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Abstract
We demonstrate that there are infinitely many integers that cannot be
expressed as the sum of two squares of integers and up to two non-negative
integer powers of 2.
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Introduction

It is well known that that are infinitely many integers that cannot be expressed
as the sum of two squares, to whit any whose prime factorisation contains a
prime p ≡ 3 (mod 4) to an odd power — see [5, Thm 278]. Almost as trivially,
there are infinitely many integers that cannot be expressed as the sum of two
squares and at most one power of 2 — see Theorem 2 below.
Crocker [4] proved that one can generate an infinitude of integers not expressible as a sum of two squares and at most two powers of 2 provided one
can show the existence of a single integer N0 ≡ 0 (mod 36) that cannot be so
expressed1 . Crocker lists 142 congruence conditions on such an N0 and proves
that the first example must be below 21417 = 3.62 . . . × 10426 . We give a much
shorter proof of this and show
Theorem 1. The smallest integer, greater than 1, which cannot be represented
as a sum of two squares and at most two powers of 2 is 535 903. Moreover, for
any α ≥ 0, no integer of the form 2α × 1 151 121 374 334 can be so expressed.
We first tackle the sums of squares and one power of 2 in Section 2, which
allows us to deal with two powers of 2 in Section 3. We give some details on our
computations that allow us to prove Theorem 1 in Section 4. Finally, we pose
some open problems in Section 5.
Throughout this paper ‘squares’ denotes squares of integers, and ‘powers’
denotes non-negative integral powers.
1 In

fact the condition 0 (mod 18) will suffice as we show in Lemma 3.
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One power of 2

We start with a simple Lemma that will be used in both the one and two powers
of 2 cases.
Lemma 1. Suppose an integer n cannot be expressed as the sum of two squares.
Then neither can 2a n for a ≥ 0.
Proof. Since n cannot be expressed as the sum of two squares, its prime factorisation must contain a prime p ≡ 3 (mod 4) to an odd power. This remains
true after multiplying by any power of 2.
We now focus one the one power of 2 case.
Lemma 2. Suppose we have an even positive integer n which cannot be expressed as the sum of two squares and at most one power of 2. Then neither
can 2α n for any α ≥ 0.
Proof. Since neither n nor n − 2a with a ≥ 0 can be expressed as the sum of
two squares, then by Lemma 1 we can say the same for 2n and 2n − 2a+1 . This
leaves 2n − 1 which is ≡ 3 (mod 4) establishing the result for 2n. The Lemma
now follows by induction.
It is now trivial to find the first such n.
Theorem 2. The are infinitely many integers that cannot be expressed as the
sum of two squares and at most one power of 2.
Proof. Referring to [6], we see that 142 cannot be expressed2 as the sum of two
squares and at most one power of 2. Theorem 2 now follows3 via Lemma 2.
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Two powers of 2

For two powers of 2, we proceed along similar lines.
Lemma 3. Suppose an integer n ≡ 0 (mod 18) cannot be expressed as the sum
of two squares and at most two powers of 2. Then neither can 2α n for any
integer α ≥ 0.
Proof. Since none of n, n − 2a with a ≥ 0 nor n − 2a − 2b with a, b ≥ 0 are the
sum of two squares, then by Lemma 1 we can dispense with 2n, 2n − 2a+1 and
2n − 2a+1 − 2b+1 .
This leaves 2n − 1 and 2n − 1 − 2b with b ≥ 1, since the case 2n − 1 − 1
is covered by Lemma 1. Now since 2n ≡ 0 (mod 4) we have immediately that
neither 2n − 1 nor 2n − 1 − 2b with b ≥ 2 can be expressed as the sum of two
squares.
2 142 = 2 · 71, 141 = 3 · 47, 140 = 22 · 5 · 7, 138 = 2 · 3 · 23, 134 = 2 · 67, 126 = 2 · 32 · 7,
110 = 2 · 5 · 11, 78 = 2 · 3 · 13 and 14 = 2 · 7.
3 In fact we could start our “tower” at 71.
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Consider now 2n − 3 ≡ 6 (mod 9). The only values of x2 (mod 9) are 0, 1, 4
and 7. Therefore 2n − 3 cannot be the sum of two squares, whence the Lemma
follows by induction.
Lemma 4. The number N0 = 1 151 121 374 334 cannot be written as the sum
of two squares and at most two powers of 2.
Proof. We factorise N0 , x = N0 − 2a and y = N0 − 2a − 2b with x, y, a, b ≥ 0
and a > b. In each case (and since 240 + 235 < N0 < 240 + 236 there are 858 of
them to check), there is at least one prime p ≡ 3 mod 4 appearing to an odd
power.
Theorem 3. There are infinitely many integers that cannot be expressed as the
sum of two squares and at most two powers of 2.
Proof. Since 18|N0 this is a simple corollary of Lemmas 3 and 4.
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Computational aspects

Finding N0 for the two powers of 2 case required some ingenuity. We proceeded
by implementing a simple sieve in “C++” (see Algorithm 1).
S ← length of sieve;
for n ← 1 to ∞ do
if n2 ≥ S then break;
for m ← 1 to n do
if n2 + m2 > S then break;
if 18|n2 + m2 then cross out n2 + m2 ;
for a ← 0 to ∞ do
if n2 + m2 + 2a > S then break;
if 18|n2 + m2 + 2a then cross out n2 + m2 + 2a ;
for b ← 0 to a − 1 do
if n2 + m2 + 2a + 2b > S then break;
if 18|n2 + m2 + 2a + 2b then cross out n2 + m2 + 2a + 2b ;
end
end
end
end
Algorithm 1: A Simple Sieve
Each integer divisible by 18 was represented by a single byte in a vector and
initially all bytes were set to 1. When a way of representing such an integer as
a sum of two squares and at most two powers of 2 was found, then the relevant
entry in the vector was set to 0. Crucially, because no reads of this vector were
required and every possible write was of a 0, we could allow several concurrent
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processes to perform the sieve on a block of shared memory in parallel without
the need for memory locks. This was achieved using the Posix Threads library.
Note that had we used each byte to represent 8 integers and achieved crossing
out via bit twiddling, we would no longer have been able to ignore potential
memory clashes and performance would have suffered accordingly.
We used a single node of the University of Bristol’s BlueCrystal Phase III
cluster [1] which consists of 16 × 2.6GHz Sandy Bridge cores sharing 256Gbytes
of memory. We set the length of the sieve to be 18 × 236 so that the sieve vector
occupied 64 Gbytes and used 32 threads. The elapsed time was a little over 31 21
hours and only the one suitable N0 was found.
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Some open problems

There is a rich history in representing numbers as the sum of one prime and
powers of 2. We briefly outline two problems below, and present questions on
their parallels with sums of two squares and powers of 2.
Romanov [8] proved that there is a positive proportion of integers that can
be written as the sum of a prime and one power of 2; van der Corput [2] proved
there is a positive proportion of integers that cannot be so written.
It is easy to see that no integer of the form 23 (mod 72) can be written as a
sum of squares and at most one power of 2. Note first that 23+72k ≡ 3 (mod 4)
and 23 + 72k − 2α ≡ 3 (mod 4) for all α ≥ 2, whence neither is a sum of two
squares. All one needs to show now is that neither 23 + 72k − 1 nor 23 + 72k − 2
is a sum of squares. The first is 6 (mod 8) and the second is 3 (mod 9), neither
of which can be written as a sum of two squares. Thus 1/72 = 1.38 . . . % of
integers cannot be written as a sum of two squares and one power of 2.
Question 1. Can one obtain good estimates on the density of numbers that
can, and cannot, be written as a sum of two squares and one power of 2?
Crocker [3] proved that there are infinitely many odd n not of the form
p + 2a + 2b . Pan [7] proved that the number of such n that are less than N is
 N 1− . We compare these results to the set of numbers generated in Theorem
1: there are  log N such integers less than N . Is this density close to the
mark?
Question 2. Can one obtain a good estimate on the density of integers that are
not sums of two squares and at most two powers of 2?
Finally, we ask the following
Question 3. Does there exist a constant C such that every sufficiently large
integer N can be expressed as a sum of two squares and at most C powers of 2?
If such a C exists then clearly C ≥ 3. Does C = 3? For two powers of 2 we
needed only to consider congruences modulo 2 and modulo 9 to prove Lemma
3. In principle one could try to develop a system of congruences to tackle the
C = 3 case — though this would be a formidable operation!
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We conclude by observing that if we can write N > 1 as the sum of two
squares and at most two powers of 2, then we can write N + 2α as the sum
of two squares and at most three powers of 2. There are 123 494 N ∈ [2, 236 ]
that cannot be expressed as the sum of two squares and two powers of 2, but
in every case, N − 2 can be. Thus we can state that if there is an N > 1 that
cannot be written as the sum of two squares and at most three powers of 2,
then N > 236 = 6.8 . . . × 1010 . This calculation took 34 hours on 32 cores of
2.8GHz AMD Opteron(tm) 6320.
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