effect of in and out of plane constraint on a large number of parameters, have 

recently been carried out. Shlyannikov et al. showed that the plastic stress intensity factor 

responded to both in and out of plane constraint [67]. Recently a new unified constraint parameter, 

Ap, was proposed as defined in equation 10. Mu et al. carried out Finite Element (FE) simulations on 

a series of CT specimens within varying constraint. The aim of this was to test the sensitivity of Ap to 

both planes of constraint. It was found that Ap did respond to changes in both in and out plane 

constraint [31]. This could allow the use of Ap as a unified constraint parameter in future [68]. 

Seal and Sherry have recently measured constraint parameters for ductile and cleavage fracture. Α 

and k were tabulated, and an extension to the Anderson and Dodds model with the Rice and Tracey 

method. This was achieved by finding the critical value for void crack growth from the Rice and 

Tracey model and determining the area enclosed by the Anderson and Dodds contour at this value 

[69]. 

An alternative form of the area of plasticity parameter was defined in terms of the crack tip opening 

displacement (CTOD). CTOD, also known as δ, is the distance between two crack faces at a point 

where two orthogonal lines meet when drawn from a crack tip. CTOD is a measure of loading on a 

crack, an alternative to J and K. It has the advantage of being easily measurable in an experiment. 

The Ad parameter was defined as a parameter to unify in and out of plane constraint, it is defined as 

a ratio of to a reference value for a specimen with a very high level of constraint. 

𝐴𝑑 =
𝛿

𝛿𝑟𝑒𝑓
(2.17)[70] 
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2.7 Nuclear Reactor Structure 

This section introduces the structure of a nuclear reactor. The reason for unique safety culture in the 

nuclear industry is explained, this is significant because it led to the development of the FFS 

assessments part of which is being added to by this project. 

The basic components of a nuclear reactor are described in this section. All reactors produce heat 

from the fission of the isotope U-235, which has an abundance of around 0.7% in natural uranium. 

Most fuels contain uranium enriched to about 3-4% U-235, but this is not always necessary. A 

summary equation for this reaction is shown in equation 1. A fission reaction takes place when 

neutrons are incident on a fissile nuclide such as U-235. For a nucleus to undergo fission the incident 

neutrons have energy in the order 1eV-0.1keV, which are thermal energies. Since the energy of 

neutrons emitted in the fission process have energy in the order of 100-200 MeV this means that 

neutrons need to be slowed. A substance known as the moderator is used to slow the neutrons in 

the reactor down to these energies. The moderators used in reactors are chosen to have a large 

number of light atoms, which undergo elastic collisions with the neutrons causing them to lose 

energy [71] [72][73].  

𝑈92
235 + 𝑛0

1 → 𝑅𝑏37
96 + 𝐶𝑠 + 𝑛(2.18)0

3
55

137  [3]] 

Coolant is used to transfer heat produced in fission and other radioactive processes away from the 

fuel, produce steam to power the turbines and generate electricity. In many designs there are two 

types of coolant. Primary coolant is the coolant that takes heat away from the core, at the exchanger 

it transfers this heat to the secondary coolant to make steam to drive the turbines. It is an essential 

safety requirement to remove heat from the core of the reactor to prevent a large increase in 

temperature and an eventual meltdown.  There are many designs of reactor, some of which are 

described below. 

The Pressurised Water Reactor (PWR) is a design of reactor in which the primary coolant, light water, 

is kept in the liquid phase. The uranium dioxide (UO2) fuel pellets, are arranged in rods, which are 

held in fuel assemblies, there are 200-300 rods in fuel assembly and around 200 fuel assemblies in a 

reactor. The water needs to be pressurised to prevent boiling. This is achieved using a pressuriser in 

the primary circuit.The pressuriser consists of a large water vessel filled with water and heated to 

the saturation point of water for the operating pressure, usually around 618K for an operating 

pressure of 15MPa [73]. This is achieved with electric heaters placed under the water in the 

pressuriser vessel. The heaters keep the water at the required operating temperature, which is the 

boiling point of water for that pressure.  The moderator for the reactor is the coolant water itself.  

Originally this design was developed for naval propulsion and was pioneered in US submarines. 

There are over 100 naval reactors and over 200 power reactors of this design in use worldwide [74]. 

An Advanced Gas Reactor (AGR) is cooled by CO2 and fuelled by UO2 in the form of pellets. The 

pellets are arranged in stainless steel tubes and the fuel enrichment is around 3%. The operating 

temperature is around 920K in the core. The CO2 is circulated by gas pumps inside a gas baffle, from 

there it passes to the heat exchangers. It transfers heat to produce steam in the secondary coolant 

to power the turbines [75] 

There are many other designs of reactor including Boiling Water Reactors (BWR) and Liquid Metal 

Fast Breeder Reactors. Currently a generation of reactors, known as Generation IV is being 

developed. This will give rise to new materials challenges to develop materials to withstand new and 

potentially harsher conditions. 
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The nuclear power industry has a safety responsibility due to the fundamental nuclear hazard. This is 

the release of radiation from a nuclear installation. Nuclear reactors have many safety features 

which are designed to protect against this occurrence. It is beyond the scope of this thesis describe 

them all, but one of these is very relevant to this research: the cooling system. This is not only 

important for taking away energy to make steam and drive the turbines, but also a crucial safety 

feature. This is because a reactor cannot immediately stop producing heat when it is shut down. 

There are four types of residual heat. Heat loss from the cooling high temperature of the reactor 

core. Heat loss from pumps, which is known as pump heat. The reactor core has many isotopes in 

the fuel rods which are undergoing radioactive decay, and this releases energy[155]. The neutron 

flux is not reduced to zero immediately and fission still occurs. The residual heat is one reason why 

the coolant system is important as heat from a reactor core can cause meltdown and it is not 

immediately possible to stop it from being released. The failure of this system is referred to as a loss 

of coolant accident or LOCA[156]. For this reason, the coolant systems form a key part of the safety 

case for a nuclear reactor. Many of the boiler tubes are made from thin section steels and fatigue 

and fracture of these is a matter of serious concern. The R6 code which is discussed in the next 

section is a part of this. 

 

2.8 Development of R6 

The nuclear industry has a unique safety culture due to the risks of releasing radiation. There is also 

a very substantial financial cost in taking a reactor off-grid for inspection or maintenance. In nuclear 

components the integrity of structures is of vital importance, since each component is part of the 

safe operation of the reactor. Nuclear reactors can have lifetimes of up to 40 years between being 

connected to the grid and the final closure of the plant. This means that given the high 

temperatures, pressures and in some cases radioactive environments, these components are at risk 

of failure, corrosion and fatigue. To decide whether a structure is still safe for use a Fitness for 

Service (FFS) or Fitness for Purpose (FFP) assessment is carried out. There is a significant burden on 

the licensee to demonstrate compliance with safety regulations to the regulator, the Office of 

Nuclear Regulation (ONR). Standardised methods of assessing the fitness for service (FFS) of a 

component that has cracks, flaws or similar defects. This can enable a safety case to be 

demonstrated and if permitted, the lifetime to be extended [78] 

To ensure that components are being assessed in a consistent and reliable way, the Central 

Electricity Generating Board (CEGB) published a document known as Assessment of the integrity of 

structures containing defects or R6[79]. This introduced a range of techniques for assessing the 

integrity of a component including the Failure Assessment Diagram (FAD). The FAD is shown in 

Figure 2 gives an example of a FAD. On the y-axis, the value defined by Kr is the ratio of applied 

stress intensity factor to the fracture toughness of the material. On the x-axis, Lr is the ratio of the 

load on the sample in question and the load that would need to be applied to cause plastic collapse. 

The failure assessment line gives the boundaries of the safe region according to the assessment. This 

gives a conservative estimate of this region, accounting for both effects [79]R6 enables complex, 

mathematical fracture mechanics to be visualised in a simple diagram. As such it has become a 

widely used and accepted method, it also shows flexibility to different situations from basic 

calculations to the more rigorous Finite Element Analysis. R6 is reviewed and updated by a 

consortium of interested bodies this include: EDF Energy, TWI, Rolls-Royce and others [68] 



23 

 

 

Figure 2: R6 FAD example showing failure assessment line. [81] 

Many other methods for performing assessments have been developed alongside R6. These include 

R5, “An assessment procedure for the high temperature response of structures”. This is also a 

system for assessing a structure with flaws that are in the creep regime. It also includes structures 

that have no original flaws, but in which creep-fatigue crack initiation will occur. Many other 

industries and applications other than the nuclear industry also require standardised testing 

procedures. TWI used a method using Crack Tip Opening Displacement (CTOD) to quantify the effect 

of brittle fracture in welded joints. This is known as PD6493 and was essentially an alternative 

method of presenting the underlying fracture mechanics theory in R6. In the second edition of 

PD6493 it adopted the FAD method used in R6, which had previously been known as the CTOD 

design curve. The application of PD6493 has mainly been in welded pipelines such as those used in 

the offshore oil and gas industry [82] [83]. 

BS7910 is a fitness for service (FFS) code that was initially developed by The Welding Institute (TWI) 

and originally known as PD6493. It was developed for brittle materials with large amounts of plastic 

deformation at the crack tip. PD6493 was used extensively by offshore oil and gas industries in the 

UK for the assessment of pressure vessels and piping. The approach used the CTOD as a 

measurement of fracture toughness. In 1991, a new edition of PD6493 was published. This 

incorporated a FAD which brought it in to even closer alignment with R6. In 2000 the PD6493 code 

was renamed BS 7910, which makes it a British Standard. BS7910 and R6 are now the two most 

established fitness for service assessment procedures for assessing failure risk in structures 

containing defects, especially in the UK [105]. 

Whilst R6 has become an industry standard it does have the potential for improvement. R6 

procedures are often considered excessively conservative. This is partly due to the upper bound 

values being used for variables proportional to crack driving forces, whilst the lower band values 

were used for variables such as the fracture toughness [82]. Also, the position of the failure 

assessment curve has been shown to be a long way from the points at which fracture occurs. 

One means of justifying the expansion of the safe region is having a good understanding of the effect 

of constraint. Constraint in fracture mechanics is the effect of the physical space and geometry of 

sample on the stress field and the plastic zone around a crack tip. For example, a crack or defect that 

is long will have higher constraint than a shorter crack, since there is less space between the crack 

tip and the edge of the sample for the plastic zone to expand. This is known as high in-plane 
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constraint. A sample that is thin has a low potential for a plastic zone to expand through the 

thickness of the sample, therefore it could be described as having low out-of- plane constraint. 

Constraint in a specimen has an effect on the measured values of fracture toughness of a 

component. 

There is another issue with the R6 approach: it does not currently incorporate effect of out-of-plane 

constraint in fracture toughness. It is possible that the measurement of a single constraint 

parameter could lead to a better understanding of defect and specimen geometry on fracture 

toughness and therefore lead to a reduction in the conservatism of R6 assessments. 

2.9 Constraint in R6 

Since it was first published in 1976, the R6 procedure has been continuously updated. These updates 

come out after approval by the committee which manages R6. The Failure Assessment Diagram has 

been a feature of R6 since the very beginning of this document. The first major update to the FAD 

came in 1986 [37]. This introduced the current definition of Lr as the ratio of flow stress σf and the 

0.2% limit load stress σy. At this point, a new method was introduced for the failure assessment 

curve, the curve that defines the boundary on the FAD between the safe and unsafe regions. Instead 

of the original strip yielding approximation, material specific curves were created based on 

Ainsworth’s reference stress J estimation scheme[76]. There were options for a range of different 

materials. 

To account for more complex procedures that supplement the original FAD, the R6 procedure 

included appendices to be used in some circumstances that supplement the original FAD. Examples 

of these include mixed mode loads in 1991, local approach and finite element methods in 1998 and 

constraint effects in 1998. It is the constraint effects that most interests this project. In 2001 another 

large-scale overhaul of R6 took place. This restructured the document into 5 chapters. Chapters 1 

and 2 cover the basic procedures including the FAD, Chapter 3 covers advanced procedures many of 

which used to be appendices, Chapter 4 covers residual stress and Chapter 5 consists of a series of 

worked examples which enhance the users understanding. Updates to R6 are known as 

amendments [85]. These amendments include an amendment by Kukla and Sherry in 2012 on 

constraint effects in thin sections [86]. 

The J-Q and K-T methods were initially adopted in the R6 constraint appendix. These are two 

parameter methods that account for in plane constraint only. As previously defined in this thesis, J 

and K are parameters which are measures of fracture toughness. Q and T are parameters which can 

quantify in plane constraint. In a two-parameter approach to structural integrity assessments, a 

relationship first has to be established between the parameters quantifying fracture toughness and 

constraint. These relations are specific for the material which the part is made from. R6 does this by 

providing the correlation equations. 

𝐾𝑚𝑎𝑡
𝐶 =

𝑇𝐾𝑚𝑎𝑡

𝜎𝑦
, 𝑄 ≥ 0 

𝐾𝑚𝑎𝑡
𝐶 = 𝐾𝑚𝑎𝑡{1 + 𝛼(−𝑄)𝑘}𝑄 < 0 or 

𝐾𝑚𝑎𝑡
𝑐 = 𝐾𝑚𝑎𝑡 {1 + 𝛼(−

𝑇

𝜎𝑦
)𝑘} /𝜎𝑦 < 0 

Kc
mat is the fracture toughness of the material when considering constraint, Kmat is the fracture 

toughness of the original R6 value, σy is the yield strength of the material [37]. 
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The constants α and k are material specific. This means that they must be measured for each R6 

assessed material. A series of experiments has to be performed. In these experiments, the fracture 

toughness is measured for specimens with different levels of in plane constraint. This means that the 

notches in the specimens have different depths which is usually expressed in terms of a/W. The 

fracture toughness, for example J or K are measured and the value of the constraint parameter Q or 

T is determined for each level of constraint. The values of k and α can then be obtained using a fit to 

the correlation equations. At least three points would be needed for such a fit, preferably more and 

the goodness of fit depends on the experimental data obtained. A number of experiments have 

been conducted which have enabled the tabulation of the fracture toughness against in plane 

constraint parameters T and Q [39]. These experiments are satisfactory in confirming the 

relationship between constraint and fracture toughness i.e., that low constraint implies high fracture 

toughness and high constraint implies low fracture toughness. However, this relationship is between 

fracture toughness and in plane constraint only. When the constraint parameters are applied to 

experiments involving different specimen thicknesses, that is varying out of plane constraint, no 

good correlation is found between T or Q and fracture toughness[87].  

2.10 Application of unified constraint parameter in R6 

In order to account for out of plane constraint, three parameter theories are used with one 

parameter each for in and out of plane constraint. These include K-T-Tz and J-QT-Tz theories as 

already referred to in the previous section “Out of Plane Constraint”. Given the time consuming and 

costly nature of these assessments, performing a correlation of three parameters may not be 

productive if used in an FFS procedure such as R6. This is exemplified by the fact that if the 

correlation between the parameters was to be plotted the locus of points would form a surface 

which would be more computationally expensive. Therefore, an alternative method is sought with a 

parameter that quantifies both types of constraint. 

There are a number of candidates for a parameter to quantify both types of constraint that have 

appeared in the literature. For each candidate parameter, a large amount of tabulation work would 

need to be undertaken to find the correlation constants and equations for each material, before it 

could be accepted in a FFS code or procedure. 

These are usually based on the size of the plastic region around the crack tip or the crack tip opening 

displacement CTOD, which is a measure of how large the plastic zone is at the crack tip. The 

parameter Ad and 𝐴𝑑
∗ were proposed to account for out of plane constraint by Xiao et al [88]. These 

are defined in the out of plane constraint section of this thesis. A large number of finite element 

simulations have been carried out on a wide range of materials and standard specimen types. These 

were mostly steels which showed ductile fracture. A wide range of specimens were used including 

those with semi-elliptical cracks which were used to find the m factor which connects J and CTOD on 

which Ad and 𝐴𝑑
∗  were based. The values of α and k were also determined for CT and SENB 

specimens with a many materials and constraint levels. 

There has been a large body of work produced on unified constraint parameters based on plastic 

zone size, particularly in the 2010s. Since Dodds, Anderson and Kirk first defined AC as the area inside 

the maximum stress contour, many experiments have been carried out to test parameters based on 

measures of plastic zone size for their sensitivity to both forms of constraint [89]. The parameter φ 

as defined as the ratio of the area AC to the area in this zone for arbitrarily low levels of plasticity 

used as a reference. This parameter was found to be effective only when the yielded region was very 

small. Mostafavi et al, defined a variant of this known as φp in terms of the cube root of the volume 
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of the plastic region divided by a reference volume [68]. This parameter performed well in terms of 

unifying constraint but had a similar drawback to φ when large scale yielding occurred. In recent 

simulations of a large number of fracture parameter φ was shown to have sensitivity to in and out of 

plane constraint. The work of Seal and Sherry combined the Anderson-Dodds toughness scaling 

procedure with the Rice and Tracey model for predicting crack initiation at a critical void size. By 

determining the Rice and Tracey parameter the onset of fracture is predicted and the area inside the 

Anderson Dodds contour can be computed at this critical value. This means that the effect of 

constraint on fracture toughness can be estimated. This study also included tabulation of α and k at 

different stress contours. By finding the ratio of low constraint to high constraint it was possible to 

eliminate the need to know the Rice and Tracey parameters for each specific case[83]. 

It was decided to focus the work in this project on establishing a relationship between the φ 

parameter and fracture toughness. The reason for this is that there is a clear need to improve on the 

excessively conservative assessments in R6 which do not account for out of plane constraint. To 

account for constraint more completely a unified constraint parameter would be most convenient. 
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4 Paper 1-Synchrotron experiment 

This paper was listed under journal papers, it provided evidence of the sensistivity of parameters to 

constraint effects. 

Unifying the Effects of in and out-of-plane 

constraint on the fracture of ductile materials 
S M Tonge1, C A Simpson1, C Reinhard2, T Connolley2, AH Sherry3, TJ Marrow4, M Mostafavi1,1 

a. Department of Mechanical Engineering, University of Bristol, Queens Building, University Walk, 

Bristol, BS8 1TR 

b. Diamond Light Source Ltd, Harwell Science and Innovation Campus, Didcot, Oxfordshire OX11 0DE 

c. National Nuclear Laboratory, 5th Floor, Chadwick House, Warrington Road, Birchwood Park, 

Warrington, WA3 6AE 

d. Department of Materials Science, University of Oxford, 21 Banbury Road, Oxford OX2 6HT 

Abstract 

Effects of plastic constraint on the fracture of materials have been studied extensively.  Often 

in such studies, the plastic constraint is divided into in-plane and out-of-plane directions and 

each treated separately.  Such a separation adds considerable complexity to the engineering 

structural integrity assessment analyses.  Despite previous suggestions for unifying the effects 

of constraint in a single parameter, the current engineering assessments have not been 

updated due to lack of direct experimental validation of such parameters. In this study, we 

directly measured the effects of in-plane and out-of-plane constraints, for the first time, in the 

form of plastic zone around the crack using advanced experimental techniques.  The 

measurement of constraints in four specimens with different levels of in and out of plane 

constraints, allowed us to show and relate the interdependency of in and out of plane 

constraints.  The tests were carried out using synchrotron X-ray tomography with in-situ 

loading.  Attenuation contrast between the constituents of the metal matrix composite 

material used allowed the tomograms to be analysed using digital volume correlation which 

calculated the full-field displacement within the samples.  The displacement fields were used 

via a finite element framework to calculate the energy release rate in the form of the J-

integral along the crack fronts.  The measured plastic zone sizes, dependent on the combined 

level of in plane and out of plane constraints, were used successfully to rank the J-Integral at 

fracture of the samples.  It was therefore proved the level of plastic constraint can be 

quantified by using the size of the plastic zone as without separating it into two components 

thus simplifying the treatment of constraint in structural analyses significantly.   

 

4.1  Background 

4.1.1 Plastic constraint  

Plastic constraint has been shown to considerably affect the measured toughness in metallic 

materials that show limited plasticity before fracture [90].  High constraint specimens such as 
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compact tension and single edge notch bend, with a crack extending to almost half of the 

ligament with a thickness that satisfies plane strain conditions, are regraded to measure the 

lower bound fracture toughness [91].  This is because the loss of constraint results in an 

apparent increase in the fracture toughness due to the higher level of plastic work required 

before crack initiation [92] [93] [94].  Constraint is often divided into in-plane and out-of-

plane, where in-plane is along the direction of the crack propagation and out-of-plane is 

perpendicular to it along the crack front.  In-plane constraint is predominantly influenced by 

the specimen geometry and the crack length, while the major factor in out-of-plane constraint 

is the thickness.  Despite the similarity between the physical effects of in and out-of-plane 

constraints, they are treated separately in engineering structural integrity assessment 

assessments due to lack of a unified measure of constraint [95], adding complexity to the 

analysis.  Different parameters have been used to quantify in and out-of-plane constraint, 

which are briefly reviewed below. 

4.1.2 In-plane constraint  

The T-stress is a second order term of the asymptotic stress field along the crack tip 

independent of distance from it [5].  It has been shown that T-stress is a measure of in-plane 

constraint when the plastic zone around the crack tip is small enough for the stress field to be 

reliably approximated by linear elastic fracture mechanics [96].  It is argued that due to the 

effect of the plastic region on the stress field around a crack, it is not possible to use a single 

parameter for fracture assessments [7].  For this reason, T-stress has been used as an 

additional parameter to K, the stress intensity factor, in fracture assessments [5].  The validity 

of using T-stress as a measure of in-plane constraint is supported by the evidence of a large 

number of experiments, showing the variation of apparent fracture toughness as a function of 

T-stress [97] [98].  The sign of the T-stress as well as its magnitude indicates the size of the 

plastic zone which varies as the in-plane constraint changes [99].  Fracture toughness and the 

size of the plastic zone around the crack tip increases with increasing negative value of T-

stress.  Zero and small positive values of T-stress, as obtained in the standard fracture 

toughness specimens, are considered  to minimise the size of the plastic zone around the 

crack tip thus resulting in the lower bound fracture toughness [100].  A more positive T-

stress, however, can cause crack instability and branching [101].  T-stress is also sensitive to 

the loading regime; for example, in a single edge notch specimen under tensile loads the T-

stress will be negative, while it will switch to a low positive value for a bending load.  To 

enable fracture assessments to take the effects of constraint into account, K - T loci have been 

constructed empirically [102].  In order to expand the applicability of elastic T-stress to 

elastic plastic conditions, J - T loci have also been compiled (J is the J-integral, energy 

release rate associated with a crack in a nonlinear elastic medium) [103] [78].   

While T-stress is a valid measure of in-plane constraint for materials with near linear elastic 

behaviour, Q is used in the case of elastic-plastic materials.  It was defined by O’Dowd and 

Shih [6] [79] as shown in (Eq.  1). 

𝜎𝑖𝑗 = 𝜎𝑖𝑗
𝐻𝑅𝑅 + 𝑄𝜎𝑜𝛿𝑖𝑗 (Eq.  1) 

𝜎𝑖𝑗 is the measured/simulated stress field around the crack tip, 𝜎𝑖𝑗
𝐻𝑅𝑅 is the stress field as 

defined by Hutchinson, Rice and Rosengren [104] (HRR) for a nonlinear elastic material (e.g.  

Ramberg-Osgood material model) and 𝜎0 is the material yield stress.  Q can be seen as the 

difference, at any point in the stress field, between the stress field as defined by HRR whose 

magnitude is quantified by the J-integral (J) and the measured/simulated stress field. It thus 

quantifies the deviation from the stress field in high constraint standard specimens.  The 
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implementation of Q into the assessment codes and procedures uses the definition given in 

(Eq.  2. 

𝑄 =
𝜎𝑦𝑦 − 𝜎𝑦𝑦

𝑆𝑆𝑌(𝑇=0)

𝜎0
|

𝑟=
2𝐽
𝜎0

 (Eq.  2) 

Q is given at a radial distance 𝑟 = 2𝐽/𝜎0.  𝜎𝑦𝑦 is the opening stress (see Figure 3.1a for the 

coordinate system) r is the radial distance from the crack tip, and 𝜎𝑦𝑦
𝑆𝑆𝑌(𝑇=0)

 the opening stress 

for the small scale yielding condition when T-stress is zero.  When Q is negative, the stress 

field experienced by the material is lower than the predicted reference stress field.  When the 

stress field is greater than the reference stress field, the Q value is positive.  Therefore, 

similar to T-stress, negative Q shows the loss of constraint and an increase in the apparent 

fracture toughness while positive Q indicates high in-plane constraint resulting in the 

measured lower bound fracture toughness.  Experiments to measure and tabulate Q showed 

that it was possible to greatly increase the scope of assessments using J by also including the 

Q parameter [80].  J - Q loci have been produced which are incorporated in the assessment 

procedures such as R6 [81]and BS7910 [105].  Further evaluation of J - Q theory has been 

performed for specific samples including single edge notch bend (SENB) and compact 

tension specimens and new formulae were proposed to optimise the calculation of Q in a 

situation with high plastic deformation for bending samples [106].   

It is also argued that Q quantifies the triaxiality of stress around the crack tip [51].  The stress 

triaxiality factor (Tf) is the ratio of the hydrostatic stress to the von Mises stress and 

relationships between Q and Tf have been proposed [82].  Alternatively, Tf has also been used 

to quantify constraint and include it in the assessment procedures [41]. Other measures of 

constraints have also been proposed such as A2 [83] which are somehow analogous to Q. 

4.1.3 Out-of-plane constraint 

T-stress and Q quantify in-plane constraint while Tz is the out-of-plane constraint factor [84].  

It has been defined in (Eq.  3, in terms of different components of a stress field [7].   

𝑇𝑧 =
𝜎𝑧𝑧

𝜎𝑥𝑥 + 𝜎𝑦𝑦
 (Eq.  3) 

It is defined for a crack plane occupying the xz plane and propagating along the x direction.  

The motivation for using Tz is similar to the other two-parameter approaches (e.g.  K - T and J 

- Q), in this case taking into account the effect of out-of-plane constraint (predominantly 

component thickness).  To gain information about out-of-plane constraint, finite element 

simulations can be used to find Tz in a range of different thicknesses with similar in-plane 

geometry.  Originally, Guo used simulations of elastic plates with embedded centre-elliptical 

cracks and considered different aspect ratios (i.e 0.2<a/c<1 where a is the crack depth and c 

is its surface length) to quantify Tz.  The results were used to propose a two-parameter theory 

K - Tz that accounts for out-of-plane constraint  [7].  To combine the effects of in and out-of-

plane constraint, three parameter theories such as K - T - Tz and J - Q - Tz have been proposed 

[85] [86].  Comparisons were made between K - T - Tz, J – Q - Tz and K - T and J - Q theories 

which showed that the proposed three dimensional methods were able to account accurately 

for three-dimensional stress fields [68] though they are complicated and require large 

experimental datasets in which both in-plane and out-of-plane constraints vary. 



31 

 

4.1.4 Unified measure of constraint 

Although many of the parameters quantifying constraint are restricted to either in or out-of-

plane, there are parameters that are sensitive to both forms of constraint.  It is therefore 

possible that a loci of fracture toughness could be found from a two-parameter fracture 

assessment by combining the effects of constraint regardless of its direction.  For example, 

Dodds, Anderson and Kirk [8] proposed using the area inside a contour defined by an 

arbitrary constant maximum principal stress as a measure of constraint (see (Eq.  4 [106]).   

𝜎1

𝜎0
= 𝐶 (Eq.  4) 

C is an arbitrary constant, σ1 and σ0 are the maximum principle stress and the yield stress 

respectively.  The size of area bounded by the contour (𝐴𝑐) determines the level of constraint.  

High constraint results in a smaller area while low constraint yields a larger area [108].  

Therefore, a dimensionless parameter φ, defined in (Eq.  , is suggested as a unified measure 

of constraint: 

𝜑 =
𝐴𝑐

𝐴𝑐
𝑆𝑆𝑌 (Eq.  5) 

𝜑 is the ratio between the area confined within an arbitrary isostress contour C (𝐴𝑐) to the 

area measured when small scale yielding prevails (i.e.  𝐴𝑐
𝑆𝑆𝑌) [109].  While this parameter can 

be used for the fracture of ductile materials which show small scale yielding, it is no longer 

applicable when large scale plasticity occurs.  For this reason, variations of the Dodds, 

Anderson, Kirk method have been proposed; for example, Mostafavi and co-workers 

suggested 𝜑𝑝 [87]. 

𝜑𝑝 = √
𝑉𝑃

𝑉𝑟𝑒𝑓

3

 (Eq.  6) 

where 𝑉𝑃 is the volume of the plastic zone in a given component and 𝑉𝑟𝑒𝑓 is the volume of 

the plastic zone in a standard high constraint specimen (e.g.  compact tension).  While it was 

shown that 𝜑𝑝 can predict the failure of aluminium alloys in combined in and out-of-plane 

constraint condition [109], its application is limited to component geometries and loads in 

which the plastic zone size is a small proportion of the uncracked ligament, i.e. contained.  

Yang et al.  proposed another modification to the Dodds, Anderson, Kirk method in which 

APEEQ, the plastic strain volume within a εp isoline, is normalised by Aref which is the volume 

within the isoline for a sample with high constraint [8].   

Studies testing the effect of in- and out-of-plane constraint on a large number of parameters 

have been carried out.  Shlyannikov et al.  showed that the stress intensity factor changes as  

both in- and out-of-plane constraints change [110].  Mu et al. carried out finite element 

simulations on a series of compact tension and single edge notch bend specimens with 

varying in and out of plane constraints; they found that 𝜑 responded to changes in both in and 

out-of-plane constraints well [111].  This could allow the use of 𝐴𝑝 as a unified constraint 

parameter in future. Seal and Sherry have recently combined the Rice and Tracy [88] fracture 

criterion with the 𝜑 constraint parameter to predict the effects of fracture of ductile materials 

[112]. 
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Recently different variations of Anderson – Dodds – Kirk unified measure of constraint have 

been considered and theoretical investigation on their validity has been performed (e.g. see [ 

[89], [90]]). For example, a CTOD based unified measure of constraint, 𝐴𝑝, has been 

developed [113] similar  to Anderson – Dodds – Kirk concept.  Based on these theoretical 

studies, 𝐴𝑝 – toughness loci have been built for brittle [114] and ductile [91] materials as well 

as weldments [115] or similarly 𝐴𝑑 – toughness loci are built for pipes [92].  

While it is shown that the normalised plastic volume near the crack tip in various forms can 

be used as a unified measure of constraint, potentially simplifying the methods that account 

for the constraint effect, they have not been included in assessment procedures yet.  This is 

partly due to limited validation of the methods, since measuring full-field strains and the 

volume of plasticity around the crack tip has not been possible except on the surface of the 

material (e.g.  using optical methods such as digital image correlation [93]).  In this work, we 

employed advanced measurement techniques, namely X-ray tomography and Digital Volume 

Correlation, to make such measurements for the first time.   

4.2 Experiments and Results 

4.2.1 Specimens and material 

The purpose of this work is to directly measure the energy release rate and the size of the 

plastic region developed around the crack tip upon crack initiation.  The measurements will 

be used to validate unified measures of constraint.  To this end, double edge notch tension 

specimens (see Figure 3.1a) were tested; the specimens had cracks with an initial length a, 

width W and thickness b.  It has been shown before that for materials that show large crack 

tip blunting before fracture (e.g.  aluminium alloys [116]), fatigue pre-cracking is not 

necessary.  Thus, wire electro-discharge machining with a 0.1 mm wire diameter was used to 

introduce a sharp notch/crack in the samples.  Grips were designed to attach the specimen to 

the test frames (see Figure 3.1b). 

 

 

 

(a) (b) 

Figure 3.1: Test specimen (a) the fixture connecting the sample to the loading frame (b) single edge notch 

tension specimen 
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Four different samples with varying in and out-of-plane constraint levels were tested.  

Different thicknesses were used to vary the level of out-of-plane constraint (b = 5 and 20 

mm).  Different notch lengths were used (a = 0.4 and 2 mm) to provide different levels of in-

plane constraint.  Details of the samples can be seen in Table 1. 

The applicability and quality of Digital Volume Correlation data is strongly dependent on the 

size and distribution of the inherent, internal speckle pattern [94].  It was therefore necessary 

to select a material containing microstructural features with distinct X-ray attenuation 

coefficients with respect to their matrix; this would provide an appropriate speckle pattern 

with sufficient contrast in the tomograms.  To this end a metal matrix composite with an 

aluminium matrix and titanium particles was selected.  The difference between attenuation 

contrast of aluminium (0.273 cm2/g and 0.257 cm2/g at 59.6 keV and 61.9 keV respectively) 

and titanium (0.742 cm2/g and 0.664 cm2/g at 59.6 keV and 61.9 keV respectively) was 

sufficient to obtain tomograms with a suitable speckle pattern (see next section for details and 

choice of X-ray beam energy).  The mechanical response of the material, henceforth referred 

to AlTi, was measured according to ASTM E8 [107] using a 12.5 kN hydraulic testing frame 

and a round bar specimen.  The load was recorded from the frame’s load cell which was 

synchronised through a Vishay System 9000 data acquisition system with the strain measured 

by a rosette strain gauge.  A typical stress – strain curve obtained can be seen in Figure 3.2.  

Since no unloading took place in the experiment (see section 4.3), a nonlinear elastic material 

model, namely Ramberg – Osgood, was used as defined in (Eq.  7) to describe the material 

properties. 

𝜀

𝜀0
=

𝜎

𝜎0
+ 𝛼 (

𝜎

𝜎0
)

𝑛

 (Eq.  7) 

𝜎0 is yield stress, 𝜀0 is yield strain, n is the hardening exponent, and α is a dimensionless 

offset constant [27][117][118] material has a Young’s modulus, E= 100.2 GPa, and n= 6, σ0= 

103 MPa, α= 2.75.   

Table 3.1- details of 4 tested specimens 

Name Thickness 

b (mm) 

Crack length 

a (mm) 

Width 

2W (mm) 

Fracture load 

Fc (kN) 

Short – Thin  5.0 0.4 8 4.5 

Long - Thin 5.0 2.0 8 4.0 

Short - Thick 20 0.4 8 14.9 

Long - Thick 20 2.0 8 15.0 
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Figure 3.2: Mechanical response of AlTi 

4.3 X-ray computed tomography 

The experiment was carried out in Experimental Hutch 2 (EH2) of the I12 beamline at the 

Diamond Light Source [119] (experiments EE12606-1 and EE12606-2).  A 10 kN Shimadzu 

electric test frame was used to load the 5 mm thick samples and a 100 kN hydraulic Instron 

test frame was used for the 20 mm thick specimens (these required a higher load than the 

capacity of the Shimadzu).  A view of a fracture specimen within its grip is shown in Figure 

3.3.   

 
 

(a) (b) 

Figure 3.3: Experimental setup (a) 10kN loading frame on I12’s external experimental hutch tomography 

stage (b) view of the specimen within the fixture attached to the loading frame 

Limited angle computed tomography was performed on all 4 samples (over an angular range 

of 145˚); this was necessary as the frames of the two-column loading rig design restricted the 

angles over which radiographs could be acquired.  A beam energy of 59.6 keV was employed 

for the thick samples and 61.9 keV for the thin samples during EE12606-1 and EE12606-2 

respectively.  For each tomogram 2501 projections were collected using the I12 X-ray 
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imaging modules, utilizing a picoEdge 5.5 camera at an exposure time of 0.05 s.  The 

projections are observed using optical modules that observe a scintillator, with a resolution 

that depends on the optical module.  Optical module 3 was selected for the thin specimens; 

this module provides a X2 magnification (i.e.  pixel size 3.3 μm2) with a field of view of 

8.0×7.0 mm2.  While the thin samples’ full width was within the field of view, the diagonal 

length (9.4 mm) extended beyond this and thus the sample corners were not captured in the 

reconstructed tomogram.  Optical module 2 was used for the thick specimens; this module 

has X1 magnification (pixel size 7.9 μm2) with a field of view of 20×12 mm2.  The thick 

samples’ diagonal lengths were also larger than the field of view thus their corners were 

similarly missed in the tomograms.  The distance between the detector and the specimen was 

∼1480 mm in all cases.  The distance between the specimen and the detector enhanced the 

phase contrast of the tomograms [120] which helps with crack detection [121].  

Initial tomograms were recorded at 50 N (to settle the specimen in the grip but apply minimal 

load).  The specimens were then loaded at 0.1 mm/min in small loading steps while real time 

radiograph projections were recorded.  Once crack initiation was observed in the projection, a 

full tomogram was recorded with the specimen under load.  The 3D tomograms were 

reconstructed using a Fourier grid reconstruction algorithm (Gridrec) [122], which is 

implemented in Tomopy [123] and allows for the interpolation of the missing projections (i.e. 

accounts for the limited angular data). The reconstruction was completed after a sequence of 

pre-processing steps, which included a flat-field correction, de-zinger and ring artefact 

removal [124] The quality of the reconstructions was high, despite the use of limited angle 

tomography. The focus of study was on performing Digital Volume Correlation (DVC) to 

track the movement of material using the internal grey scale features, which was not impaired 

by limited angle tomography. The reconstructed dataset was 2160 16-bit virtual xz slices of 

the specimens each measuring 2560×2000 pixels; an example series of the image slices is 

shown in Figure 3.4a.  A representative slice before and after loading is shown in Figure 3.4b. 

 

(a) 

z

x
Crack
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(b) 

Figure 3.4: Reconstructed tomography data (a) virtual stack of xz slices of the cracked thick-long sample and 

the segmented crack shown in red; each voxel is 3.3μm (b) example of the xz slice before and after cracking 

in thin long sample at its mid-thickness 

4.3.1 Digital Volume Correlation (DVC) 

After the tomograms were reconstructed, each set of reference (50N applied load) and 

cracked volumetric tomography images for the four conditions of constraints were analysed 

using DVC.  DVC tracks pattern of the grey scale features within the material to build 3D 

full-field displacement volumes [125].  The LaVision Davis 8 [126]software was used in this 

work, employing a cross correlation algorithm in Fourier space (direct correlation using a 

root mean square minimisation algorithm is available in the newer versions of the software 

but was not available at the time) [127].  The software divides each tomogram into smaller 

cubic interrogation volumes and measures their relative movement thus quantifying 

deformation as a displacement field.  To improve the spatial resolution of the full-field 

displacements the software can start with large interrogation volumes, also known as subsets, 

which contain more features before splitting the volume into smaller volumes in subsequent 

passes.  Overlaps between adjacent interrogation volumes can also be used to improve the 

spatial resolution of the displacement field, if the gradients of displacement are sufficiently 

small.  To increase the speed of the analysis, visual inspection of the tomograms was used to 

identify the region of interest (i.e.  the location of the crack - see Figure 3.4a) and cropping 

the original 2560×2160×2000 (x×y×z) image stack into smaller stacks.  The thick sample 

with a long crack was cropped to 2200×1550×1500 and then analysed with DVC.  The first 

pass had a subset size 643 voxels with an overlap of 50%.  The second pass used a subset size 

of 323 voxels with an overlap of 50%.  In the third pass a subset size of 163 voxels was used 

with an overlap of 80%.  The thick sample with a short crack was first cropped to 

2000×1550×1400, then analysed with a subset size 1213 voxels with an overlap of 80% as the 

first pass.  The second pass used a subset size of 643 voxels with an overlap of 50%.  In the 

third pass a subset size of 323 voxels was used with an overlap of 50%.  In the fourth pass a 

subset size of 163 and overlap of 80%.  The thin sample with long notch was not well 

positioned relative to the beam and the initiated crack was towards the upper side of the 

image stack rather than its middle.  In this case, the stack was be cropped to 300×1550×300 

prior to a DVC analysis which started with a subset size 323 voxels with an overlap of 50%.  

L o a d  5 0 N L o a d  3 9 9 0 N

2 m m

2 0 0  μm
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A second pass used a subset size of 163 voxels with an overlap of 80%.  In the third pass a 

subset size of 83 voxels was used with an overlap of 80%.  Finally, the thin sample with a 

short crack was cropped to a size of 1050×1550×900; the DVC analysis started with a first 

pass a subset size 2563 voxels with an overlap of 80% was used.  The second pass used a 

subset size of 643 voxels with an overlap of 80%.  In the third pass a subset size of 323 voxels 

was used with an overlap of 80%.  In the fourth pass a subset size of 163 voxels was used and 

an overlap of 50%. 

The results of the DVC analyses were four sets of full-field displacement vectors each 

corresponding to an initiated crack under varying in and sets of out-of-plane constraint 

conditions.  A previously developed code that identifies a crack in a displacement field using 

a volumetric phase congruency algorithm was used to segment the crack [128] [129] [130].  

The code also identifies the vertical displacement on either side of the crack face and, by 

subtracting them from each other at every point across the crack profile, calculates the crack 

opening displacement along the crack face.  An example of the segmented crack (the red 

volume) is shown in Figure 3.4a. The results of crack opening displacement calculations can 

be seen in Figure 3.5 for each sample.  Crack opening displacement along the full thickness 

of the thin samples could be measured across the sample barring regions very close to the 

sample edge.  The thick samples, however, could not be analysed through the full thickness.  

This was partly due to their larger diagonal length and an offset between the sample centre 

and the tomography rotational axis.  In order to increase the evaluate the robustness of the 

complex methodology with which the crack opening displacement profiles were measured, 

profiles along x direction (see Figure 3.1) in mid-thickness of all samples were selected and 

crack opening displacements along these profiles were extracted.  The opening displacements 

were normalised by the crack opening displacement at the tip of the notch and the distance 

from the notch tip was normalised by the crack length from the notch tip as measured by 

phase congruency code.  The results can be seen in Figure 3.6. 
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(a) (b) 

  

(c) (d) 

Figure 3.5: Mode I Crack opening displacement (a) thin – short (b) thick short (c) thin long (d) thick long. 

The crack opening displacements shown are calculated at the fracture load of each specimen, see Table 1. 

 

Figure 3.6: Normalised crack opening displacement profiles measured along the mid-thickness of each 

specimen at fracture.  
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4.3.2 J-integral calculation 

A previously developed code [131], was used to calculate the energy release rate as a J-

integral, from the displacement fields.  The details can be found elsewhere [132]; in brief, the 

code creates a finite element mesh corresponding to the interrogation volumes at the final 

pass of the DVC analysis.  It uses the geometry of the crack identified by phase congruency 

[133] to introduce a planar discontinuity in the mesh (i.e.  two adjacent elements with nodes 

that are not tied together and can freely displace).  It then reads the full-field displacement on 

every node in the model as boundary conditions.  This creates an over-constrained finite 

element model, utilising Abaqus to calculate the strain field and the pre-defined constitutive 

law to calculate stress.  Since the displacement field calculated by DVC near a discontinuity 

is not accurate [119][123], the code omits the DVC displacement field around the crack and 

allow the FE to solve for the displacement field in that region.  Finally, it uses Abaqus’ built 

in contour integral method to calculate the energy release rate associated with the crack.  It is 

important to note that this analysis uses no information regarding the specimen dimensions, 

crack length or applied load.  The current code uses two-dimensional plane strain/plane stress 

linear reduced integration elements (CPE4R) and imports the displacement field calculated 

by DVC slice by slice thus the volume of the simulation depends on the dimensions of the 

dataset.  While this is a valid assumption for the surface (if plane stress elements are used) 

and middle of the specimens (if plane strain elements are used), it ignores the displacement 

field in the third direction (along the thickness) which could cause considerable error in the 

calculation of J-integral where plane strain or plane stress do not prevail.  This point will be 

further discussed in the discussion section.  It should be also noted that even the 20 mm thick 

specimens do not satisfy the ASTM E399 plane strain condition (i.e. b>2.5(KI/o)
2) as the 

minimum thickness dictated by the condition is above 350 mm which makes the X-ray 

penetration impossible.  

The analysis used the material properties measured in section 5.2.1 and plane strain elements 

to represent the centre of the specimens.  It used 20 contours around the crack tip for every 

virtual slice to ensure path independency of measured J-integrals.  In all cases the values 

converged within the first 10 contours.  The results for the J-integral were converted to KJ as 

per (Eq.  8): 

𝐾𝐽 = √
𝐽𝐸

1 − 𝜈2
 (Eq.  8) 

Figure 3.7 shows the variation of 𝐾𝐽
𝑒𝑥𝑝

through the normalised sample thickness.  The 

thickness normalisation is carried out by the thickness through which J could be calculated 

x0; that is, 5 mm and 4 mm for the thin sample with short and long cracks respectively (see 

Figure 3.5a and c) and 8 mm and 14 mm for the thick sample with short and long cracks 

respectively (see Figure 3.5b and d). 
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Figure 3.7: Experimentally measured stress intensity factor (SIF) plotted along the thickness of the sample 

by FE-DVC; typical error in K calculation estimated from the variation in K when contour independency was 

assumed to have been reached is 1.5 MPa.mm1/2 

4.4 Finite Element Modelling and Results 

To independently validate and verify the stress intensity factors obtained in the previous 

section, three-dimensional finite element (3D FE) models of the experiments were created.  It 

is important to note that in the previous section, the stress intensity factor was calculated 

using the displacement field measured and the measured material’s constitutive law used to 

convert the strain to stress via DVC-FE.  In the finite element analysis, on the other hand, the 

displacements were not used, rather the independently measured fracture force was exploited, 

using the material’s constitutive law and specimen geometry to calculate the resultant 

displacements, strain field and stress field.  It therefore can be argued that the two analyses 

are independent thus providing a robust validation route.   

For the FE model, three-dimensional models of the four specimens were created using 

Abaqus 6.14[123].  A 3D rigid body was created using 14,830 shell discrete rigid elements 

representing the loading fixture (see Figure 3.1a); the sample was made of 56,320 3D 

deformable linear solid elements CP20R.  The seeds around the crack were 0.1 mm apart and 

0.5 mm for the rest of the model.  The mesh seeds were biased towards the curved blunted 

surface, but no degenerate elements were used at the crack tip.  Two planes of symmetry 

were used to reduce the volume of the sample to a quarter of the actual size, x and y 

symmetry boundary conditions were enforced at the edges of the model.  Each crack was 

modelled by removing the boundary conditions from the nodes along the notch of the sample.  

The effect of reduced stress singularity at the wire electro discharge machined notch (the 

samples were not pre-cracked) had to be included in the model.  Without it, locally, the stress 

fields around the crack tips are unlikely to be accurate [124].  In order to allow for the effect 

of the blunt notch, the model had a notch radius of 0.05 mm, which allowed for the effect of 

the wire EDM to be considered.  The crack was defined as a symmetry plane crack with a 

crack tip, on the line joining the curved blunted surface to the lower symmetry plane.  The 

crack extension direction was perpendicular to the surface of the notch [127].  The simulation 



41 

 

used the same Ramberg – Osgood material model, as described in section 4.3.2.  The model 

is shown in Figure 3.8 (the contour map shows the Von-Mises stress).   

The rigid body’s reference point was moved in displacement control and the applied 

displacement was iterated until its reaction force reached the experimental load that induced 

failure (given in Table 1) taking into account the symmetry planes defiled.  The J-integral 

was calculated by defining a history output request; for the contour integral 20 contour 

integrals were used, the first of which was at the crack tip to ensure contour independency.  

The J-integrals, converted into equivalent stress intensity factors 𝐾𝐽
𝐹𝐸were extracted from all 

four models along the sample thickness; they can be seen in Figure 3.9: Stress intensity factor 

variation along the crack front of the four samples at the onset of fracture extracted from 

finite element simulations..  Also extracted was the length of plastic ligament in front of the 

crack tip, rp.  For this purpose, it was assumed that any point in front of the crack with von-

Mises stress greater than the material yield stress (103 MPa) was plastic.   

 

(a)  (b)  

Figure 3.8: Finite element model of the thick sample with long crack (a) overview (b) details of the mesh at 

the crack tip - the grey colour shows the area in the model in which the material has deformed plastically  

 

Figure 3.9: Stress intensity factor variation along the crack front of the four samples at the onset of fracture 

extracted from finite element simulations. 
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4.5 Discussion 

Four specimens of a model material, an aluminium-titanium composite, with different levels 

of in and out-of-plane constraint were tested in this work.  Tomograms of the specimens were 

recorded using synchrotron X-rays both before loading and at the onset of crack initiation 

from a sharp notch.  DVC analysis of each pair of tomograms (before and after fracture) was 

possible due to attenuation contrast in the composite microstructure and revealed the full-

field displacement field around the crack at equilibrium with the loading at the onset of 

fracture.  Such analysis is currently not possible on more attenuating materials (e.g. uranium) 

and materials that do not have an inherent speckle pattern (e.g. stainless steel 316L). The 

displacement fields were used as an input in the finite element software, Abaqus, which 

calculated the corresponding strain fields at the crack.  A tensile test was performed on the 

same material to extract its mechanical response, to which a Ramberg – Osgood constitutive 

law was fitted to the measured stress-strain response.  The material constitutive law was used 

in the finite element models to enable the calculation of the stress field at the crack tip.  A 

contour integral method, within Abaqus was then employed to calculate the through thickness 

J-integral at fracture initiation for the four levels of constraint; they are reported in Table 2.  

Q values for the four constraint conditions were calculated by subtracting the opening stress 

predicted by (𝜎𝑦𝑦
𝐻𝑅𝑅) for the opening stress at 𝑥 = 2𝐽/𝜎0 from the model opening stress 𝜎𝑦𝑦

𝐹𝐸  at 

the same location and normalising it the yield stress (𝜎0); they are also reported in Table 2.   

Independently, finite element models of the four specimens were created.  The 

experimentally measured fracture loads were applied as boundary conditions to the models, 

using the same material constitutive law, and the through thickness J-integrals were 

calculated.  The energy release rates calculated from analysis of the experiment and 

independent finite element simulation are compared in the form of equivalent stress intensity 

factor.   

Table 2 – Equivalent stress intensity factor KJ (MPa.m1/2) 

Specimen Experiment 

𝐾𝐽
𝐸𝑥𝑝

 

Finite element 

𝐾𝐽
𝐹𝐸  

Average  Standard 

deviation 

Average  Standard 

deviation 

Q 

Thin - short 52.5 0.7 60.6 1.5 -0.67 

Thin - long 48.6 1.3 54.0 1.2 -0.56 

Thick - short 47.6 1.1 45.7 0.8 -1.29 

Thick - long 41.7 1.3 39.9 0.7 -0.87 

The experimentally extracted stress intensity factors and their variations across the thickness 

are reported in Table 2 along with the equivalent values extracted from the independent finite 

element models.  In the table the values near the sample surface are discarded as the analysis 

was not valid in this region because the slice by slice treatment of the DVC slices assuming 

plane strain/plane stress condition loses the effects of out of plane displacement.  It can be 

seen that the experimental and FE modelled average stress intensity factor in the middle of 

the specimen match well.  However, by comparing Figure 3.7 and Figure 3.9 it is clear that 
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towards the edge of the sample the values and trend of stress intensity factor in the FE and 

experiment disagree.  In the finite element model, the stress intensity factor decreases 

towards the surface, tending to zero at the surface as would be expected [127].  The 

experimental results suggest that the stress intensity factor increases towards the sample 

surface.  There are two reasons for this discrepancy, one is that the code used to analyse the 

experimental data treats each virtual slice of material separately.  This approach, while valid 

for the middle of the specimen, is not suitable for the variation of out-of-plane stress towards 

the surface.  The solution to this issue is to develop an analysis code that creates a 3D DVC-

FE model and reads the full volumetric DVC displacement in the model rather than slice by 

slice treatment that is used in the current version of the code. Secondly, it can be seen in 

Figure 3.5 that the cracks have tunnelled through the specimen and the crack front is bowed.  

This would tend to increase the stress intensity factor at the edges [96]; this is not modelled in 

the finite element simulation, which assumed a straight crack front. 

Concentrating on the variation in stress intensity factor at the onset of fracture in the middle 

of the specimen, it can be seen that the highest value belongs to thin sample with short crack 

(52.5 ± 0.7 MPa.m1/2) and lowest to the thick sample with long crack (41.7 ± 1.3 MPa.m1/2).  

A comparison of equivalent stress intensity factor for the thick sample with a short crack 

(47.6 ± 1.1 MPa.m1/2) or long crack (41.7 ± 1.3 MPa.m1/2), against those in the thin samples 

with short crack (52.5 ± 0.7 MPa.m1/2) or long crack (48.6 ± 1.3 MPa.m1/2), shows the 

expected effect of loss of constraint i.e.  thin samples have a higher toughness than thick 

samples and short cracks have higher toughness than samples with long cracks.  The 

experimental values of equivalent stress intensity factor 𝐾𝐽
𝑒𝑥𝑝

 are plotted against their 

simulation counterpart 𝐾𝐽
𝐹𝐸  in Figure 3.10.  The figure shows the experimental and 

simulation value follow an acceptable one – one correlation providing confidence that the 

analyses are independent and are in good agreement.  

Brittle fracture of materials is strongly dependent on the distribution of microstructural 

features such as microcracks and inclusions. As such, there is considerable variability in the 

toughness measured often instigating researchers to offer probabilistic distribution of 

toughness rather than the straightforward deterministic values. It therefore must be noted that 

testing 4 samples only may not provide the full picture of the toughness variability of the 

tested material. However, it is expected that there exists a correlation between the size of the 

plastic zone at the onset of fracture and the toughness measured. Therefore, it can be argued 

that despite the time constraints of a beamtime, which impose restrictions on the number of 

samples that can be fractured in-situ, the overall behaviour observed is consistent with the 

theoretical expectation of the variation in toughness as a function of combined in and out of 

plane constraint. However, the results of the current unique in-situ study must be seen in light 

of extensive ex-situ experimental programmes carried out previously to validate the 

Anderson – Dodds -Kirk unified measure of constraint.  

The variation in toughness of brittle materials makes the experimental error estimation of 

utmost importance. There are two main outputs from the experiments, the toughness and the 

size of the plastic ligament, both calculated from the displacement measured by digital 

volume correlation analysis of the tomograms. The tomograms had of 3.3 and 7.9 

micrometres voxel size for the thin and thick samples respectively. The tomograms were 

analysed by digital volume correlation with 163 and 83 interrogation window size for the thin 

and thick samples respectively. Previous investigation shows that DVC is accurate to 0.1 

voxel at selected window sizes [134] resulting in an accuracy of roughly 0.3 and 0.8 

micrometre in displacements measured from the thin and thick samples respectively. 

Considering the observable gauge length for each sample is the size of the interrogation 
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window, the error in measured strain is of the order of 0.005 and 0.01 which at the worst case 

scenario (i.e. at yield stress) translates to 20 and 30 MPa uncertainty in measured stress for 

thin and thick samples. It can therefore be argued that the error in measured plastic zone 

(accuracy of 0.3 and 0.8 for measurements between 3 and 400 micrometre) is negligible as is 

the error in measured toughness (accuracy of 0.2 and 0.3 measurements in 40 – 60 MPa.m0.5). 

It was therefore concluded that the through thickness variation of the measured value are a 

good representation of the overall accuracy of the experimental measurements which are the 

values reported in Tables 2 and in Figures 10 -12). 

Figure 3.11 shows the equivalent stress intensity factors measured and calculated as a 

function of Q. As it can be seen, the variation of apparent stress intensity factor at different 

levels of constraint does not form a uniform trend.  If applied to a constant thickness 

specimens (i.e. constant out of plane constraint), the results do form a trend but Q, in its 

original form, is evidently not capable of quantifying both in and out of plane at the same 

time. This has been previously observed by other researchers (e.g. see [135],[136],[137]). 

 

Figure 3.10: Correlation of experimentally obtained equivalent stress intensity factor and that of finite 

element simulation. A line highlighting a 1:1 correlation is shown, with all results falling within ±20% of 

this. 
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Figure 3.11: Stress intensity factor against measure of constraint 𝑸. The error bar shows the range of values 

determined from experimental data and the measurement resolution (voxel size). 

However, using a unified measure of constraint, it is possible to combine all the results by 

considering the relation between apparent stress intensity factors in the middle of sample.  

Figure 3.12 shows the apparent stress intensity factors measured/calculated in the middle of 

the specimens against a variation of Anderson, Dodds, and Kirk unified measure of 

constraint.  In this variation, the Von Mises stress (vm) was used instead of maximum 

principal stress (1 - see Eq.  4) which had been originally proposed by Anderson, Dodds, 

and Kirk as it better represents the plastic work which is closely related to the constraint 

effect.  This is in-line with previous work done by some of the authors (e.g. see [138]).  If the 

arbitrary C factor in the modified Anderson. Dodds, Kirk model is considered to be one, then 

the unified measure of constrain would be the length of uncracked ligament which has 

deformed plastically is used.  As noted by other researchers (e.g. see [103,125]), considering 

C = 1 restricts the application of such unified measure of constraint to conditions where the 

plastic zone size if limited within the sample.  The thin specimens in this study had violated 

this condition as they had shown plastic deformation along the full uncracked ligament both 

in finite element model and in DVC. It was therefore decided to use a higher C factor (i.e. C 

= 1.1) to confine the area with Von-Mises stress bigger than C0 within the specimen.  The 

results are presented in Figure 3.12.  
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Figure 3.12: Stress intensity factor against a unified measure of constraint C0 (C = 1.1). The error bar 

shows the range of values determined from experimental data and the measurement resolution (voxel size). 

The figure shows that the apparent stress intensity factors plotted as a function of unified 

measure of constrain forms a uniform trend.  The lowest constraint condition of thin sample 

with short crack show a large distance along the ligament with vm> 1.10 while this distance 

is much smaller in the highest plastic constrain sample of thick with long crack.  It appears 

that the FE results presented in Figure 3.12 are more in line with what is expected from the 

variation of toughness as a function of constraint compared to the experimental 

measurements. This is because the material has a low hardening exponent, expressing a near 

elastic – perfectly plastic behaviour. The elastic perfectly plastic behaviour results in large 

variation in strain as a function of small variation in stress (i.e. measured force over cross 

section). The large change in stress changes the finite element toughness variation 

considerably, exaggerating the effects of constraint and making the toughness increase as 

result of loss of constraint more prominent. This is not necessarily true representative of the 

material behaviour in service which is expected to be closer to the experimentally measured 

values. This is emphasising the importance of such direct measurements compared with 

previous theoretical studies.  

Figure 3.12 suggests that using the unified measure of constraint can provide us with a 

relationship between combined in-plane and out-of-plane constraint level and equivalent 

stress intensity factor at fracture.  This parameter to measure constraint can offer a 

methodology to include the effects of constraint in a prediction of fracture which is sensitive 

to both in and out-of-plane constraint.  In future work we intend to use the experimentally 

measured displacement field to test the validity of other unified approaches, notably the Seal 

and Sherry method [10].  They have combined Rice and Tracey fracture model [88] with 

isostress contour method to produce a unified fracture criterion for a component with any 

thickness or crack length. 

4.6 Conclusion 

• Full-field volumetric displacement fields of four crack samples with four different 

combinations of in and out of plane constrains were measured by synchrotron X-ray 

tomography and digital volume correlation. 
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• The full-field volumetric displacement data were used in a finite element framework 

to calculate the through thickness energy release rate of the samples and the plastic 

zone sizes around the cracks at fracture. 

• The plastic zone sizes at fracture were used to rank the samples constraint level 

regardless of their in or out of plane types. This showed, for the first time through 

direct measurement, that the size of plastic zone can be used as a unified measure of 

constraint. 
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5 Journal Paper 2 

This paper gives evidence for 𝜑 being a measure of unified constraint and Q being a measure of in 

plane constraint, with a larger body of data. 

Quantifying combined effects of in-plane 

and out-of-plane constraint in an 

aluminium alloy 

S M Tongea,2, Z Chena, C Meekb, M Mokhtarishirazabada, M Mostafavia 

e. Department of Mechanical Engineering, University of Bristol, Queens Building, University 

Walk, Bristol, BS8 1TR 

f. National Nuclear Laboratory, 5th Floor, Chadwick House, Warrington Road, Birchwood Park, 
Warrington, WA3 6AE 

Abstract 

Fracture load of a component can depend on the geometry as well as the material 

properties due to the effect of constraint on the plastic region which forms around the 

crack tip prior to fracture. The constraint has two components: in-plane constraint, 

due to the size and geometry of the component, and out-of-plane constraint, mainly 

due to its thickness but also affected by other geometric parameters. There are 

currently methods to quantify both types of constraint separately as well as 

suggested parameters that quantify both simultaneously. However, experimental 

programmes that objectively compare the applicability of each are few and far 

between, especially on the out-of-plane constraint. In this paper we report the results 

of a substantial experimental programme making use of single edge notched bend 

(SENB) aluminium alloy specimens to study the combined effects of in-plane and 

out-of-plane constraint. These experiments involved testing the specimens in a 

three-point bending configuration with nine combinations of thickness and crack 

length. This allowed fracture loads to be measured then converted to stress intensity 

factor K by the use of three-dimensional finite element simulations. Common 

constraint parameters such as the Q parameter and plastic zone volume were 
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extracted from these simulations. The results showed that K varied between 31 and 

55 MPa√m for various levels of in and out-of-plane constraint. Both the magnitude of 

Q and the plastic zone volume increase with reducing plastic constraint. We showed 

that both Q and plastic zone volume could be used to quantify the combined effects 

of in and out-of-plane constraint, however the uncertainty associated with the plastic 

zone volume is less than that of Q. 

Highlights 

• Constraint effects in fracture measured by three point bending tests. 

• Al7075 single edge notched bend specimens used for brittle fracture tests. 

• 9 different levels of constraint used in specimens: 3 in plane, 3 out of plane. 

• Strong correlation between volume of yielded region and constraint. 

• Q parameter and volume of plasticity found to be sensitive to constraint. 

Keywords 

Constraint, Brittle Fracture, Fracture test, Q parameter. 

5.1  Background 

The fracture toughness of a component has been shown to be affected not only by 

the standard fracture toughness of a material, but also by the resistance of the 

specimen to plastic yielding. One of the factors that affects resistance to plasticity is 

the geometry of the component which can have a significant influence on the size of 

the plastic region that forms around the crack prior to failure. This effect is known as 

plastic constraint. The constraint due to the variation in the uncracked ligament 

length ahead of the crack tip, or other variations in sample geometry from a standard 

case, is known as in-plane constraint. The constraint due to the specimen thickness 

is known as out-of-plane constraint. Short-cracked bending specimens have lower 

in-plane constraint [90] which leads to the higher measured values of the parameters 

quantifying fracture toughness. Specimens with high thickness have higher out-of-

plane constraint [52], [92] and therefore lower measured values of fracture 

toughness. The plastic work done in a low constraint specimen has the effect of 

increasing fracture toughness. Thus, high in-plane constraint and thick (satisfying 
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plane strain conditions) specimens such as the Compact Tension (CT) specimen are 

used to measure a lower bound standard fracture toughness.  

Previous experiments [90] [92] have successfully shown a correlation between 

constraint and fracture toughness. However, historically, in-plane and out-of-plane 

constraint have been treated separately in fracture assessment codes and 

procedures such as R6 [37] and BS7910 [139]. Nonetheless, parameters to quantify 

both in-plane and out-of-plane constraint have been proposed, for example by Seal 

and Sherry [97]. To test the reliability of parameters, sufficient fracture tests need to 

be performed across a range of geometries and materials. This would allow 

structural integrity assessment procedures to be updated using a unified measure of 

constraint which would improve the accuracy and efficiency of such assessments.   

The stress intensity factor (K) at the crack tip and the strain energy release rate (J) 

are measures of fracture toughness. To account for the effects of constraint it is 

sometimes necessary to use two-parameter fracture assessments. In the case of 

in-plane constraint the second parameters often used are Q and T. The T-stress is 

the non-singular term of the Williams expansion of the crack tip stress field [98]as 

shown in Equation (1).  

𝜎𝑖𝑗 =
𝐾

√2𝜋𝑟
𝑓𝑖𝑗(𝜃) + 𝑇𝛿1𝑖𝛿𝑖𝑗 (Eq.  9) 

This non-singular second term describes the stress parallel to the direction of crack 

propagation. It includes the T-stress and two Kronecker deltas. In the first term of 

this expansion, K is the stress intensity factor and 𝑟 and 𝜃 are the linear and angular 

distances from the crack tip. While negative T is associated with loss of in-plane 

constraint [140], a positive T-stress indicates that a crack can tend to branch [99] 

Q  is defined in [141]as the difference between the stress field experienced by the 

crack in the low constraint specimen and the stress field defined by Hutchinson Rice 

and Rosengren (HRR) [142]  [104] . The most common form of Q used in fracture 

assessments is shown in Equation (2), where r is the distance from the crack tip to 

the point in the stress field at which Q is measured (𝑟 =
2𝐽

𝜎0
), 𝜎0 is yield stress, and 

𝜎𝑦𝑦 is the crack opening stress. 
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𝑄 =
𝜎𝑦𝑦 − 𝜎𝑦𝑦

𝐻𝑅𝑅

𝜎0
|

𝑟=
2𝐽
𝜎0

 (Eq.  10) 

T is only applicable to elastic conditions or small scale yielding while Q is more 

appropriate for plastic conditions. Alternatively, for simplicity, sometimes T-stress is 

used to construct a J-T loci instead of J-Q loci to define the effects of constraint on 

fracture.  

Constraint due to specimen thickness is quantified by the parameter Tz, which is 

defined in Equation 3. This parameter is defined with the crack propagation being 

in the x-direction and the thickness of the specimen orthogonal to the direction of 

the crack propagation.  It was originally defined by W Guo [143], who studied the 

fracture toughness of specimens with different thickness relative to uncracked 

ligament. This enabled Tz to be measured and the results to be used to quantify 

out-of-plane constraint in the K-Tz theory.  

𝑇𝑧 =
𝜎𝑧𝑧

𝜎𝑥𝑥 + 𝜎𝑦𝑦
 (Eq.  11) 

 

𝜎𝑥𝑥 and 𝜎𝑦𝑦 are stresses in the plane of the crack and 𝜎𝑧𝑧 is the component of stress 

tensor perpendicular to the plane of crack propagation. Tz is not sensitive to in-plane 

constraint, which means that three parameter theories such as, K-T-Tz and J-Q-Tz 

are necessary [144] [145]. These are more complex than using two-parameter 

assessments, which use a single constraint parameter for both in-plane and out-of-

plane. Therefore, in the interest of improving efficiency, it would be desirable if a 

parameter sensitive to both in-plane and out-of-plane constraint could be verified.  

Other parameters that define either in or out of plane constrains have been proposed 

such as T11 [146], Qssy[147], A2 [148], h [147], and T33 [146]which for brevity we do 

not review as they have some overlap with previously defined constraint parameters. 

To this end, Anderson, Dodds, and Kirk [149] proposed that the area (𝐴𝑐) enclosed 

by a contour of constant maximum principle stress can be used to define constraint. 

The area enclosed by the contour defined in Equation 4, is taken to have yielded. 

The contour was defined in Equation (4),  
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𝜎1 = 𝐶𝜎0 (Eq.  4) 

𝐴𝑐 = ∑ 𝑎𝑖

𝑖=𝑒

𝑖=1

 (Eq.  5) 

𝐶 is an arbitrary constant, 𝜎1 is the maximum principal stress and 𝜎0 is the yield 

stress.  The area (2D) or volume (3D) inside the contour (𝐴𝑐) is the measure of 

constraint found by summing individual areas of finite elements. In Equation 5 these 

individual elements each have area given by ai and the number of elements 

enclosed by the contour is e. The finite elements included in the summation are the 

set of elements enclosed within the contour defined in Equation 4. 

High constraint results in low fracture toughness and a small contour size, while low 

constraint gives high fracture toughness and a larger area [116].  As an alternative, a 

dimensionless parameter φ, defined in Equation (5), was postulated as a unified 

measure of constraint: 

𝜑 =
𝐴𝑐

𝐴𝑐
𝑆𝑆𝑌 (Eq.  6) 

where φ is the ratio between the size of the area enclosed by the arbitrary isostress 

contour 𝐶 (𝐴𝑐) to the area enclosed by the same contour in a sample with a standard 

constraint condition (i.e. 𝐴𝑐
𝑆𝑆𝑌) [150].  

Parameters based on the size of the yielded region have been shown to be 

applicable in the fracture of ductile materials with low plasticity yet it is not reliable in 

cases where large scale plasticity occurs [8]The Dodds, Anderson, Kirk method has 

been modified to account for in-plane as well as out-of-plane constraint. For 

example, Mostafavi et al. suggested 𝜑𝑝 [138]. 

𝜑𝑝 = √
𝑉𝑃

𝑉𝑃
𝑅𝑒𝑓

3
 (Eq.  7) 

where 𝑉𝑃 is the plastic zone volume for the specimen and 𝑉𝑃
𝑅𝑒𝑓

 is the volume of the 

plastic zone in a standard high constraint specimen (e.g. compact tension).   



53 

 

When this parameter was tested, it was shown that it could predict the failure of 

aluminium alloys and showed sensitivity to both in-plane and out-of-plane constraint 

[151]. However, its application is limited to component geometries and loads in which 

the volume occupied by the plastic zone is contained within a relatively small part of 

the uncracked ligament.  To widen the applicability of this parameter to conditions 

where plastic volume is uncontained, another parameter APEEQ has been proposed 

[152]. APEEQ gives another form of the Anderson, Dodds, Kirk method, in which the 

plastic strain volume is bounded by the plastic strain, εp, isoline. The area of plasticity 

for a case with high constraint, ARef, is used to normalise the value in a similar way 

that VP
Ref is used in Equation 6 [154].   

This is an active area of research. For example Seal and Sherry [57] have recently 

combined the Rice and Tracy [83] fracture criterion with the 𝜑 constraint parameter 

to predict the effects of fracture of ductile materials. Tonge et al. [155] have 

performed experimental work complemented by finite element simulations to assess 

the validity of the contour method. These tests have shown that there is a clear 

dependence of fracture toughness parameters such as K and J on the level of 

constraint of a sample but have not directly attempted to validate the accuracy of 

unified measures of constraint experimentally. This is important as the industry 

direction of travel is towards reducing conservatism which can be achieved through 

more realistic analyses with fewer simplifications. As such, combining the two 

measures of constraint which in the past were defined for simplicity of application by 

hand calculations can offer an advance in engineering practice.  

The present work offers a combined experimental and numerical study. The 

experiments described in this paper test the effect of varying constraint, in and out of 

plane, on the range of values of the fracture parameters. They are complemented by 

detailed finite element simulations to assess the validity of the most frequently used 

measures of constraint. 

5.2 Experiments and Results 

5.2.1 Specimens  

Three-point bending tests were carried out using the ASTM 399 standard [30]. The 

material used was Al7075 T651 [155], a grade of Aluminium prone to brittle fracture. 

The nine different specimen geometries and the codes used to identify them are 
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shown in Table 1; a diagram of the specimens is shown in Figure 4.13. The specimen 

geometries were designed to give three different levels of in-plane constraint, 

corresponding to notch lengths: a/W = 0.075, 0.275, 0.375. For each different notch 

length there were three different thicknesses, (b = 5, 12, 30 mm) and therefore three 

different levels of out-of-plane constraint for each notch length. This gave nine 

specimen types, each with a unique combination of in-plane and out-of-plane 

constraint. The specimen with b = 30 and a/W = 0.375 is a standard specimen with 

high level of constraint while the specimens with a/W<0.375 have low in-plane 

constraint and the specimens with b < 30 have low out-of-plane constraint. The 

samples with combined low in and out of plane constraint could have maintained the 

same span and width or could have been scaled. The former was chosen to avoid 

confusion with studies that focus on size effect (e.g. see [156]).  

Side grooves, as depicted by Figure 4.13, were used to ensure fracture direction 

along the electro-discharge machining (EDM) notch. The depth of the side grooves is 

10% of the specimen thickness, this means that for b = 30side grooves with 3mm 

depth are used. For B=12mm side grooves are 1.2mm in depth. The span length, S, 

is four times specimen width. In this case this is 160mm.   

The experiment was repeated for each specimen geometry. Cracks were introduced 

in the specimen using a 0.1 mm wire EDM, as previous experiments on a 

comparable aluminium alloy, similar specimen type, and temperature showed no 

statistical difference between fracture toughness measured by EDM notched and 

fatigue pre-cracked specimens due to crack blunting before fracture [108] (see 

appendix B). Thin samples (b = 5 mm) were equipped with anti-buckling plates. The 

experiments were carried out at room temperature between 18 and 22OC. 
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Figure 4.13 – Schematic of the specimen geometry 

Table 4.1 – details of the specimens 

Sample 
Code 

b 
(thickness, 
mm) 

a 
(initial 
crack 
length
, mm) 

a/W 

 F
a

il
u

re
 L

o
a

d
s

/k
N

 

      5S 5 3 0.075 14.7,14.8,16.9,18.8 

5M 5 11 0.275 7.7,7.8,8.1,8.4 

5L 5 15 0.375 5.4, 5.6, 5.7, 5.9 

12S 12 3 0.075 32.7,33.1 

12M 12 11 0.275 13.9,14.8,19,19.3 

12L 12 15 0.375 11.2,13.4,14.4 

30S 30 3 0.075 64 

30M 30 11 0.275 37.9,40.7,43.5 

30L 30 15 0.375 29.4,33.6 

 

5.2.2 Test set-up 

Figure 4.14 shows the test setup. The load in the three-point bending tests was 

applied by a servo hydraulic, Schenk 75 kN testing rig, equipped with a load cell of 

the same capacity. The load was applied in displacement control with a linear ramp 

rate of 0.5 mm/minute until the specimen failed by sudden fracture.  
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To validate the finite element models (see next section) used to convert fracture 

loads to fracture toughness, crack mouth opening displacement (CMOD) was 

measured directly at the crack tip using an Epsilon clip gauge. The clip gauge was 

calibrated using a barrel micrometre prior to the experiment. The Epsilon clip gauge 

(model 3541-005M-120M-LT) had a travel range of 12 mm which was found 

sufficient for all experiments including the lowest constraint ones.  

The integral knife edges of the sample, with gauge length 5 mm, were used for 

mounting the gauge. The gauge was connected to the controller so that the load, 

measured by the tensile frame’s load cell, and the CMOD, measured by the clip 

gauge, could be synchronised. The width of specimen W = 40 mm and the distance 

between rollers where load was applied S = 120 mm.  

 

Figure 4.14 – Experimental setup and specimens 

5.3 Finite Element Modelling  

Finite element (FE) models were created to calculate the J-integral and determine 

the plastic zone size ahead of the crack tip as well as Q. Compliance of the model in 

its elastic regime (crack mouth displacement divided by load) was calculated and 

compared with that measured by the experiments to ensure that the model is directly 

comparable with the physical experiments.  
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Abaqus 6.14 [123] was used to run a script that created the nine specimens with 

each individual geometry. Between 14,500 and 64,312 elements were used in a 3D 

configuration which modelled the nine specimen geometries. The model was 

reduced to a quarter of its original size by using the plane of symmetry along the 

direction of crack propagation. Symmetry boundary conditions were used to define 

the planes of symmetry. Figure 4.15 shows an example of the FE model. The crack tip 

was modelled by concentrated mesh. Biased mesh was used so that larger  

elements near the free surfaces are defined to accurately represent the asymptotic 

stress field. The crack was defined as a symmetry half-crack model with nodes along 

the crack tip through the thickness of the specimen. The mesh seeds around the 

crack tip were 0.05 mm apart and 0.5 mm for the region of the model away from the 

crack. 20-node brick solid elements with reduced integration points were used 

throughout the model.  

Rollers, which in the experiments were made of toughened steel, were defined as 

rigid bodies. Hard, frictionless contact was defined between the rollers and the 

specimens. Reference points were defined for the rollers whose movement defines 

the movement of the whole rigid roller. The outer roller was fixed at its reference 

point and load was applied to the reference point of the lower roller. The model was 

loaded in displacement control by pushing the upper roller in the specimen until the 

same fracture load as the specimen in the physical experiment was achieved.  

 

Figure 4.15 – Example of finite element model of the fracture tests showing the general 
overview of the quarter model and close up of the crack tip mesh in an inset 

The specimens’ material properties were described by a Johnson-Cook model:  
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𝜎 = 𝐴 + 𝐵(𝜀)̅𝑛 (Eq.  12) 

where 𝜎 is plastic stress and 𝜀 ̅is plastic strain. The elastic properties were 

E = 71.7 GPa and Poisson’s ratio ν = 0.33. The Johnson-Cook parameters were 

A = 450 MPa, B = 488 MPa and n = 0.3498 as identified previously for this material 

[155].  

The effect of blunting on the notch was modelled by considering the radius of the 

EDM wire, which was 0.05 mm, as the radius of the blunted notch. This was 

necessary because the measurement of the stress field at the crack tip was taken as 

a measure of the size of the plastic zone so a high level of accuracy in this part of 

the specimen was required.  

The previous work [157] indicated that the side-grooves have a local effect in the 

simulations thus will marginally change the calculation of Q, which is performed in 

the middle of the sample thickness (please see below). The plastic zone at the 

surface is the most affected parameter in this simplification which will be minimised 

by summing up the whole plastic volume of each specimen. Therefore, for simplicity 

the side-grooves were not simulated in FE models.   

To calculate Q, [157] , the opening stress for the high constraint specimen (i.e. 

sample with a/W = 0.375 and 30 mm thickness) was used as a reference; there was 

only less than 5% difference between this value and that calculated by HRR. The 

opening stress at 
𝑟𝜎0

𝐽
= 2, that is r = 0.05 mm, was measured for each case and 

averaged over repeats. The difference between the opening stress of each case and 

that of the reference was calculated and normalised by the yield stress, giving a 

value of Q for each sample geometry.  

Abaqus’ in-built contour integral method was utilised to calculate J-integral. To 

ensure the contour independency of the calculated J values, 20 contours were used 

which, after a rise, reached a plateau. As is common practice, only the maximum J-

integral observed in the middle of the specimen was extracted from the simulations 

to represent the toughness of each specimen [8]. The results shown in the graphs 

were evaluated at the centre of the specimen with respect to thickness, which is the 

point of maximum stress concentration. 
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We have calculated Q in the middle of each specimen, where fracture initiation is 

expected to happen. While the distribution of Q (similar to J) could be extracted 

along the crack front, such analysis is more suitable for cases where there is 

ambiguity in where along the crack front the growth initiates [158]. In our case, the 

crack front is straight thus as previous studies on comparable materials shown, the 

crack is expected to initiate growth at its mid-thickness point [159].  We therefore 

reported the J and Q values at mid-thickness point.   

A code in Python 2.7 was developed to segment the elements using the equivalent 

von-Mises stress calculated as an average over their integration points. If the 

average von-Mises stress is more than the yield stress of the material, the element 

was assumed to have yielded. The code adds the volume of the segmented 

elements thus returning the volume of plasticity formed around the crack prior to 

fracture, Vp. Care was taken so that any plasticity at the rollers (beyond the plastic 

hinge) was not added to the plastic zone volume formed around the crack tip.  

5.4 Results and discussion  

5.4.1 Load-CMOD curves  

Each specimen was loaded until final fracture load was observed. The load-crack 

mouth opening displacements, constructed by the measurements from the load cell 

and the clip gauge, for each thickness, are depicted in Figure 4.16. Limited 

nonlinearity is observed before the final fracture, indicative of the abrupt brittle failure 

of the material. As expected, specimens with lower a/W had the higher compliance. 

Compliance was determined by finding CMOD in the FE model at the failure loads 

for each specimen. At 40kN load, CMOD for specimen 30S was 0.4mm. At 50kN 

load, CMOD for specimen 30M was 0.3mm. 

It can be seen from the experimental results in Table 1, that the loads ranged 

between 5.4 kN (for sample 5L) and 64 kN (for sample 30S). The range of these 

loads is narrow between each experiment with the same specimen geometry as can 

be seen in Figure 4.16. 
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(c) 

Figure 4.16 – Load-crack mouth opening displacements for each experiment. (a) thin samples 
(b = 5 mm) (b) mid-thick samples (b = 12 mm) (c) thick samples (b = 20 mm) - Note that, for 

clarity, the fracture points are depicted with a much bigger symbol. 

5.5 Fractography 

Light microscopy images were taken using blue light with 0.05 mm/pixel. The images 

for each specimen are shown in Figure 4.17. Although the magnification was not 

sufficient to identify the finer details of the fracture process (e.g. initiation site), they 

provided ample evidence of ductile fracture throughout the tests. The specimens with 

the shortest initial crack length (a/W =0.075) with b = 5 and b =12 showed fracture 

surfaces that were rougher than other samples.  
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Figure 4.17 - A light microscopy image of the crack surface is shown in blue light 

To give higher resolution images of the fracture surface, an electron microscope was 

used. The either ends of constraint level were examined with x200 magnification; 

that is standard specimen with maximum constraint (b=30mm, a/W=0.375) and the 

specimen with minimum level of constraint (b=5mm, a/W= 0.075). The high 

resolution images are shown in Figure 4.18. The images focused just in front of the 

EDM notched region to capture behaviour ta crack initiation. A clear contrast is seen 

between the high constraint and low constraint fracture surfaces similar that 

observed by the optical microscopy. A more regular pattern of flat surfaces, akin to 

cleavage planes, is seen in the higher constraint specimens. In contrast, rough, 

elongated voids with more random flat surface orientations are seen in specimens 

with lower constraint. This is indicative of tensile type fracture in the high constraint 

sample and shear type fracture in ow constraint sample. To evaluate other samples, 

electron microscopy of the surface of all samples were taken at 1000x which are 

shown in Figure 4.19. Although not a clear cut, it can be argued that the samples 



63 

 

with rough surfaces in optical microscopy (i.e. all but samples with shortest cracks) 

show tensile type fracture and the samples with smooth optical samples (i.e. 

samples with shortest cracks) are more of shear type fracture.  

 

(a) 
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(b) 

Figure 4.18 - 200x Magnification scanning electron microscopy image of (a) a/W=0.075, 
B=5mm, taken at centre of specimen (b) a/W=0.375, B=30mm, taken at centre of specimen. 
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Figure 4.19-1000x Magnification sample image of each specimen geometry 

 

5.6 Finite element results 

In Figure 4.20, examples of the plastic zone for each sample, as calculated by finite 

element can be seen. The plastic zone is shaded grey. This is taken as the region 

with nodes having Von Mises stress exceeding the yield stress for Al7075. It can be 

seen that when the constraint is low and fracture toughness is higher, there is a 

greater volume of plasticity. This is consistent with the expected trend due to the 

constraint effect 
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Figure 4.20- Plastic zone at fracture. For each sample geometry at a median level of load, an 
image of the plastic region derived from FE simulations which is shown in grey. The images 
are slice of the middle-thickness of the specimen. The scale bar indicates the radius of the 

plastic zone in the mid-section. 

 

Figure 4.21 depicts the variation of the fracture toughness as a function of Q while 

Figure 4.22 is the fracture toughness as a function volume of plasticity per unit 

thickness. The fracture toughness values were calculated using finite element 

simulations as for the non-standard specimens there is no Widley accepted standard 

equation to convert fracture load to toughness. Interaction integral [160] incorporated 

in Abaqus was used over 25 contours to ensure path independency of energy 

release rate. The value at the centre of the sample thickness was chosen and 
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converted to toughness (Kc) using linear elastic equation (that is 𝐾𝑐 = √𝐽𝐸/(1 − 𝜈2) 

as is customary. Q is determined by extracting σyy from FE for each specimen at 

fracture load at 𝜎0𝑟/𝐽 = 2 and using Eq. 2 to find the normalised difference between 

opening stress at fracture of each specimen with that of the high constrain condition.  

In this work we used the opening stress of high constrain sample (a/W = 0.375 and 

b = 30 mm) as the value for high constraint condition. This was calculated to be 3% 

less than the value calculated by HRR [161]. 

Figure 4.21 shows that as Q becomes more negative (the loss of constraint), the 

higher the fracture toughness. Similarly, it can be seen in Figure 4.22 that as the 

constraint is lost, the volume of plasticity increases with increase in its fracture 

toughness. However, it can be seen in Figure 4.21 that there is no trend in K plot 

against Q when the thickness changes. No meaningful relationship between K and 

the Q parameter can be derived from the data in this experiment when all the 

thicknesses and crack lengths are combined. However, the biggest outliers belong to 

the shortest cracks (a/W = 0.075) in thin samples (b = 5 mm and b= 12 mm). This is 

consistent with the change in the fracture surface as observed in Figure 4.17 and 

Figure 4.18. It can be argued that as the constraint is reduced, the dominant mode of 

fracture from tensile, where the hydrostatic stress is governing factor, changes to 

shear, in which the shear stress is more prominent in driving the crack. Another 

indication of such a change is seen in Figure 4 where in a/W = 0.075 with b = 5 mm 

and b= 12 mm more nonlinearity is observed in Load-CMOD before final fracture 

indicative of higher plasticity (i.e. shear). Thus, as the fracture mechanism has 

changed in a/W = 0.075 with b = 5 mm and b= 12 mm, the fracture data of these 

specimens cannot be pooled together with the rest of the data. 

In the case of the φ parameter, there is a clear relationship that can be seen when 

this parameter is plotted against K, especially if a/W = 0.075 with b= 5 mm and 

b= 12 mm are excluded. It can be seen in Figure 6 that φ and K have a strong 

positive correlation. It is therefore possible to use the plastic volume to combine the 

effects of in and out-of-plane constraint and form a unified measure which can 

predict the effects of one on the other.  
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Figure 4.21  – Fracture toughness as a function of Q 

 

Figure 4.22 – Fracture toughness as a function of volume of plasticity 
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5.7 Conclusion 

A series of three-point bending tests were carried out for specimens with nine 

different combinations of constraint. There were three levels of in-plane constraint 

(a/W = 0.075, 0.275, 0.375) and three levels of out of plane constraint (b = 5 mm, 

12 mm, 30 mm). The narrow range of loads in the experiment and the abrupt nature 

of the specimen failure, show that the fracture of Al7075 T651 is generally very brittle 

although in the case of a/W = 0.075 with b = 5 mm, 12 mm evidence of shear type 

fracture was observed. This means that there is a contained region of plasticity 

ahead of the crack tip as can be seen in data from the FE results.  

Fracture toughness represented by the stress intensity factor was plotted against the 

two parameters Q and φ. Q is a widely used parameter which quantifies the 

deviation of opening stress from the high constraint condition, while φ offers a 

normalised plastic zone size around the crack tip at fracture initiation. φ may be a 

useful parameter to quantify in-plane and out-of-plane constraint, as φ offers a more 

consistent trend when the in and out-of-plane constraint data were combined. Q is a 

parameter defined for quantifying in plane constraint and although its application to 

out of plane constraint has not been fully investigated, this study may suggest that it 

is not uniformly quantifying in and out of plane constraint simultaneously.  
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6 Conference Paper 
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Abstract A series of unique non-standard three-point bending tests were performed on a series of 5 
pipes of known diameter. The dimensions of the pipes represent a realistic situation applicable to 
the nuclear industry namely a thin walled pressure vessel tube in an AGR. The material used had 
previously been used in a series of experiments on SENB specimens in three-point bending tests. The 
results of these experiments show the applicability of the constraint parameters Q and Ap. Finite 
Element simulations were carried out on this setup which allowed the stress intensity factor K, a 
measure of fracture toughness. Q and A, which are measures of the constraint of the plastic region 
at the crack tip by the geometry of material are also determined. The value of K was measured to be 
49.5 and the value of φ was 5.2. This meant that in comparison with standardised experiments on 
SENB specimens, the results from tests with pipes showed a good comparison with experimental 
data.  

6.1 Background 

Methods such as R6 [4] enable a user to evaluate a defect in a body to determine whether a crack in 
an component is likely to propagate. The resistance of a component to failure will be determined by 
is fracture toughness, which is a material property, and the size of the component. The dependence 
of fracture toughness on specimen geometry is known as the constraint of the plastic region. The 
plastic region is a volume of yielded material that forms ahead of the crack tip. The constraint is 
divided into two parts: in-plane constraint and out of plane constraint. Out of plane constraint refers 
to the effect of the specimen thickness, whereas in plane constraint accounts for the effect of the 
uncracked ligament length in front of the crack tip. Out of plane constraint can be quantified by Q 
and other parameters [6], in plane constraint can be quantified by Tz [7]. However, there is no 
parameter in use that yet quantifies both in and out of plane constraint. The parameter φ [52], has 
been shown to be a candidate due its sensitivity to both forms of constraint in three-point bending 
tests on standardised specimens. φ will be tested in this experiment using a pipe specimen, which is 
more applicable to industrial use than previous tests. 
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6.2 Introduction 

Three-point bending tests were performed on pipes manufactured from the aluminium alloy Al707-

T651. This material was chosen due to its use in previous experiments which enables comparability 
with previously measured values of fracture parameters K and  φ. 

 The pipes had an outer diameter of 36mm and an inner diameter of 28mm. These dimensions were 
chosen for applicability to nuclear industry applications and are shown in Fig. 1. The pipes were laser 
cut from a 500x1000x30mm aluminium plate. To ensure that the specimens were homogenous, the 
direction that the pipes were cut was along the same of the axis of the plate. This plate had first 
been cut into rectangular sections which were at a uniform angle to the original plate. This alloy was 
chosen for the purpose of comparison with previous work. By determining the value of the 
preciously tested parameters in these novel experiments, using industrially relevant components, it 
is possible to verify the applicability of the previous experiments on a more realistic specimen. This 
allows the extension of the verification of these constraint quantifying parameters to a different, 
more relevant sample. Which could enable safety procedures to be updated to include this. From 
the data obtained, it is then possible to provide evidence on the behaviour of the parameter in a 
different level of constraint. 

6.3 Experimental Method 

Experiments carried out on a cylindrical specimen using sample dimensions shown in Fig. 1. Novel, 
bespoke pipes with dimensions given in Fig. 1  were used. These represent a coolant pipe with 
realistic dimensions representing a boiler tube in a nuclear reactor. The material used was Al7075-
T651. This had the following elastic material properties: E = 71.7 GPa and Poisson’s ratio, ν = 0.33. 
The pipes had a notch made on the outside by EDM machining which was 1.5mm deep. The initial 
notch had been 0.5mm, but it was decided to increase to 1.5mm this during the experiment to 
increase the constraint effect. 

 
Fig. 5.1: Diagram of Sample showing dimensions. 
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Fig. 5.2 Experimental setup for the three point bending test. 

 

In the construction of the experimental setup, a novel experimental rig has been equipped to carry 
out novel three-point bending tests on specimens without a flat base. This example was cylindrical 
and had a tangential point of contact with the rollers. The dimensions were 72mm between the 
rollers and the centre on each side and the distance between the two supports was 145mm. The 
experimental setup is shown in Fig. 3. The load was applied using a Schenk 75kN servo-hydraulic test 
machine. Despite this being a bespoke test, the standards of ASTM E399 [95] were not followed as 
this was a unique specimen. The distance between the rollers was the same as for the three point 
bend test described in Chapter 4, which was kept as standard despite the other aspects of the test 
being bespoke.  Springs were added to increases the capability of the equipment to withstand 
slipping. To validate the finite element models (see next section) used to convert fracture loads to 
fracture toughness, crack mouth opening displacement (CMOD) was measured directly on the 
surface of the specimen, using an Epsilon clip gauge. The clip gauge had been calibrated using a 
barrel micrometre at regular intervals during the experiment. The Epsilon clip gauge was used(model 
3541-005M-120M-LT) which had a travel range of 12 mm . 
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To facilitate the 
growth of a crack 
in a consistent, 
repeatable way; 
fatigue pre-
cracking was 
performed. The 
load range was 
from 0.8 to 8kN 
and the 
frequency of the 
sinusoidal 
loading was 7Hz.  
This was chosen 
due to the 
restricted loads 
to ensure the 
stability and safe 
operation of the machine. After fatigue pre-cracking, 3-5mm of crack growth was visible either side 
of the crack tip. The crack growth was diagonal through the cross section of the cylinder as shown in 
Fig. 4. After fatigue pre-cracking the specimen, which now had a through crack, was placed under 
linearly increasing load until failure. This load was applied in displacement control at 0.1 mm/s until 
2mm of displacement had been applied or failure occurred. Fig. 5 shows the load vs displacement 
curves for the growth of a crack to failure by linear loading in displacement control. The failure loads 
are shown together with the displacement that produced this load in both FE and experiment. 
Compliance of the model in its elastic regime (crack mouth displacement divided by load) was 
calculated and compared with that measured by the experiments to ensure that the model is 
directly comparable with the physical experiments.  

 

 

 

 

 
Fig 5.3: Diagram of Sample showing crack formation. 

 
Fig. 5.4: Diagram of showing dimensions how clip gauge was attached to the specimen using a 
block . 
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6.4 Finite Element Analysis 

To obtain the value of the stress intensity factor K, a series of Finite Element (FE) simulations were 
performed. 

Abaqus 6.14 [33] was used to run a python script that defined the pipe specimens with fatigue pre-
crack built into the geometry. This meant that the only the linear, displacement loading stage was 
simulated. Around 12,000 3D elements were used. A quarter of the original specimen was modelled, 
defined by two planes of symmetry, one which was parallel to the crack and another which was 
perpendicular to the direction of crack propagation. The planes of symmetry were defined by 
symmetry boundary conditions. The layout of the simulation is shown diagrammatically in Fig. 6. 
Rigid bodies were created to define the solid roller, which were defined as being in frictionless 
contact with the pipe. The rollers were representing the points that which load was applied in 
displacement control. The lower roller was fixed by applying boundary conditions its reference point 
and displacement was applied at the reference point of the roller above the notch. The simulated 
pipe was loaded in displacement control by applying displacement at the same rate as in the physical 
test, that is 0.1mm/s, until an equal failure load as the pipe in the physical experiment was achieved. 
The material was applied to the model using a Johnson-Cook model that was given material 
properties a Johnson-Cook model:  

σ̅ = A + B(ε̅)n (Eq.  1) 

where σ̅ is plastic stress and ε̅ is plastic strain. The elastic properties were E = 71.7 GPa and Poisson’s 
ratio ν = 0.33. The Johnson-Cook parameters were A = 450 MPa, B = 488 MPa and n = 0.3498 as 
identified previously for this material [155]. 

 

Fig. 5.5: Diagram of Sample showing dimensions. 
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Three dimensional hex elements were used to form a structured mesh in the model shown in Fig. 7. 
In the partition  around the crack tip a sweep technique was used, with the mesh density being 
increased by a factor of four in the region of interest. The crack was defined by the removal of 
symmetry boundary conditions on the crack face and also as a contour integral with 12 contours to 
be evaluated. 

 

 

 

Fig. 5.6: Diagram of Sample showing dimensions. 
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We could see with reference to Fig. 5 that the FE model was compliant with the data, with a reaction 

force at the point of 20kN to 2 significant figures. This means that there is some confidence that the 
results are realistic picture of the experiment. 

 

 

Fig. 5.7: Finite Element Mesh on 1/4 pipe simulation 
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Results 

 

Fig 5.8 Graph showing the fracture parameters determined for pipe test compared with the results 

of the previous standardised experiments.  

 

It can be seen from graph in Fig. 8 that the results for the stress intensity factor and φ are 
comparable to the results previous experiments. This means that this result supports the idea that φ 
could be a useful parameter for quantifying in and out of plane constraint.  

6.5 Conclusion 

This work shows that the parameter φ can be used to unify constraint for fracture assessments of 
components. The results of this experiment are broadly in line with what would be expected to be 
consistent with previous standardised tests in Chapter 4. However, these results should be viewed 
with caution as more work is needed to be able to have a full picture of the trend in constraint for 
these specimens.  

• More different levels of constraint would need to be tested e.g. different pipe thicknesses. 

• Currently these tests have used only one material, which was Al7075 T651. This material had 
two specific fracture mechanisms which were apparent from the fractography results. The 
tests would need to be carried out on a more ductile material such as stainless steel to 
ensure that this method produces consistent results with different materials. 

• A number of different specimen types would need to be used to prove applicability to all 
different specimens. 
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7  Thesis Conclusion  

Fitness for Service (FFS) procedures are used for assessing the integrity of components containing 

cracks or flaws. The needs of the nuclear power industry were the catalyst for the development of R6 

which was first published in 1976. The procedures are continuously updated to reflect advances in 

the field of fracture mechanics, research is ongoing into new methods that can enhance the R6, 

BS7910 and other procedures. 

FFS assessment procedures currently can consist of the following parts: 

• The early chapters often show the user the basic methods of assessment. This includes the 

Failure Assessment Diagram (FAD). The FAD is a visual representation of the current 

knowledge of failure from the theory of fracture mechanics. It consists of a region bounded 

by two axes. On the vertical axis is the ratio of the stress intensity factor K at the applied 

stress to the material fracture toughness. On the horizontal axis is the ratio of the applied 

load to the tensile strength.  

•  There are chapters covering more advanced procedures, including the effect of constraint on 

fracture toughness which is the part of the procedure that is considered by the work in this 

thesis.  

•  A series of worked examples of fracture assessments are normally provided.  

Although the FFS procedures have been widely used in the nuclear power industry for structural 

integrity assessments there are still aspects of this which could be improved. The FFS assessment 

procedures have long been considered unrealistically conservative. One of the reasons for this is that 

they don’t completely account for the effect of constraint on fracture toughness. In FFS procedures, 

the current method of accounting for the constraint effect, is to use the J-Q and K-T methods which 

are incorporated into the constraint sections of current FFS procedures. This involves the use of the 

correlation equations which relate the fracture toughness parameter to an in-plane constraint 

parameter. A series of three, material specific relationships are used in current FFS procedures that 

relate K, which represents fracture toughness and the constraint parameters Q and T. The correlation 

coefficients need to be determined for each material to be able to perform an assessment, which is 

time consuming and expensive. Another problem with this is that the parameters currently 

considered in FFS assessments are thought to be sensitive to in plane constraint only. Therefore, they 

do not account for the effect of out of plane constraint. To correct for this, approaches using a third 

parameter to account for out of plane constraint have been proposed. These include K-T-Tz and J-QT-

Tz. The major drawback of these theories is that the locus of points found in the correlation of the 

fracture toughness and constraint parameters would be a three-dimensional space. This would be 

even more computationally expensive than the current method used to account for constraint in FFS 

assessments. 

A number of constraint parameters have been proposed that are sensitive to both in and out of 

plane constraint. During this work the unified constraint parameters including Ap, Ad and φ were 

reviewed. These parameters were thought to have potential for incorporation in fracture assessment 

procedures. This would have the benefit of more accurately considering out of plane constraint 

which is not effectively quantified by any parameter in current FFS assessments. For this to be 

realised, sufficient evidence of their effectiveness and reliability in quantifying constraint would need 

to be gathered. It was decided to perform a series of experiments which would provide evidence of 

the correlation between φ and fracture toughness. Previously, the φ parameter had only been tested 

by Finite Element simulations, in which it had shown sensitivity to both in and out of plane 

constraint. If φ was shown to be a single parameter which quantifies both types of constraint, a 
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calibration between φ and a fracture toughness parameter such as K could be derived. This could 

then be included in assessments including the R6 procedures, with the potential to improve accuracy 

whilst reducing the complexity of accounting for constraint in these assessments. 

In the course of the experiments in this thesis, the φ parameter, the in-plane constraint parameter Q 

and KJ which is a measure of fracture toughness were tested. The inclusion of Q in these tests 

allowed for a comparison between an in-plane constraint parameter currently used in FFS 

assessments and a parameter that has been proposed for the purpose of unifying in and out of plane 

constraint. This involved a series of fracture tests with a range of different specimen types. In the first 

instance, a series of four non-standard specimens were fractured in tensile tests. These were carried 

out in a synchrotron X-ray source, which allowed X-ray tomography and diffraction to be performed. 

The novel analysis methods enabled the determination of the parameters directly from experimental 

methods. This was successful in showing that φ was sensitive to in and out of plane constraint for the 

first time by experimental means. However, it was not possible to show that KJ and φ were correlated 

due to the limited number of tests which could be performed under such conditions. The numerical 

values of the parameters measured in these experiments were verified by Finite Element 

simulations. 

Using standard SENB specimens, three-point bending tests were performed on specimens with nine 

different levels of constraint. These tests were used with compliant Finite Element models to 

determine the values of KJ, φ and Q. From the results of the experiments and simulations, it was 

possible to see that φ was more sensitive to both types of constraint than Q, which is consistent with 

expectations of Q as an in-plane constraint parameter. φ provided a better correlation with fracture 

toughness than Q when considering all the constraint levels that were tested. This shows that it is 

possible to account for both in and out of plane constraint effects on fracture toughness with a single 

parameter. The measurements of φ would suggest that it is a candidate for use in accounting for 

constraint in a procedure such as R . This is further supported by the measurement of φ for a pipe 

specimen which was more similar to a typical component undergoing assessment than a standard 

test specimen. The measurement of φ and KJ in this experiment was consistent with values of these 

parameters previously measured for standardised test specimens. This represents a considerable 

step towards to the acceptance of a parameter that unifies in and out plane constraint.  

To extend this work a number of future investigations could carried out.  

1. A correlation relationship would need to be derived between the parameter φ and a 

parameter representing fracture toughness such as J or K. This would be similar to the 

correlation equations in the constraint sections of FFS procedures.  

2. The tests in this work were performed using two different alloys of Aluminium. Al7075 shows 

particularly brittle fracture. It may be necessary to perform similar experiments on another 

material with a more ductile fracture mechanism to show that this parameter is still 

applicable. It could be useful to use a heat-treated steel to simulate the effect of aging of a 

material. 

3. More tests are needed on realistic components such as the pipe considered in Paper 3. 

Considering that FFS procedures are used extensively by the UK nuclear industry, tests based 

on realistic dimensions should be considered. 

This work was carried out with the author of this thesis as the lead author of three papers. The 

contribution of the other authors is noted in the credit statement. The lead author’s contribution to 

the publications involved taking part in all experiments either the main investigator or as part of a 

team in the case of the synchrotron experiment. Dr M Mohktari is acknowledged for providing 
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training on the three-point bend test rig, which had been developed for a previous experiment, as 

well as access to other laboratory equipment. Data analysis was performed by the lead author, the 

software for this analysis had in some cases been developed by previous researchers and where this 

is the case it is referenced. Simulations were carried out by the author, in the case of the SENB 

specimens the code for generating the simulation was provided by another author, Z Cheng who is 

credited with this. All data analysis was performed by the author, Dr A Cinar and Dr S Barhli are 

especially acknowledged for providing codes which the author used for analysing data from the 

synchrotron experiment. All three papers were written by the author and sent to co-authors for 

editing. 
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